PEEt BB AT e Bt
B3k 15 (1983)

SRS ERDOBERH 7 v X oo v 7
I X BFRERITOWT

setmEpser R OB XK B
” E B ® L

(198345 B 3%Ah)

HRBTF %2 7 v ¥ 2 TR T 3 BB L FERIG DA 572 b T3 (Bernal and Mason
[2], Higuti [6]). ZHDVWTOFHEEY IV —Va v BRERELTEZDLDATVS
(Tanemura [9] &), CZTRIRRETFTIIZL, mRETFEPAEXEZZHIATI VoL
FELU T EVIMECOVWTERTS., —KRTOBE, B HEERBITELD M
(Rényi (8], Dvoretzky and Robbins [5], Itoh [7]), 2RI EDOHE, MBHRIZHERIZEL
NTHWRNE S T3, ORIV /R m RITILTTEND, m RITBAMN ke k37 v
F oty d v 7 OFREOIEHEIZ—RTTOBE OFRERDOIIRHEDO mFic/s 5 L) FAL
b NTINE, it Palasti DFEE Wb TWE Y, m=2 3,4 DBE, HEHEFR
wEOEBEINIZL S Th % (Blaisdell and Solomon [3], [4], Akeda and Hori [1]). Blaisdell
& Solomon [4] 124 KTEF TOREEIT Palasti OFHL AR, ZOERETEE bicdb
WTWL EBNTVE, FBRBODTREVRILEOTRIERPEZEET I IcDic b o & b BEHMLE
BiCEBREBR S, £, HEEEBR IS TN D, WEHEERD S, CoFET
BETERERESL» D SKRITE TOELIELNLL. LU, ChiXHBEORWENEDS
BT CRLHERERO BRE2HRTICENTES, kic, HEEERICE 11KT
FCOERRD, REBTHMCKTHEHEOTIBRICDOVTEL B,

—ADES 2n O m RIEONFENBSHETEH, ZOPR—AVBEI n O m RIEDILTE
PREIVHDOSIFEICFETICT v F 220 T, —UABRI 2n © m KT HED 2™ @
DEAOMEBIR, FEENBODA VR 22 THE m KLEORT P A TEDLTLENTRS, K
2, FEFEVBODZIZ A THEIRZ7 AV 2 2" HOBEAE L TR OmRITL T2 EAL 5.
LDNHEOMNBE mRFTLRT vV 3=(0,0, -0), RIDEDTIDETE, CoxFHH
BEERBOD L n T TOARMOMER L2 mEKTE<7 A A i & W EABHLI (i+1)™
EOSLFhEELS. CNbDETE 2" IHHEE LY, ZoMBr At hEDTC LT
B. (n+1)™ [HD a™ THEODD O SHRT Ay A5, WiC Ay it Ay & 2 LD b
n™ STk, Tsb b Ap—An OBFEHD MIHED BAMS n LU 5THB o™ A,

% 1 HEHEC L TROEFTREK (n=2)

KE m 1 ] 2 3
FRE En 0.83333333 0,70925926 0.61622176
FTERROERFEZE 0. 23570226 0.21986403 0.17860018
HoX 3 53 137911
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EXPECTATION OF PACKING DENSITY=

VB mERE F31% H15 1983

PROGRAM SAMPLE
BE

LCu =
LUNG = 2
=3
CALL MOPACK (LCUBEs LONG» M)
STOP
END

SUBROUTINE MOPACK (LCUBEs LONG» M)

THIS SUBROUTINE CULCULATES EXPECTATION OF PACKING DENSITY
PACKING M DIMENSIONAL CUBES WITH LENGTH 'LONG' INTO M DIMENSIONAL

CUBE WITH LENGTH 'LCUBE'.

SIZES OF ARRAYS [A(15JsK)s IC(13JsK)s NA(K)s NC(K)s P(K)?
1 1s GREATER THAN OR EQUAL TO M»
J 1S GREATER THAN OR EQUAL TO (LCUBE=LONG+1)¥%Ms AND
K IS GREATER THAN OR EQUAL TO (LCUBE/LONG)3#M,

INTEGER#%2 1A(35343564)s 1C(39343566)> NA(6G4)y NC(64)
REAL¥16 P(64)y SUMNPy SUM

INITIALIZATION

LONGL = LCUBE - LONG + 1
LONGM = LONGL ## M

DO 20 1=1sM

1J 0

10 LONGL #% (l«1)
00 20 ~J=1sLONGM

1J = U+

1J0 = (IJ=1) 7 1D
M1y = MOD(TJDsLONGL)

TACL»1J91) = MID

1C(1»1J91) = M1D

L =1

ICOUNT = 0

Sunp = 0,0

P(1) = 14000 / LONGM
MACLl) = LONGM

NC(1) = LONGM

CALCULATION OF PACKING DENSITY
ITER =0

[TER = ITER + 1

1F(L «EQ. 0) GO TO 300
NLONG = 0

NCL = NC(L)

