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Note on the Exact Methods of Solving Non-linear
Stochastic Differential Equations

Yoshiyasu Hamada
(The Institute of Statistical Mathematics)

In this note several methods to solve exactly a class of stochastic differential equations
are reviewed. An application of these methods to the following stochastic differential
equation is described :

(1) dX=(rX.— X"dt+X.°dB:, v>0,
where B, is the Wiener process with <dB,>=0 and <dB.dB:>=2edt, and where symbol “o”
means Stratonovich calculus.

In § 2 the corresponding Fokker-Planck equation

82

0 —_[o _xny_
(2) DP(X, D=~ { ()X~ X"~ e
is solved with the aid of non-linear transformation and of eigenvalue spectrum of trans-

formed Fokker-Planck equation, whose solution in steady state satisfies Pearson equation.
In § 3 the simultaneous equations of moments

XZ}P(X, t)

(3) —c—?t—dp(t):(P?"l‘bze)ap(f)—ﬁdpwz—l(f), p=1,2, -,

where

an(t)= [ dX-X*P(X, 1)
are studied. Successive substitutions of formal solutions of the higher moments to
ap+n-1(t)’s in the following equations which are equivalent to (3)

t
(4) ap(t)=e‘”’+p""(x€—p£ ds e~ @+ s, (5))

lead to an exact and closed expressions of @,(#).

Carleman method of linear imbedding is also explained. The methods discussed in
this note are available when the equation of motion for the p-th moment contains only
moments of order higher than p.

Key words: Non-linear stochastic differential equation, Fokker-Planck equation, Carleman method.



