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2. Square Root Algorithm
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SUBROUTINE OPTDES (F, G, H, U, V, R, S, K, L, M, IT, MJ1, MJ2, GAIN)
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F: fgERgrLr 4 (MJ2, MJ2)  KXK B85
G: fEREEET L4 MJ2, MJ1)  KXM &5
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U: fRESERT7 V4 ML M) gHEERoES75] (LXL)
Vo fEREEERET V4 MJL MJD) HBEASoESTF (MXM)
K: %% RBZEM O KT
L: #¥ B BEZE B D RT
M: ®X FIFAN KT
IT: #&X% FHiid 2 XMook

MJ1: &% fIloRE 3

Mj2: #X% o RE 3
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R: fEERET7 V4 (MJ2, MJ2)
S: fEREERETLV 4 (MJ2, MJ2)
H:
GAIN: fHEEEE7 V4 (MJ1, MJ2)  MxXK g#@fl@s 4 1751
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888;8 : SUBROUTINE OPTDES( F,G,H,U,V,R,S,K,L,M,IT,MJ1,MJ2,GAIN )
00030 C ... OPTIMAL CONTROLLER DESIGN ...

00040 C

00050 C THIS PROGRAM COMPUTES OPTIMAL CONTROLLER GAIN MATRIX
00060 C BY A SQUARE ROOT ALGORITHM. THE BASIC MODEL IS
00070 C

00080 C X(N) = FONX(N=1) + GOUN) + V(N)

00090 C Y(N) = HODX(N)

00100 C

00110 C THE CRITERION FUNCTION IS

00120 C

00130 C EC SUM(C Y(N)'Q(N)Y(N) + UCN)'R(N)IUCN) ) )

00140 C

00150 C WHERE

00160 C SUM: SUMMATION OVER N=1,...,IT

00170 C Q(N): L*L WEIGHTING MATRIX

00180 C R(N): M*M WEIGHTING MATRIX

00190 C

00200 C '

00210 C THE FOLLOWING SUBROUTINES ARE DIRECTLY CALLED BY THIS SUBROUTINE:
00220 C HUSHLD

00230 C LTINV

002140 ¢ INVERS

00250 C

00260 C INPUTS:

00270 C F: K*K TRANSITION MATRIX

00280 ¢ G: K*M RESPONSE MATRIX

00290 C H: L*K OBSERVATION MATRIX

00300 C ur WEIGHTING MATRIX FOR CONTROLLED VARIABLES (L*L)
00310 C v WEIGHTING MATRIX FOR CONTROL INPUTS (M*M)
00320 C K: DIMENSION OF THE STATE VECTOR

00330 C L: DIMENSION OF THE CONTROLLED VARIABLE

00340 ¢ M: DIMENSION OF THE CONTROL INPUT

00350 C IT: TIME SPAN FOR DYNAMIC PROGRAMMING

00360 C MJ1: SIZE OF THE ARRAIES

00370 C MJ2: SIZE OF THE ARRAIES

00380 C WORKING SPACE:

00390 ¢ R: (M+K)*(M+K) MATRIX

00400 C S: (L+K)*K MATRIX

00410 C OUTPUT:

00420 C GAIN: STATIONARY OPTIMAL CONTROL GAIN MATRIX (M*K)
00430 C

0040 IMPLICIT REAL*8(A-H,0-2)

00450 DIMENSION R(MJ2,MJ2), S(MJ2,MJ2), U(MJ1,MJ1), V(MJ1,MJI1)
00460 DIMENSION F.(MJ2,MJ2), G(MJ2,MJ1), H(MJ1,MJ2), GAIN(MJI1,MJ2)
00470 DIMENSION T(10,10), D(100), Q(10,100) '

00480 C

00490 WRITE(6,11) K, M, L, IT

00500 WRITE(6,5)

00510 DO 10 I=1,K

00520 10 WRITE(6,4) (F(I,J),d=1,K)

00530 WRITE(6,6)

00540 DO 20 I=1,K

00550 20 WRITE(6,4) (G(I,J),d=1,M

00560 WRITE(6,7)

00570 DO 30 I=1,L

00580 30 WRITE(6,4) (H(I,J),d=1/K)

00590 WRITE(6,8)

00600 DO 40 I=1,L

00610 40 WRITE(6,4) (U(I,J),J=1,L)

00620 WRITE(6,9)

00630 DO 50 I=1,M

00640 50 WRITE(6,4) (V(I,d),d=1,M)
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00650
00660
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00780
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00860
00870
00880
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00900
00910
00920
00930
00940
00950
00960
00970
00980
00990
01000
01010
01020
01030
01040
01050
01060
01070
01080
01090
01100
01110
01120
01130
01140
01150
01160
01170
01180
01190
01200
01210
01220
01230
01240
01250
01260
01270
01280
01290

[eNeNe]

o]

aoaoan (9]

60

70

80

110

120

140

150
160

170

180

200

210

220
230

INITIALIZATION ...

