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Invariant information geometrical structures on system spaces.
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Information geometry of multivariate martingales.
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column vector-valued stationary time series with real-valued component$

X(t)=(Xalt)a=1,...,m) t=0,+1,42,...
joint cumulant function of ordek of X (¢)

CCll---ak(ulv e 7“/{—1) — Cum{X&l(u1>7 e 7Xak—1(uk‘—1>7 Xak<0>}
k-th order cumulant spectrum o&f (¢)

Sal...ak()\la s ey A]{—l) — (27T)k_1fa1...ak<>\17 RIS Allg—%)

— Z%j:_oo Cal...ak(ula - ,Uk_l) eXP ( o sz;l uj)\])
Sp(A) = [Sa(A)] a=(ay,... }f’f)’ A= (AL M) €D
Pr={x=(\1,...,\p) D iz1Aj =0 (mod 27) }
(FO) = 2m) M T o [T P\, Ap_p)dAy -

m X m Spectral density matrix

S2(A) = [Saya,(N)] (a1,a2 = 1,...,m) rank S5(A) = m, (log|Ss(A)]) > —oc

= SH(\) = A" A(e~ ") spectral factorization

A( ),z € C: mxm matrix (outer function analytic with A(z) 1
X'(t) = A(eMIX(t) = S5(N) = In,

Xf(t) second order Whlte noise

SA) = [T, [A(™) g Sp(M)

SL(X\) : normalizedk-th order cumulant spectrum

N\ — 110 Ny —110
S o [A ) TG - [A ) TS, ()
Einstein’s summation convention

dA g

in|z| <1

Dobodbbobbtdbbdbbdbhbdi
model of thek-th order cumulant spectrum
M = {fa(X,0) |0 € O (open inR?)}
s-vector valued estimating function
yh(A,0) = [y (A, 0)] yH(A,0) = (y](A,0), ...
deterministic version of estimating equation
Y(0)=[" - [Ty (A 0) fa(N)dA -+ dNp_1 =0
= strong consistency and asymptotic normality
(Cramer-Rao type inequality)
asymptotic covariance matriX is bounded by
0>y = kGO~ GO) = [9,30)]

Y5(X,0))(X.0) € P, x ©

TON,0) = [T7_) SU(A;,0), 0 = 0/00% [SUbi(;,0)] =
optimal estimating function

y4(X,0) = T™(X,0)955(X.8); 8 =1,
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(U-condition) %yg,()\, 9)
Inner product function
G(0.6') = (U%(—X,0')S4(7,0))

[Sap(Aj,0)] 7!

., s : Nonholonomic form

— Op00) < y4A0) = U0
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Its two kinds of derivatives

Y5(0,0') = 95G(6,6") = (U%(=X,6")955a(A, 0))
Z50.0') = 0,G(6.8) = (9[U(~X.0')Sa(),0))

Then at the diagond@ = 6’

0aY3(0,0) = 03Y0(0,0), 0023(0,0) = 032.(0,0)
< dE(0), 3F(0) such that
lof Yﬁ( ,0) = (U%=A,0)0354(A,0)) = 03E(0)
73(0,8) = (0gU*(—A,0)Sa(A,0)) = 03F(0)

20 00000000000000000
ys(A,0) = 5[=52(X,0)" 1], U(X,0) = —S2(X,0) !

G(0,0') = —(tr[S2(,0') 1S5\, 0)])  G(8,6) = —
Y5(0,0) = —0p(log [S2(A,0)])  E(0) = —(log [S2(A, 0)])
Z5(0,0) = —05(log [S2(A,0) ") F(8) = —(log[Sa(\,0) ")
F(#) = —FE(f) : mutual duality
Divergence (Bregman type)

For twom-vector seriesX (t), Y (¢)

X0y D020000000000
Hy(X) = —E(X) = (log |55 (\)])  Ha(Y)
X(t),Yy()D20000000C0
Go(X,Y) = —(tr[S3 (\) 1S5 (N)])
X®OYy®o200000C0

— F(Y) = (log !S%/()\W
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Whenk > 3, S5(\,0) = I, = T®(-X,0) = 6% =[]’ 6%

y4(X,0) = 05095, (X,0)], U%(X,8) = 595} (X, 6)
G(6,0") = (9°SL(—X,0")SL(X,0)) = G(6'.6)
G(0,0) = (075 (=X,0)S4(X,0)) = [|SLA,0)|
Y5(6.0) = aﬁ[ (69SL(—X,0)SL(X,0))| E(0) = 5(5%S](—X,0)SL(X,0))
Z56,8) = 05 [;@abs,{ (—=X,0)SL(X.0))| F(6) =5(6%S(—X,0)SL(X.0))
F(0) = E(0) : self duality

Divergence (Bregman type)
For twom-vector seriesX (t), Y (¢)

XHOoY)DokOOODOOoOooooo
Hip(X) = —B(X) = —3|IS )2 Hy(Y)
X)), Y)UkOOOODOOOO
GL(X,Y) = (595 (X)SYT(-N))
XHoy#)okOoOoOOoOoOoO

—F(Y) = —3||SF 1|

Dot bbdodbbboddnbd
X®O0Yy®020000000000{X(¢),Y(H0O0O0O0O00 QO
J000D0000. D000 X(HOYHOOkDDODOOOOO (k
2,3,...)0 [(X.Y) = H.(X)+ H.(Y)— H,(Q)ODODOO. 00O
000000000000 0000 oonoon.

Do booboobddbddn
total entropy ofX

total mutual information betweelki andY
total divergence fronX to Y
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