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【動機】

・能動学習（Active Learning）は予測モデルの予測精度を向上するために適した学習

サンプルを逐次的に選択する手法である．特に，少数のラベル付き学習データ集合と

，多数のラベルなしデータ集合（プール）が与えられ，プールの中からラベルを付ける

べきサンプルを選択する問題設定を考える．

・現状の予測モデルとラベル付き学習データ集合の情報から，次にどのサンプルのラ

ベル付けするかは，獲得関数によって決定する．

・獲得関数として，複数の予測器の合意に基づくQBCが古くから知られている

・能動学習はサンプル数が少ない状況で実行するため，予測器たちには非常に質の

悪いものが混入しうる．また，外れ値的なデータを積極的に選択する傾向がある．

・QBCをダイバージェンスを用いて理解し，ロバストなダイバージェンスを用いることで

安定したQBCアルゴリズムを実現する．

【QBC】
・本研究では一般化線形モデルによる予測を考える．

QBCアルゴリズム：

1. C個の予測モデルを（例えばBaggingなどを用いて）学習する．これらのモデルパ

ラメタを とする．

2. データプールから獲得関数

を用いてラベル付け対象のデータを選択し，対応する応答変数値を得る．ここで

はKL-divergence， は

で定義されるconsensus model． である．

3. 学習データを更新する．

Remark: Consensus modelも獲得関数もKL-divergenceを用いて定義される

【Bregman divergence / u-mixture】

KL-divergenceやL2距離を特殊な場合として含む．

ここではβ-divergenceを考える．

Bregman-divergenceに関するconsensus modelは，u-mixtureと呼ばれ，次の定理で

特徴づけられる：

定理（u-mixtureの特徴づけ）

C個の確率モデルの重み付きu-mixture（重み付きu-射影の総和最小のモデル）

は

で与えられる．bは正規化定数．
本研究成果は統計数理研究所 江口真透氏との共同研究

に基づくものです．

命題

指数型分布族のu-mixtureモデルの影響関数は，u-divergenceがKL-divergence
の場合には非有界である．一方，u-divergenceがβ-divergence（β>0）の場合，影

響関数は有界である．

Remark:  u-mixtureは，正規化因子bが一般には求まらない（離散分布なら常に

求まる）．

【Dual γ-power divergence/ dual γ-mixture】

γ-power divergenceは第２引数に関するscale不変性を持つdivergenceであり，非

正規化統計モデルに関する推論によく用いられる．

ここで，dual γ-power divergenceを考える（第一引数についてscale不変）：

命題（dual γ-power mixtureの特徴づけ）

C個の確率モデルの重み付きdual γ-power mixture（重み付きdual γ-power射影

の総和最小モデル）

は

で与えられる．ここで

Remark:  dual γ-power mixtureは常に定義可能

命題

指数型分布族のdual γ-mixtureモデルの影響関数は，γ>0の場合，有界である

【QBCの獲得関数と影響関数】
Consensus modelと同様に，β-divergence及びdual γ-power divergenceに基づく獲

得関数を考える：

命題

の影響関数は非有界で， と の影響関数は有界である．

【数値実験】

ロジスティック回帰モデルで，β-divergence，KL-divergenceに基づくQBCとランダ

ムサンプリングを比較．
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Figure 2: Consensus model defined by minimum of summation of e-mixtures. The

parameter θ of the linear predictor is specified via the parameter ξ of GLM.

The consensus model is explicitly obtained by minimizing

J(ξ) =
C∑

c=1

wcD0(p(y|ξ(x)), p(y|ξc(x))) =
C∑

c=1

wcEξ
[
yξ − yξc − ψ(ξ) + ψ(ξc)

φ

]

=
1

φ

C∑

c=1

wc{ψ′(ξ)ξ − ψ′(ξ)ξc − ψ(ξ) + ψ(ξc)}, (7)

where we used ψ′(ξ) = Eξ(Y ). Then, solving ∂J(ξ)
∂ξ = ψ′′(ξ)

∑C
c=1 wc(ξ − ξc) = 0, we

have ξ̄ =
∑C

c=1 wcξc.

