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Analysis of Spatial Patterns of Territory
Masaharu Tanemura

Territories of animals often show a
regular or a spaced-out pattern owing to
a repulsive interaction which comes from
territorial aggressions between individ-
uals. The difference in the degree of
repulsiveness between different animal
species may be reflected on the spatial
patterns of territory. The likelihood
procedure for estimating such interac-
tions as potential functions developed by
Ogata and Tanemura is briefly reviewed.
The mapped data of gull’s nests are
analyzed as an example and a potential
is estimated from a certain family of
repulsive interaction potentials using
approximated log likelihoods which are
valid up to a rather high population
density.

BHESCOWTOBBER
— IR —ERE AA =3 7 DB —

H K B —

BN TR CBEREBFNIC OV THRERW
HEX L, ZO-ADHREOEED—BEL B
MLTz,

AA = =27 (1856—1922) X AM. YV 77/
7 (1857—1918) & & 3tiz, St. =FA 2T A 7Rk
DRAEEPL. + = v = 7 (1821—1894) DB F
THAH, FDF = =73, Kk, BNE H
i FEHECTHERLIAT, BERRBALKTIE,

[C1] 1867 B/ VT (F=to=7D
RER L, KEOBEAOKH)

[C2) 1887 FEXRHBICRIT 5B 2 oDOEE (T
BB F O LERER)

HE4DDHIHECTVE, =4I TNZDOGH
BBl FELTID2O0DHRILDOHE
B, &<, B ThWBE~DIKETH 5, [Cl]
TF 2y 27RO EXTFHL T3,

“X1, Xa, oo, Xn RE G RBERERT, ©
NERD X, 3FHE pe EERDOTE 0l b0
LB, X=(Xait+Xn)/n, pg=(p+-
Fu)n B, TOLE, L

(1) gisC<oo, k=1,2,, n
/95124

(2) LiII;Pr{lX—p—Iée}:L e>0

MBI, 7
Fetrz7DTFRAXLNETSHE L 51T,
St (1) 13 d - 58
N

(3) LIEEWQI 0:=0
TEENZABIENTEE, =127k

(M1} 1907 E\-icfIZ TRVWERINICO-
TOREDOEA
DOFT, KD XD ICRRT WS, “Fx2Er =270
& (1) BB IT ) 13, BIEROBECRE
LTE%, AROBERMVRILTATXTOBEEY
DLLTWBEWIIIBIBERSDTH D, F
XZORILT, AROEAMBRILT A IcDDNE
To&kHErEZ S, LELZTVWHRTRE. £
5T T, BENEZHTTRAEVWEET
HoTh, THR—BEEFHDIETF=ET =
TORBVEEOILILBEZEXRLEVDOTD
5.7

T, £HEQ IR, bos—RIZ

4) lmE(X—u)*=0
TRENZDBIENTESL, ThiY, F=tEv=
TORERLLHLNTHAHS, F=ov=x270D
HEREROBMOBIBYEELTW5DT, ()
LRV A REHIC s TV BIBE RV, =
27X @ADL XS REBET, X1, X, o,
Xn OO HEOEHEN L ETREDLRE
PERNLADTHS, Wb zrhiE, =127
T DL IITTIRY - T, &4 (4) AR
EhBLHIBEYEEI X, X, XaDix
PEEA LD, Vo TIV, BHHiHE
ErLC=Aa7BETERO Do, £4&1)
DY IMOBETH 5.

n
1 {2 ok
k=1

E()?—ﬁ)2§7



184 MEHHERRTR®R $3E F2S 1983

+2,§1¢ COV(X_;’, Xlz)}

LB MG, Q) AR Y AIDTDIIL, LT,
KEDOBERID R D AL 7edicid
gk COV(.Xj, X;.)éO, k=2, e, A,

Thbb, ES2I2OWT X1+ X+ + X &
Xe DA (E70020) 0B S T LV, &)
ki,
KEOHERBE DILDD 5 —20f s LT, <=
Aa 7RO X SRR (v 7EEE) BEZ
Twb, HDLEABEFANELILE I 0 YBET AR
TFIC R\ T,
Xﬁ{Lk@BOaﬁf$§Aﬂﬂota%
0, b ol & &

EBL,VWE, Xy, o, X M52z BhA LR B
B Xi=10BAPFHEOXHRIT X, -, Xe2lZ
BEBIRT, X =1 2@ 0L T, £h%E
R BIVP THHETH, p, p IV p=
PriX.=1} 3Fhd L icEBIRTHD & T5,
E(X)=pThb, p, 0, 0" DRI p=pp’ +(1
—p)p” EVIBIRAA B, L5V CHEIrDBRD
Torpsp b Xi+ -+ XX X EAD
HBAEZboL, Fh, dL P 2p biX
E(X—pP<p(1—p) (1+p —p")/n(1—p +p")
LB ME, WTFhRILTH, Xy, Xo, o, Xn I
XL TKBOBERPE YLD, ZoFliXbic—
WiLcEs, <Lz 7 REBNEERERDT]
X1, X, o, Xn D354

“Xe MEZBRICEVGDEBED D & T, Xen
XXy, X, o, Xeo EHOL (B~ = 787
T D,

E(X—2)*=0(n"")

