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Logistic Regression, Cox (1958)
Perceptron, Rosenblatt (1958)
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Dynamic programming, Bellman (1957)

Bellman equation (principle of optimality)
Q-learning, Watkins (1989)

Deep Learning, LeCun, Bengio, Hinton (2015)

Deep Q-learning, Silver, Hassabis,...

Dynamic treatment regime, Murphy (2003), Zhao, et al (2012)

2. o3 LEGREAER CENRY A EETE

Random Clinical Trial

Treatment = Intervention

Random assignment for treatments

Dynamic treatment regimes

Treatment = Action

Adaptive biased coin, cf. Lavori-Dawson (2002)
Multiple Assignment Randomized Trial (SMART)

Classification-based approach, cf Zhao (2012, 2015)

Chakraborty & Moodie (2013). Statistical methods for dynamic
treatment regimes, cf. Robins (1986); Murphy (2003).

3. EERIL—LT—H

r state X ¢ X C R?
action Ae A={1,--- M}
\reward Y € Y ={y € R:y >0}

(X,A,Y) ~p(z,a,y) = p(y|z,a)p(a|z)p(x)

(X,A,Y) <

@ Deterministic policy d : X — A has a value function

A) Y]

I(d(X)
p(A|X)

Vy=Eq4[Y] = E[

@ Optimal policy d°P' = argmax V,; where D is the space of all policy functions
deD

Cf. Supervised learning: A feature vector X predicts an outcome Y

p(x,y) = p(ylz)p(z)
4. Q-F%K
@ Q-function Q(x,a) =EY|X =x, A = a]
Optimal policy d°P'(x) = argmax Q(x, a)
ac A
© (Sutton and Barto 1998)
® Decomposition of Q-function Q(x,a) = w(a|lx)n(x)
Q(z, a)
where m(alx) = and n(x) = ) . Q(x,a
( ’ ) ZbeAQ(m:b) ( ) Z cA ( )
Note: d°P*(x) = argmax 7(a|x)
acA

We consider a parametric model of Q-function

Q(x,a) = w(a|z, O)n(x)

Here we call n(a) nuisance function.
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5. AV - REAA/N—DTR

Cf. Fujisawa-Eguchi (2008)

> aca Qu(zx,a)Qa(x, a)”

— y+1 T
D, (Q1,Q2) N {256,4@2(3335)7“}’*“ p(x)dx— f{anAQ1 x,a) } p(x)dx
We model a Q-function as Qg (@, a) = w(alx, @)n(x) . Then
w(alx, @)7

p(x)dx + const.
a0y

D, (Qo, Qo) = Z/Qo

acA

Thus, the expected /empirical loss is

m(a|x, )Y
L.(6) = /Qo ——p(x)dx
> SOl 0y}
"y 7(a;|x;, 0)”
Lemp Q,D - where D = €, a;, 1@2
TOD) == ) ) (S e(blae 6y (i)

Assume that the true Q-function is Qg,(x, a) and let @,}, = argming L"P(6, D).

Then 97 is consistent with 6.

We note: Only the class of y-estimators is free from 7-dependence.

6. RTEBHE

“ Q-function Q(z,a) = E[Y|X = a, X = z]
d°P'(z) = argmax Q(z, a)
ac A
o Decision function f(z,a) is defined to satisfy
Y flz,a)=0 (Vo e X)
acA
Definition  Decision function f(z,a) is said to be D-consistent if

d°P"(x) = argmax f(x,a)
ac A

NBI1: Q-learning aims to estimate the optimal Q-function.

NB2: regression vs predictiorZhao, 2012,2015)

Q(x,a) vs f(z,a) ;

: * — \
7. RE—HE
®Let W be a strictly idecreasing and convex function on R
W-loss function Lg(f) = E[ L U (f(X,A))
v p(A|X) ’
Let D be an emplical dataset, D = {(x;, a;,v;)"_,}
1 mn
W-empirical loss function Ly (f,D) = — Z f(zxi,a;))
n < p a,z|arz
Proposition
Let f* = argmin Ly(f). Then, f*(x,a) is D-consistent.
feF
NB3: Any Ly (f) leads to the optimal policy d°P*
51 BA 0D L RS
© It suffices to show

d°P'(x) = argmax f*(x,a) where d°P'(x) = argmax Q(x, a)

acA acA
@ By definition, L\p(f):E[p(A}’/X)\D(f(X,A))
(x, a))p(y|z, a)p(a|z)p(z)dyde
= (x,a)dx
;/
Let L(f) = Ly (f) — / Ax) ) fx, a)da
ac A

@ Then, we find the Euler-Lagrange equilibrium condition

U (f*(x,a))Q(x,a) = Ax) (V(x,a) € X x A)
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