The acquisition function in QBC is defined by summation of KL-divergences from

models p(y|ξc(x)) to the consensus model p(y|ξ̄(x)) as depicted in Figure 3. Intuitively,

the query with the most split votes would be worth querying the oracle because of the

high uncertainty. To quantify the diversity of this vote, the divergence from the aver-

age model is considered. When the sum of the divergences from the mean is large, the

individual committee member’s disagreement is considered to be large. In the original

work [McCallum and Nigam, 1998], the acquisition function (5) is defined as the sum

of the KL-divergences from committee members to the consensus model (6). It is also

possible to consider the sum of the divergences from the consensus model to the com-

mittee members, which is used for defining the consensus model. In this paper, we only

consider the case (6) following the original definition in [McCallum and Nigam, 1998],

but the sum of the divergences from the consensus model to the committee members

gives similar results.

Note that Eq. (5) is a maximization problem and it is often not a well-defined op-

timization problem when x freely take any value in X . In fact, the domain of x is a

8

<latexit sha1_base64="wcF+O8XjmubYn2037Tx2ZfxJOl0="></latexit>⇥
<latexit sha1_base64="xh5dJbe6fgEhym2+rjunHs3qpbw="></latexit>

✓̄

<latexit sha1_base64="wcF+O8XjmubYn2037Tx2ZfxJOl0="></latexit>⇥

<latexit sha1_base64="wcF+O8XjmubYn2037Tx2ZfxJOl0="></latexit>⇥

<latexit sha1_base64="wcF+O8XjmubYn2037Tx2ZfxJOl0="></latexit>⇥

<latexit sha1_base64="vQxKI6obkJgyTkzV9iCta5nlNQY="></latexit>⇥

<latexit sha1_base64="Uuk96l0AbMjC8nGj6iBQK+jpL6A="></latexit>

MXt
<latexit sha1_base64="npeJ2IEDj99aECzQXuVobMJZe18="></latexit>

MXt�1

<latexit sha1_base64="lm5u91PMX4P7Hxi+2+fw2nf4puE="></latexit>

xt

<latexit sha1_base64="NdJvUkNC8W5hzkwZmcfNoOQKGRQ="></latexit>

✓1

<latexit sha1_base64="zcXTeA0PWWEAFIpDjMwjjNNWifk="></latexit>

✓2

<latexit sha1_base64="Zdm7QGZ3kqcUWWYwEXnKZgoP5Is="></latexit>

✓3

Figure 3: Acquisition function in QBC active learning. A new sample xt is selected by

maximizing the KL-divergences from the consensus model to committee models.

set of candidate measurement points Xp given in advance, so-called pool, and the max-

imization is taken by evaluating the all the elements of this set. Therefore, there is no

need to a mathematical optimization problem and the maximization is simply done by

evaluation of the acquisition function a0(x).

The consensus model and the acquisition function are originally defined on the basis

of the KL-divergence, which is known to be vulnerable to outliers. In QBC procedure

explained above, committee models are trained by using small amount of training data.

If we use Bagging to construct various committee members, the situation would be

worse, and it is highly possible that some of the committee members behave as outliers.

To alleviate this problem, we consider using robust divergence measures instead of a

standard KL-divergence for computing the consensus model and defining the acquisi-

tion function.

3 Divergence functions

Divergence function is an index to measure the discrepancy between two probability

density functions. It plays a central role in integrating statistics, information theory,

statistical physics and machine learning with many other fields. The most popular di-

vergence function is the Kullback-Leibler divergence. In this section, we consider two

9

support that are dominated by a σ-finite measure Λ on Rd. We typically consider most

cases where Λ is fixed by the Lebesgue measure or the counting measure so that P is

the space of all probability density functions or that of all probability mass functions.

