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On Some Non-parametric Two-sample Problems in the
Case of Discrete Distributions

Hirosi Hudimoto
(The Institute of Statistical Mathematics)

The use of statistics of Mann-Whitney type in the case of discrete distributions will be
considered for two-sample problems.

In Sections 4 and 5, it is assumed that each individual in the given population = belongs
to either one of two sub-populations m; and z, and that =, and #, are mixed in proportions w,
and w, of individuals of w. But, w, and w, are unknown. Let f;(x) be the probability func-
tion in =; (¢=1, 2). Denoting by L(g) the £th value of the likelihood ratio L(x) = f,(x)/ f,(#) arranged
in ascending order, let g;() be f,(x) arranged in the order based on L. Ihen, Gi(y) fgg,-({).

sy

Now, suppose that a random sample of the size % is obtained from n. Let (Y,, Y,,:-+, Y,)
be a sample from m transformed into the rank order defined above. Consider the statistic

2 . ~ - n
h=(p,+p,)/2, where p; = 771;— > [G;(Yk) — éﬂg‘-(Yk) ], t=1,2, Then, we have
k=1
. 1 N 1 _ N 1 =1 -
ey () an sl e
for unbiased estimates of w, and w,, where 4,, = % %) (G1(¥9)82(¥y) —Ga ()81 (V) }-

When our decision is to classify an individual with the observed value » obtained from =
to either one of 7, and =,, denote the probability of deciding an individual as coming from r,
by 8 (x). Then, a randomized decision rule can be denoted by 8(x)=("'(x), 1 -8"(x)). Our
decision rule is that 83 (x)=1 if D,,,(x)ZO or=0 if Dg(x)<<0, where Dg(x)=1%,f,(¥)—B,f,(%).

Denote the expected risk of 3p(x) = (85 ' (x), 1—d5 ' )(x)) with respect to w=(w,, w,)" by B(w, d3).
Denote the Bayes risk by B(w )=B(w dw). When it is assumed that the loss is 0 for correct
—
decision and 1 for incorrect decision, P{B (w, §3) —B (w) < 2 / 2n 4,7 log ‘e [ 1-ais obtain-
ed for pre-assigned &> 0.
In Section 6, we deal with a two-sample problem. Two samples (X, X, W), ..., X, (1))
and (X;®), X,®), ..., X, ®)) are obtained from f,(x) and f,(#), respectively. Then, an unbiased

estimate $,, for p,, = —; -+ % 3 (Fi(#y) fa(xy) — Fy(#y) f1(#y)} defined in Section 3 is considered.
v

The variance of p;, is

O'Z(ﬁu)-:"hllTa[Pu“ i %:fl(xv)fz("u)'f'(”x—l)/l"'(”I—I)B_(”l‘*"”a“l)i)nz ,

2
where A=E(F1(x,,)—~; fl(xv)) fa (%),
v
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1 2
and B=3 (1-Fylr) + - falr) ) fr(x).
In the case that Fy(x)= F,(») for all x, it seems that ¢2 (p;5) < (my+#,— 1) /120,m,.
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