D 130 T=1sNCL

TACHAX = 0

00 110 J=1M
1AC = 1ACU»IsL) = ICCJy1sL)
TACHMAX = MAX(JACMAX» ABSTIAC))

IFCTACMAX oLTe LONG) GO TO 120
NLONG = NLONG ¢ 1
oc 12¢ JzlsM

TACJINLONGsL+1) = TA(Js1HL)
ICCIINLONGIL+T) = TACJsDsL)
CONTINUE

TF(HLDNG oEQs 0) GO TO 200
L =L +1

NACL)

NCIL)

LY = P(L-z) /O NA(L)

GO 7O 160

SuMpP = SUMP + P(L) % L

ICOUNT = ICOUNT + 1

IF(NA{L) +GE. 2) GO TO 220
L =L -1

IF(L «EQ. C) GO TO 300
KACLY = wA(LY -1

IF(NACL) «EQs 0) GO TO 210
HAL = NA(L)

pn 230 1aNAL

DO 230 I .
1C¢JsTal) = 1CCJaT+1s00)

30 T2 100

SuM = SUMP / (LCUSE/LONG)#xM

nﬂlTE(oyﬁShO) LCUBEs LONGs M5 SUM» 1COUNT

5300 FORMAT(1HDY LENGTH OF A CUBE='y I3
1 J1H s ! LENGTH OF PACKING CUBE » 13
2 /1K s DIMENSION OF CUBRE » 13
3 /1H » * EXPECTATION OF PACKING DENSIT s 1PE15,7
4 /1H » NUMBER OF COMBINATION='» [10)
RETURN

END

LENGTH OF A CUBE= 4
LENGTH OF PACKING CUBES= 2
DIMENSION OF CUBES= 3
641622176001

NUMBER' OF COMBINATION= 137911

00000010
00000020
00000030
00000040
00000050
00000060
00000070
00000080
00000099
00000100
00000110
00000120
00000130
00000140
00000150
00000160
00000170
00000180
00000190
000002€0
00000210
00000220
00000230
00000240
00000250
00000260
00000270
00066280
00000290
00000300
00000310
00000320
00000330
00000340
00000356
00000360
60000370
00000389
00000390
00000400
00000410
00000429
00000420
00000440
00000450
00000469
00000470
00000480
00000490
00000500

00000510
00009520
00000530
00000540
00000550
00000560
00000570
00000580
00000590
00000600
00000610
00000620
00000630
00000640
00000650
00000660
00000679
00000680
00000690
00000700
00000710
00000720
00000730
00000740
00060750
00000760
00000770
00000760
00000790
00000800
00000810
00000820
00000830
00000840
00000850
00000860
00000870
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Drihs b SHERTA bX, —Hic Ap 13 Ay A -+ Aby EF LD B R 2™ T HEOHS
SHERTALRIDET B, X5l Ta”™ k%2 o035 3T3F0R2L 355 TODT
W, Lt Cu)™ SIHEAD a® THEDOF v T Ly X v T ThHE. ZOEREODLNI
A" THEOEROYEES b L DB HEREAS, LRIV T LNy x Y 7 O ERICIHNT
Ay Ay o) Ay 72 BILEIC 0™ THEST v ¥ 2B bR TSI E T 3. CuCaCs e
Cv 5B BERELD. CLid/TIC bDE o TUEVRIBICISNT A4y D& b 5 3T TofE
BORBEEEL, Cpld Ay BHFET B EVIRIED S LT, DED a™ THE Ay 2005
BENTOMBNID L BEEETE. Crid Ap A -+ Apy BOD BT &1 5 RlFD b &
T, DX A" IFHEEOD I BT NTONELMBOERS LTS, LIZW¥-T, LoHs
Cyss BEEETHE. Cy PEROYR |Cil LB L E1cT 5. FREOF, Ap A -+ A 28

N-1 -1 N-1 a
wonzies (1L 1Ci) Ro, owbnicls N tof N(IL1GI) #i895. >

Xic Oy b Ay BEYDE Y, CREDBINC Cy £ XFC LT A, Cy BEEATEL
BE, Cyv iCLBORY Iz TILIOH TN, BEESTHNUL AN REHDFNTIHD
DEMELITIE B Ok BBHNB R ZTHNC b EB b0 ETE. Tibb, Avas %&b
DEVID BT Cos DUBNDT Y P 2oty %Y JOFIRFE A, TR D HIIC s
AN R T ,sz ETHC LT A, CokieLTHBLNIIDLIZ: Al,Az,---,ZN'&U"

Cu oo Oy vtk (T 1c1) " Romseomt N (5 1Gl) . #ith

T5. T Zl, Xz. coo, Ay_ba B Cp Co s Cyopy RBEHNCEA B N 0FI 23650
fﬁ)% Cﬂ) Al, Az, .- ,XN' R Cy,Co+++, Cn? i DWT EERERKEZ T & 2T, Xn
A e, Ay RO Cpy Cor o, Cym BBBNE. L 0D 2 iBIF% Cy BZEAI I 5% T