2.1 Sequential Observation for Generalized Linear Model

Suppose we have a small number of initial training dataset S0 = {(xi, yi)}, and the

initial predictive model y = h0(x) is trained with S0. In active learning, a learner is

supposed to select a sample x for which the value of the corresponding output variable y

is unknown by some criteria, thereby obtaining the value of y. The function that returns

the value of the explanatory variable for x is often called the oracle. In statistics, most

sequential designs assume a setting in which observation points can be freely selected

according to some standard; this is called membership query synthesis in the context

of active learning [Angluin, 1988]. On the other hand, in active learning literature,

it is often assumed that the learner have access to a set of pooled unlabeled samples

denoted by Xp, and select one sample from Xp in one iteration of the active learning

procedure based on the value of an acquisition function a(x). Then, the output value y

for the chosen sample x is measured, and the dataset for learning the predictive model

is updated as St+1 = St ∪ {(x, y)}. We follow this problem setting.

Given a set of input and output pairs St = {(xi, yi)}i=1,...,nt , we define Xt =

(x1, . . . ,xnt)
! ∈ Rnt×d the design matrix and a vector of realizations of output y =

(y1, . . . , ynt). We consider the joint distribution p(y|Xt, ξ) of y parameterized by

ξ ∈ Rm, and estimate ξ by the maximum likelihood method. Exponential family is

a broad class of statistical models, which includes Gaussian distribution and Poisson

distribution, for example. A generalized linear model (GLM; [Hastie and Tibshirani,

1986]) considers each output y is assumed to be generated from a particular distribution

in an exponential family. Statistical inference on the GLM is investigated from the view

point of information geometry [Hirose and Komaki, 2010, Eguchi, 2021]. There are

several equivalent representations for GLM, and we adopt the following form

p(y|ξ(x)) = exp

(
yξ(x)− ψ(ξ(x))

φ
+ c(y,φ)

)
, (1)

4

2.3 Query By Committee

One of the criteria for selecting new observations in active learning is the query by

committee (QBC; [Seung et al., 1992]). This is an approach that selects the sample

on which there will be the most disagreement in a sense of a consensus of multiple

predictive models. Each time a new sample x ∈ Xp or query is issued, committee

members vote on the response y for the query x. Various methods have been proposed

and discussed in relation to ensemble learning [Freund et al., 1997] and the resulting

reduction of version space [Gilad-Bachrach et al., 2005]. As a simple representative

method, McCallum and Nigam [1998] proposes the following procedure:

1. Learn C predictive models with different parameters θc,t−1, c = 1, . . . , C by, for

example, Bagging [Breiman, 1996].

2. Select a sample from the pool as xt = arg max
x∈Xp

a(x) by using the acquisition

function

a0(x) =
C∑

c=1

wcD0(p(y|ξc,t−1(x)), p(y|ξ̄(x))), (5)

where D0 is the Kullback-Leibler (KL) divergence, and ξ̄(x) is the consensus

model parameter defined later, and ξc,t−1(x) = 〈θc,t−1,x〉. Measure y corre-

sponding to the selected xt.

3. Update the training dataset St = St−1 ∪ {(xt, yt)}.

In Eq. (5), the divergences are mixed with the mixing weight wc, c = 1, . . . , C where

wc ≥ 0 and
∑C

c=1 wc = 1. The weight w = (w1, . . . , wC) reflects the reliability of

committee members, and can be fixed in advance or determined during the learning

procedure of the committee member.

The consensus model parameter ξ̄(x) is defined by the minimizer

ξ̄(x) = arg min
ξ(x)

C∑

c=1

wcD0(p(y|ξ(x)), p(y|ξc(x))) (6)

of the weighted sum of e-projections from committee models p(y|ξc(x)) = p(y|x;θc)

as depicted in Figure 2. The minimizer (6) is called the e-mixture of models [Jordan

and Jacobs, 1993, Takano et al., 2016].

7classes of alternative divergences.