THY, Lichi o TREO A (2) 3 H L2 &\
ST EXRIAHLTCBDTH B,

we, POEBEREBIBEL T, =43 71k F =
vy =7 [C2] ofit¥], BIE, BB LHRY
WBRDTV B,

[M4] 1898 KED#khl& B/ 2 Fik,
FHELTRF = =T7DE— AV FERE
BTH o0, Xo++ X, HEMSEELLL
bODTRTDE— AV A, FERFHDOE— 2
VIMCRETAHZERRTI LR LT, FLE
REBXIHTHOTHD, Lith-T, EXH
T RTDE— 2 v FBLETH B, HITDBH
B2+ KD E— AV I EFRRELEYV T 7

) 7 IREBNRTT - EBWEREL T3, Ly
L, =aA=27ik

[(M3) 1913 AM. Yy 77/ vEKEOBRERE
1IZ2\ T
R VCTHERTHE X DD 2% o truncation

XE{XMIXAgNoag

"lo, zrcmunex
FHAWVWAZI LRI T, £— AV bEXRAVEMN

LYVT77 /7 7LRICEREEL Z LIREIIL T
5D0TH5, )

[M4] 1907 R cHGEY L THEEROM
B35 —RERER
EFEIC— = 2 7 HBBT A 0T
H, =L T7}

Xi++Xn—na
DERDE— AV b HHETHIFEYHEL, o
DEZWBETRTEIVAYE LML T
5, b=z 7l

{M5] 1910 HELESKEY LT —BORATT
BT 5%

ZEWT, Xe=0o0rl &\ 5, BROHEMAHEK
26, BB 3—FTRTd

Pri{X.=1|Xw1=1}, Pr{Xe=1|Xr-1=0}
ENORLITESHIEVED, Xy, -, XallD
WTHLEBBREBEPR D IO EXTEHL T
5,

R —ER (1885—1955) (IZALRL

[W1] 1919 On a Determinate System of
Non-Independent Trials
T, BYHORER LI, Xy, -, X. DEMFE
X, OBRBHRYBHTIZ L2RALT, ROE
BAGER L,

“Xe (2 EBBEOME arm, m=1, meZED S5
BRERKEL, lam|=CE2FKET S, BENFH
Xn=(Xa+ -+ X))/ n DGHHRB D5 G I
W5 dDO LB+ 55 &M

gr=lmE(X.)", r=1, 2, -
PHEETDHZETHD, 1, FCDrkDE— 12
v bz s,”

B, TOBBYIHTIORELK X, -,
Xp OHWMIMERREL TRV, EBCLER
DREEFN Xa Bi—BCEHEREVD Z EKETT
BoT, ThONREMEHTHHILETHEST
bIVvoTHH BAEY, X. VEREHTHS
CERTFHOREMN L EZATHE - TRV, £



M BRERRERFTFRTE B 185

DERTRELDO ZOFERI, EfFHOERRE
BILTEDELEVWHDRZE>TLESTWS
XowicHhzsd, Larl, WREBTAHOZERT
TVRVWTEZERTHS, BELRERFHCE
RboTWicX 5 THBH, dL, 34 LEE
BV XA TOREDOHESICEEL TV b, 115
NCBERBERYEHCEILTHASS EEDLA
5,
BUDRITHYRD DD, LA, HBHGIE
LTHTFTWBRDOGETHA 5. “X1, Xa, -,
XX 0F720 1% L%, BRI —FTRV <
N 7EEEE L

lim #° Pr{X,=0| X»_,=1}=P,

lim 2° Pr{X»=1{X,_,=0}=Q,

a>0, 0< P+ Q<00

LB, ZokE, AL a<]l EHABOERIMNK
DILL, X,k Q/(P+ Q) CHERIK TS, b L
a>1763, X, D5 H5 2 54, i,
a=1nbER -2 oHE+ 5, 7

Limit Theorems for Arithmetic Means
——A Historical Sketch of Works of M.
Watanabe and A.A. Markov——

Ryoichi Shimizu

This is a lecture delivered at the Insti-
tute of Statistical Mathematics on the
occasion of 39th anniversary of its exis-
tence. A historical sketch was given
concerning the pioneering works of A.A.
Markov (Russia, 1856-1922) and M.
Watanabe (Japan, 1885-1955) on the limit
theorems for dependent random varia-

bles.

The starting point of Markov’s theory
was the extension of Chebyshev’s law of
large numbers to the case of dependent
summands. Morkov noticed that the
law of large numbers is a simple con-
sequence of Chebyshev’s inequality if
only the condition lim E(X—@?*=0 is
satisfied. He introduced the concept of
what we now call Markov chain to
provide an example of a sequence of
dependent random variables to which the
law of large numbers applied. He also
proved the central limit theorem for
these variables.

Watanabe developed a general conver-
gence theory as early as in the late 1910’
s. One of the most interesting results he
obtained is the following limit theorems :
let p(n) and ¢(») be the transtion proba-
bilties from the state 1 to 0 and from 0 to
1 respectively in a non-homogeneous
simple Markov chain with the state
space {0, 1}. Suppose there exist posi-
tive numbers ¢, P and @ such that »¢
p(n) and #? g(n) tend to P and Q respec-
tively as » tends to infinity. Then the
relative frequency X, of the system being
at the state 1 converges in probabilty to
Q/(P+ Q) if a<1, while the distribution
of X, weakly converges to the beta dis-
tribution Be(Q, P) if a=1 and to a two
point distribution if ¢ >1.



