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Prediction with a small ensembleIntroduction

Simplex representation

Many of ensemble-based data assimilation algorithm are based on a 
Monte Carlo representation which would provides accurate estimates 
with infinite particles. 

If the ensemble size N is smaller than the rank of the state covariance 
matrix, the ensemble would form a simplex in an (N−1)-dimensional 
subspace. Therefore, we can consider a spherical simplex representation 
[Wang et al., 2004] on the basis of a different principle from a Monte 
Carlo representation. 

In data assimilation for high-dimensional systems, however, the number 
of particles is limited by computational resources. The ensemble size is 
typically much smaller than the state dimension. 

Monte Carlo representation Simplex representation

For both the representations, if we apply the dynamical system model for 
each particle:

we obtain an ensemble representing the forecast distribution  p(xk| yk).  

The Monte Carlo representation would converge to the exact solution of 
the Chapman-Kolmogorov integral with the infinite ensemble size.

The simplex representation provides an estimate with second-order 
accuracy for the first and second moments of the solution of the 
Chapman-Kolmogorov integral. 
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Monte Carlo representation Simplex representation

Even if the system dynamics is deterministic and fully known, a forecast 
with a limited-sized ensemble may have some errors due to the 
nonlinearity of the dynamical system of higher order than second.

If the number of particles is limited, the ensemble mean can deviate from 
the exact forecast mean.
The inflation of the covariance matrix is widely used to avoid this 
problem. 
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