3.1 Bregman divergence

Let U be a monotonically increasing convex function on R, and u be the derivative of

U . We define U∗(ζ) = supz∈R{zζ − U(z)}, that is, the Legendre transform of U , and

u∗ = u−1 as the derivative of U∗. We consider transforming the function f by u∗(f),

and denote as f̆ = u∗(f), which is called the u-representation of the function f . Then,

the Bregman potential between two functions f and g is defined as

dU(f, g) = U∗(f) + U(ğ)− fğ, (8)

and the Bregman divergence is defined as

DU(p, q) =

∫
dU(p(y), q(y))dΛ(y) =

∫
dU(p, q)dΛ, (9)

where p, q are probability density or probability mass functions. Note that we omit

integral variable y for notational simplicity. Then, the u-cross entropy and u-entropy

are defined as

CU(p, q) =

∫
U(q̆)dΛ−

∫
pq̆dΛ, (10)

HU(p) =

∫
U(p̆)dΛ−

∫
pp̆dΛ, (11)

respectively. Using these entropies, the Bregman divergence or the u-divergence from

p to q is defined as

DU(p, q) = CU(p, q)−HU(p). (12)

The most popular convex function U and its related functions for Bregman divergence

would be the exponential function, which leads to the Kullback-Leibler divergence

where

U(z) = exp(z), U∗(ζ) = ζ(log ζ − 1),

u(z) = exp(z), u∗(ζ) = log ζ.
(13)
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The Euclidean distance is recovered with

U(z) =
1

2
z2, U∗(ζ) =

1

2
ζ2,

u(z) = z, u∗(ζ) = ζ.
(14)

Other important examples include the η-type with η ≥ 0

U(z) = exp(z) + ηz, U ∗(ζ) = (ζ − η){log(ζ − η) + 1},

u(z) = exp(z) + η, u∗(ζ) = log(ζ − η),
(15)

and the β-type with β ≥ 0

U(z) =
1

β + 1
(βz + 1)

β+1
β , U∗(ζ) =

ζβ+1

β(β + 1)
− ζ

β
,

u(z) = (βz + 1)1/β, u∗(ζ) =
ζβ − 1

β
.

(16)

Both the η-type and the β-type functions are known to lead to robust estimators. In this

work, we concentrate on the β-type and only consider the β-divergence

Dβ(p, q) =
1

β + 1

∫
qβ+1dΛ− 1

β + 1

∫
pβ+1dΛ− 1

β

∫
p(qβ − pβ)dΛ

=
1

β(1 + β)

∫
pβ+1dΛ− 1

β

∫
pqβdΛ+

1

β + 1

∫
qβ+1dΛ. (17)

as an instance of the Bregman divergence.

3.2 Dual γ-power divergence

Basu et al. [1998] proposed a class of power divergence, and discussed a robust param-

eter estimation based on it. It is shown to be robust to outliers, and its relation to the

pseudo-spherical score Fujisawa and Eguchi [2008] is investigated in [Kanamori and

Fujisawa, 2014, 2015].

The standard γ-power divergence is given by

Dγ(p, q) = −
∫
pqγdΛ

(
∫
qγ+1dΛ)

γ
γ+1

+
(∫

pγ+1dΛ
) 1

γ+1
, (18)

which satisfies the scale invariance for the second argument as Dγ(p, zq) = Dγ(p, q)

for any constant z > 0. Alternatively, we consider a dual γ power divergence as

D∗
γ(p, q) = −

∫
pqγdΛ

(
∫
pγ+1dΛ)

1
γ+1

+
(∫

qγ+1dΛ
) γ

γ+1 (19)
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γ+1
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qγ+1dΛ
) γ

γ+1 (19)

for p, q of P . Note that D∗
γ(zp, q) = D∗

γ(p, q) for any constant z > 0. This implies

that, if p and q are density functions with a finite mass, then D∗
γ(p, q) ≥ 0 with equality

p = zq. On the other hand, if p and q are in P , then D∗
γ(p, q) = 0 means p = q. It is

worth noting that the dual γ-power divergence is closely related to the β-divergence

