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1 Introduction

Consider the following feasibility problem.

find x (Feas)
subjectto x € (L+a)NK

e /C: closed convex cone contained in some space £.
e [: subspace contained in £.
eacf.

Goal: We want to estimate dist (x, (£ + a) N K) using dist (x, £ + a) and
dist (x, k).

2 Facial residual functions and error bounds

Proposition 2.1 (An error bound for when a face satisfying a CQ is known).
Let F < IC be a face such that

() FN(L+a)=KnN(L+a)
(b)(iF)N(L+a)#0D
Then, for every bounded set B, there exists kg > 0 such that

dist (x, XN (L + a)) < kp(dist (x, F) + dist (x, L + a)), Vx € B.

Idea:

1. Find F such that

() FN(L+a)=Kn(L+ a)

(b) (i FYN(L+a) #0
Therefore, by Proposition 2.1

dist (x, KN(L + a)) < kg(dist (x, F)+dist(x, L+ a)), Vxe B. (1)

2. Upper bound dist (x, F) using dist (x, IC) and dist (x, L + a).
3. Plug the upper bound in (1).

Definition 2.2 (1-FRF for I and z). A function ¥ , : Ry x Ry — Ry
is called a one-step facial residual function (1-FRF) for IC and z if

1. Y » Is nonnegative, monotone nondecreasing in each argument and
Y(0, o) = 0 for every a € R

2. for x € span K and € > 0 we have
dist(x, K) <€ (x,z)<e = dist(x,KN{z}") < Pr (e |Ix]).

Theorem 2.3 (Error bound based on 1-FRFs). Let I be a closed convex
cone such that KN (L + a) £ 0. Therearef >0, Kk > 0, M > 0 such that

xe B, dist(x,K)<e, dist(x,L+a)<e
imples
dist (x, (L+2a)NK) < k(e+ (e, M)),

where ¢ = Yy_ 1 - QPp, IFL>2. IfL =1, we let p(e, ||x||) =€.

e { is such that there is chain of faces of K together with z; € F ?‘ﬂLLﬁ{a}L
such that

(L+a)NriF,#0.

and Fiy1 = F;N{z}" for every i. This is obtained through facial
reduction [1, 5/

e The,’s are 1-FRFs for F;, z,.
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3 Examples

Definition 3.1 (Holderian error bound). C1, C5 satisfy a uniform Holderian

error bound <<% there exists v € (0, 1] such that for every bounded set

B there exist 6g > 0, such that
dist (X, Cl M CQ) < QB(diSt (X, Cl) + dist (X, CQ))rY VxeB.

If v =1, we call it a Lipschitzian error bound.
Suppose that (Feas) is feasible.

e [C: a symmetric cone (psd matrices, second order cone and etc), the
1-FRFs are of the form ¥ ,(€, t) = ke + ket = (Feas) satisfy an

uniform Holderian error bound with exponent 27, see [4]
o p-cone KN = {x = (x0.%) € R"™ | xg > |[x||p}, 1-FRF:
Yicni1 2 (€, 1) = Ke + K(et)™*

(1 . _
5 if |Z|o = n,
ay =173 f|zjo=1and p < 2,
min- =, = otherwise,
min 3. 5}

(Feas) satisfy an uniform Holderian error bound with exponent a», see [3].

3.1 The exponential cone case

Kexp = {(X,y,z) ly >0,z Zyex/y}u{(x,y,z) | x<0,z>0,y =0}

Four types of error bounds are possible. Depending on the the vector z,
besides Lipschitzian and Holderian error bound with exponent 1/2 we have

e Entropic error bound: for every bounded set B, there exists kg > 0
such that for x € B

dist (x, (£ + a) N Kexp) < KBI—oo(max(dist (x, £ + a), dist (X, Kexp))),

e Logarithmic error bound: for every bounded set B, there exists kg > 0
such that for x € B

dist (x, (£ + a) N Kexp) < KBdoc(max(dist (x, £ + a), dist (x, Kexp))),

where g_~o(t) := —tIn(t), goo(t) := —ﬁ, (for t small). See [2].
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