CALL LTINV(U,L,MJ1)
CALL LTINV(V,M,MJ1)

DO 60 I=1,K

DO 60 J=1,K

R(I,J) = 0.0DO

DO 80 I=1,L

DO 80 J=1,K

SUM = 0.0DO

DO 70 JJ=1,L

SUM = SUM + U(I,JdJ)*H(JJ,J)
R(I,J) = SUM

Q(I,J) = SUM

ITERATION
DO 200 II=1,IT
DO 110 I=1,M

DO 130 JJ=1,K

SUM = SUM + R(I,JJ)*G(JJ,J)
S(M+I,J) =SUM

DO 160 I=1,K

DO 160 J=1,K

SUM = 0.0DO

DO 150 JJ=1,K

SUM = SUM + R(I,JJ)¥F(JJ,J)
S(M+I,M+J) = SUM

CALL HUSHLD(S,D,MJ2,M+K,M+K)

DO 170 I=1,K

DO 170 J=1.K

R(I,J) = S(M+I,M+J)
DO 180 I=1,L

DO 180 J=1,K
R(K+I,J) = Q(I,d)

CALL HUSHLD(R,D,MJ2,K+L,K)
CONTINUE
GAIN MATRIX ...

DO 210 I=1,M

DO 210 J=1,M

T(I,Jd) = S(I,J)

CALL INVERS(T,M,MJ1)

DO 230 I=1,M

DO 230 J=1,K

SUM = 0.0DO

DO 220 JJ=I,M

SUM = SUM + T(JJ,I)*S(JJ,M+J)
GAIN(I,J) = -SUM

77
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01300
01310
01320
01330
01340
01350
01360
01370
01380
01390
01400
01410
01420
01430
01440
01450
01460
‘01470
01480
01490

00010
00020
00030
00040
00050
00060
00070
00080
00090
00100
00110
00120
00130
00140
00150
00160
00170
00180
00190
00200
00210
00220
00230
00240
00250
00260
00270
00280
00290

C

[eNeNe]

240
200

SOV EWN =

py

10
20
30
40

50

-
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I =1IT - II + 1

WRITE(6,3) I

DO 240 I=1,M

WRITE(6,4) (GAIN(I,J),Jd=1,K)
CONTINUE

STOP

FORMAT( 1615 )

FORMAT( 8F10.5 )

FORMAT( 1H ,'N =',I4 )
FORMAT( 1H ,10%,10F12.7 )

FORMAT( 1HO,'*¥¥¥%% | S¥kxdr )
FORMAT( 1HO,'*%%%% G *##¥sr )
FORMAT( 1HQ,'###%% [ *exxk )
FORMAT( 1HOQ,'¥¥*#¥x q ®kxx¥ )
FORMAT( 1HO,'*%¥%¥%¥% R #¥#¥dkr )
FORMAT( 1HO,'<<<<< OPTIMAL CONTROL DESIGN BY A SQUARE ROOT ALGORI

¥THM  >>>>>',/,3X, 'K
END

',12,5X,'M =',I2,5X,'L =',I2,5X,'IT =',I4 )

PROGRAM MAIN

THIS IS A DRIVER PROGRAM FOR THE SUBROUTINE OPTDES ...

IMPLICIT REAL*8(A-H,0-Z)
DIMENSION F(100,100), G(100,10), H(10,100), GAINC(10,100)
DIMENSION RR(100,100), SS(100,100), Q(10,10), R(1,10)

MJ1
Md2

= 10

= 100

READ(5,1) K,M,L,IT

DO 10 I=1,K

READ(5,2) (F(I,J),Jd=1,K)
DO 20 I=1,K

READ(5,2) (G(I,d),Jd=1,M)
DO 30 I=1,L

READ(5,2) (H(I,J),Jd=1,K)
DO 40 I=1,L

READ(5,2) (Q(I,J),d=1,L)
DO 50 I=1,M

READ(5,2) (R(I,J),d=1,M)

CALL OPTDES( F,G,H,Q,R,RR,SS,K,L,M,IT,MJ1,MJ2,GAIN )

STOP

FORMAT( 1615 )
FORMAT( 8F10.5 )
END
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A Square Root Algorithm for Optimal Controller Design

Genshiro Kitagawa
(The Institute of Statistical Mathematics)

A FORTRAN subroutine is given for the solution of the stochastic optimal control
problem:

Find the optimal control inputs # (1), ---, % (N) that minimize
. N
Iy=minE[ 3 (y (n)A(n)y (n) +u(n)'B(n)u(n)))

(un)) n=l

given the state space model
x (n) = F(n)x(n—1)+G(n) u (n)+v(n)
y (n) = H(n)x(n)+w(n)

with the initial state vector x(0).

The program is based on a square root algorithm that is derived by using dynamic
programming technique. The algorithm is:

Instialization
R(N)'R(N) = (H (N)'4 (N)H(N))
For n=N-—1 through 1

[ ...... Vm .0 .. [ Su) Sum)
Rn)G(n)iR(#)F(n) | Householder Transf. | O S(n)

) ] L[ Rz
U(n—1)H (n—1) Householder Transf. | 0

% (n)* =— 513 (1) Sya(n) x (n—1)

Here U (n) and V (n) are the Choleski decomposition of 4 (#) and B (#n), respectively.
The relation between the presented algorithm and the conventional one is also shown.

Key words: Householder transformation, optimal controller, square root algorithm, state space
representation, time series model.