Dβ(p, q) =
1

β(1 + β)

∫
pβ+1dΛ− 1

β

∫
pqβdΛ+

1

β + 1

∫
qβ+1dΛ. (20)

Consider a scale adjustment as minv>0 Dβ(vp, q). We observe that

∂

∂v
Dβ(vp, q) =

vβ

β

∫
pβ+1dΛ− 1

β

∫
pqβdΛ, (21)

in which the minimizer is given by v∗ =
( ∫

pqβdΛ∫
pβ+1dΛ

) 1
β , so that we have the minimum

Dβ(v
∗p, q) = − 1

β + 1

[ ∫
pqβdΛ

( ∫
pβ+1dΛ

) 1
β+1

]β+1
β

+
1

β + 1

∫
qβ+1dΛ. (22)

We note that this divergence is scale invariant for the first argument. By a power trans-

formation for two terms in the right-side of (22),
[ ∫

qβ+1dΛ

] β
β+1

≥
∫
pqβdΛ

( ∫
pβ+1dΛ

) 1
β+1

. (23)

In accordance, we get D∗
γ(p, q) by the difference between both sides of (23) if β = γ.

4 Consensus model defined by robust divergences

The consensus model used in QBC is the model with parameter ξ̄ defined in Eq. (6),

which gives the minimum sum of the KL divergence from the consensus model ξ̄ to the

committee members ξc, c = 1, . . . , C . The acquisition function (5) is also defined as

the KL divergence.
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Proposition 4.3 The minimizer of
∑

c wcD∗
γ(q, pc) is given by

pγ(y;w) =
1

z(w)

( C∑

c=1

wcpc(y)
γ
) 1

γ
,

where

z(w) =

∫ ( C∑

c=1

wcpc(y)
γ
) 1

γ
dΛ(y).

The model pγ(y;w) is called the dual γ-mixture of pc(y), c = 1, . . . , C associated with

weight w.

We now focus on the behaviors of the minimizers discussed above. For this, it is

assumed that pc(y) = p(y; ξc), where p(y; ξ) = exp
{

yξ−ψ(ξ)
φ + c(y,φ)

}
.

Definition 4.2 (Influence function of dual γ-mixture) The influence function of the

minimizer pγ(y;w) of the weighted sum of the dual γ-divergences Aγ(q;w) =
∑C

c=1 wcD∗
γ(q, pc)

for the outlier ξout is defined by

IF(pγ(y;w), ξout) = lim
ε→0

pγ(y;w(ε))− pγ(y;w)

ε
. (32)

Proposition 4.4 The influence function of the dual γ-mixture of exponential family dis-

tributions is bounded when γ > 0.

5 Acquisition function with robust divergences

In [McCallum and Nigam, 1998], the acquisition function is defined as

a0(x;w) =
C∑

c=1

wcD0(p(y; ξc(x)), p(y; ξ̄(x))), (33)

where the weight w is explicitly denoted to consider the effect of outlying committee

member. Here we also consider acquisition functions based on the β-divergence and

the dual γ-power divergence given by

aβ(x;w) =
C∑

c=1

wcDβ(p(y; ξc(x), pβ(y|x))) (34)
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and

aγ(x;w) =
C∑

c=1

wcD
∗
γ(p(y; ξc(x), pγ(y|x))), (35)

where pβ and pγ are the consensus models obtained with respect to the β-divergence

and the dual γ-power divergence, respectively.

We define the influence function for the acquisition function a(x;w) as follows.

Definition 5.1 (Influence function of acquisition function) The influence function of

the acquisition function for the outlier ξout is defined by

IF(a(x;w), ξout) = lim
ε→0

a(x;w(ε))− a(x;w)

ε
. (36)

Then we have the following proposition.

Proposition 5.1 The influence function for a0 is not bounded, while those for aβ and

aγ are bounded with respect to an outlier ξout.