BN ERE EROEORTE 2" Tholz b OBTREOMGETH S, n=2 OHA
ecoL\T 1RTED 5 3RTE CHELILER (B 1), ROHEES 075 2857,

£ 2 FHERERC L > TRODAEREK (n=2)

&im|1{234t5|6|78910 11
%E?Efg”‘ 0.8348 {07112 | 0.6157 | 0.5481 | 0. 4927 | 0.4508 | 0. 4212 | 0.3958 | 0.3762 | 0.3631 | 0, 3488
ggggg:& 0.2352 | 0.2196 | 0.1790 | 0.1385| 0. 1044 | 0.0773 | 0. 0548 | 0. 0404 0. 0277 | 0.0178 | 0. 0117

i
EREH © 10000| 10000| 10000| 10000| 10000| 10000| 10000| 3000| 00| 100| 15
Em41/Em ‘0.8519 0.8657 | 0.8902 | 0.8989| 0.9150 | 0. 9343 | 0.9397 | 0.9505 | 0. 9652 | 0. 9606

SKRIEDBE, SEOIDHBCENTERE, LItd¥oTEEoFkic Xuld{ & 4 81=40320
BEOEZROMEP & ZLEND S, n=2DBE, Tlied3 X 5ic 137911 HOEZRKDF%
EBADEMNDY, HAEERETOBTHEMR M200ict b, 26.270hdhro>T3, 4%
DHBEI6EOD B ENTES, Lo THL L 16! HORERDZ & 5 RE DD,
HEORTIBRENCIIATETHS, R1IIBEUKICEIFEERTH 3,

R2RBOTIR I KT CHHEBRERICEORDIERTT. KIEBDH 312N T Epra/
En i21ITHSOTITL IO RASB. 29 THBLENTRTINTB  LAVERBDNS



A

68

3

MR ECERTT AR H3E F1S5 1983

y TSRS LI T NERETHS.

gx

23

BREEHE2 IO EREDHicd o R#T 3.

[1]
(21
[3]
[4]
[5]
(61
(71
f8]
f9]

2 £ XMW

Akeda, Y. and Hori, M. (1976). On random sequential packing in two and three dimensions,
Biometrika, 63, 361-366.

Bernal, J.D. and Mason, J. (1960). Co-ordination of randomly packed spheres, Nature, 188,
910-911.

Blaisdell, B.E. and Solomon, H. (1970). On random sequential packing in the plane and a
conjecture of Paldsti, J. Appl. Prob., 7, 667-698.

Blaisdell, B.E. and Solomon, H. (1982). Random sequential packing in Euclidean spaces of
dimensions three and four and a conjecture of Palasti, J. Appl. Prob., 19, 382-390.
Dvoretzky, A. and Robbins, H. (1964). On the 'parking problem’, Publ. Math. Inst. Hung.
Acad. Sci., 9, 209-226.

Higuti, I. (1960). A statistical study of random packing of unequal spheres, Ann. Inst.
Statist. Math., 12, 257-271.

Itoh, Y. (1980). On the minimum of gaps generated by one-dimensional random packing,
J. Appl. Prob., 17, 134-144.

Rényi, A. (1958). On a one-dimensional problem concerning space-filling, Publ. Math. Inst.
Hung. Acad. Sci., 3, 109-127.

Tanemura, M. (1979). On random complete packing by discs, Ann. Inst. Statist. Math., 31,
351-365.



Proceedings of the Institute of Statistical Mathematics Vol. 31, No. 1 (1983) 69

On Packing Density by a Discrete Random Sequential Packing
of Cubes in a Space of » Dimension

Yoshiaki Itoh and Sumie Ueda
(The Institute of Statistical Mathematics)

Except one dimensional case, random packing is generally very difficult to be
treated theoretically. Very few is known about the packing density in case of higher
dimensions. However, the difficulty could be reduced if discrete sequential packings
are considered. In this article we investigate random homothetic packing of m-dimen-
sional cubes into a larger m-dimensional cube. The expectation E, of the packing
density is estimated both by theoretical enumeration and by numerical experiment for
a simple case. Imagine the m-dimensional cubic lattice with unit lattice vector in an
m-dimensional cube of side length 2#. The vertices of the cube are also lattice points.
m-dimensional cubes of side length # are put sequentially into the larger cube so as
each vertex coincides with one of the lattice points. The position of the smaller cubes
in chosen at random unless the cube extrudes out of the larger cube or overlaps
the cubes already put. In practice, the numerical calculation of E,, is very complicated
and needs a lot of computational time, so we can do for only first few dimensions;
up to the case of three dimension. The results are shown in Table 1. The estimation
of E,, by experiment was executed up to 11 dimension and the results are shown in
Table 2. It seems that E,.,/E, increases with the dimension  and tends to 1 as m
becomes sufficiently large.