6 Experiments

Logistic regression is used as the predictive model. The model is fitted using the initial

training dataset S0. Then, 10 logistic regression models are trained on 10 partitions

of the labeled data at hand and used as committee members, where wc = 1/10, c =

1, . . . , 10. The consensus models are constructed based on the KL-divergence and the

β-divergence with β = 0.1 and β = 2.0, and by using the acquisition function using

them, one datum from the pool dataset Xp is selected. The correct label is assigned to

the selected sample and added to the training data, and the predictive model is retrained

using the extended training dataset. As a baseline, we also compare the results with

those obtained by replacing selection by acquisition function with random sampling.

The following one artificial dataset and three real-world datasets from the LIBSVM

datasets1 are considered.
1https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/
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【概要】 能動学習の方法論として，多数の予測器の合意に基づくQuery By Committee(QBC)が古くから用いられている．予測器が「外れ値」的な振る舞いを
する場合，あるいは説明変数に外れ値が含まれている場合でも大きく精度を落とすことのないQBC手法を，Bregmanダイバージェンス及び
Powerダイバージェンスを用いて実現し，そのロバスト性を解析した．

3.1 Bregman divergence

Let U be a monotonically increasing convex function on R, and u be the derivative of U . We

define U∗(ζ) = supz∈R{zζ−U(z)}, that is, the Legendre transform of U , and u∗ = u−1 as the

derivative of U∗. We consider transforming the function f by u∗(f), and denote as f̆ = u∗(f),

which is called the u-representation of the function f . Then, the Bregman potential between

two functions f and g is defined as

dU (f, g) = U∗(f) + U(ğ)− fğ, (7)

and the Bregman divergence is defined as

DU (p, q) =

∫
dU (p(y), q(y))dΛ(y) =

∫
dU (p, q)dΛ, (8)

where p, q are probability density or probability mass functions. Note that we omit integral

variable y for notational simplicity. Then, the u-cross entropy and u-entropy are defined as

CU (p, q) =

∫
U(q̆)dΛ−

∫
pq̆dΛ, (9)

HU (p) =

∫
U(p̆)dΛ−

∫
pp̆dΛ, (10)

respectively. Using these entropies, the Bregman divergence or the u-divergence from p to q is

defined as

DU (p, q) = CU (p, q)−HU (p). (11)

The most popular convex function U and its related functions for Bregman divergence would be

the exponential function, which leads to the Kullback-Leibler divergence where

U(z) = exp(z), U∗(ζ) = ζ(log ζ − 1),

u(z) = exp(z), u∗(ζ) = log ζ.
(12)

The Euclidean distance is recovered with

U(z) =
1

2
z2, U∗(ζ) =

1

2
ζ2,

u(z) = z, u∗(ζ) = ζ.

(13)
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new sample x ∈ Xp or query is issued, committee members vote on the response y for the query

x. Various methods have been proposed and discussed in relation to ensemble learning [Freund

et al., 1997] and the resulting reduction of version space [Gilad-Bachrach et al., 2005]. As a

simple representative method, McCallum and Nigam [1998] proposes the following procedure:

1. Learn C predictive models with different parameters θc,t−1, c = 1, . . . , C by, for exam-

ple, Bagging [Breiman, 1996].

2. Select a sample from the pool as xt = arg max
x∈Xp

a(x) by using the acquisition function

a0(x) =
C∑

c=1

wcD0(p(y|ξc,t−1(x)), p(y|ξ̄(x))),

where D0 is the Kullback-Leibler (KL) divergence, and ξ̄(x) is the consensus model

parameter defined later, and ξc,t−1(x) = 〈θc,t−1,x〉. Measure y corresponding to the

selected xt.

3. Update the training dataset St = St−1 ∪ {(xt, yt)}.

In Eq. (??), the divergences are mixed with the mixing weight wc, c = 1, . . . , C where wc ≥ 0

and
∑C

c=1wc = 1. The weight w = (w1, . . . , wC) reflects the reliability of committee members,

and can be fixed in advance or determined during the learning procedure of the committee

member.

The consensus model parameter ξ̄(x) is defined by the minimizer

ξ̄(x) = arg min
ξ(x)

C∑

c=1

wcD0(p(y|ξ(x)), p(y|ξc(x))) (5)

of the weighted sum of e-projections from committee models p(y|ξc(x)) = p(y|x;θc) as de-

picted in Figure 2. The minimizer (5) is called the e-mixture of models [Jordan and Jacobs,

1993, Takano et al., 2016].

7
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4.1 Consensus model with Bregman divergence

It is non trivial how to calculate the consensus model with Bregman divergence defined by using

a β-type convex function. However, the following theorem offers a way to achieve the minimizer

of the sum of Bregman divergences.

Theorem 4.1 (Characterization of u-mixture [Murata and Fujimoto, 2009]) : Let w = (w1, . . . , wC) ∈

∆C be an element of C probability simplex. For probability density functions or probability

mass functions pc(y), c = 1, . . . , C ,

arg min
q

C∑

c=1

wcDU (q, pc). = pu(y;w),

where

pu(y;w) = u

(
C∑

c=1

wcp̆c(y)− b

)
.

The model pu(y;w) is called the u-mixture of pc(y), c = 1, . . . , C associated with weight w.

The constant b is a normalizing factor so that pu is a valid probability density or mass function.

Example 3 (KL-divergence and geometric mean) When we consider the KL-divergence as

an instance of the u-divergence, the geometric mean of pc(y) with the weights wc defined by

p̄G(y;w) = e−b(w)
C∏

c=1

pc(y)
wc , (23)

where b(w) = log
∫ ∏C

c=1 pc(y)
wcdy, minimizes the weighted average A0(p) =

∑C
c=1wcD0(p, pc)

because A0(p) ≥ A0(p̄G) = 0.

Example 4 (Euclidean distance and arithmetic mean) It is also straightforward to show the

arithmetic mean

p̄A(y;w) =
C∑

c=1

wcpc(y) (24)

is the minimizer of the weighted sum corresponding to the Euclidean distance.
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arg min
q

CX

c=1

wcD
⇤
�(q, pc) = p�(y;w)Proposition 4.3 The minimizer of

∑
cwcD∗

γ(q, pc) is given by

pγ(y;w) =
1

z(w)

( C∑

c=1

wcpc(y)
γ
) 1

γ
,

where

z(w) =

∫ ( C∑

c=1

wcpc(y)
γ
) 1

γ
dΛ(y).

The model pγ(y;w) is called the dual γ-mixture of pc(y), c = 1, . . . , C associated with weight

w.

We now focus on the behaviors of the minimizers discussed above. For this, it is assumed

that pc(y) = p(y; ξc), where p(y; ξ) = exp
{

yξ−ψ(ξ)
φ + c(y,φ)

}
.

Definition 4.2 (Influence function of dual γ-mixture) The influence function of the minimizer

pγ(y;w) of the weighted sum of the dual γ-divergences Aγ(q;w) =
∑C

c=1wcD∗
γ(q, pc) for the

outlier ξout is defined by

IF(pγ(y;w), ξout) = lim
ε→0

pγ(y;w(ε))− pγ(y;w)

ε
. (31)

Proposition 4.4 The influence function of the dual γ-mixture of exponential family distributions

is bounded when γ > 0.

5 Acquisition function with robust divergences

In [McCallum and Nigam, 1998], the acquisition function is defined as

a0(x;w) =
C∑

c=1

wcD0(p(y; ξc(x)), p(y; ξ̄(x))), (32)

where the weight w is explicitly denoted to consider the effect of outlying committee member.

Here we also consider acquisition functions based on the β-divergence and the dual γ-power

divergence given by

aβ(x;w) =
C∑

c=1

wcDβ(p(y; ξc(x), pβ(y|x))) (33)
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Figure 5: Prediction error and the number of acquired data in three sampling methods.
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Figure 5: Prediction error and the number of acquired data in three sampling methods.
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