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On a Bayes Decision Procedure for a Selection of a Subpopulation

Kazuo Noda
(The Institute of Statistical Mathematics)

A common feature in selection problems is to select under some criterion a subpopulation
(or a subset) of members of a population on the basis of measurements on a variable X,
because realized values of an another variable Y which characterize members of the popula-
tion cannot be directly measured at the time of selection. Since each optimum selection ¢,*(#)
depends on an unknown parameter g, a construction (or a decision procedure) 4(x, 5) for selection
on the basis of a supplementary sample S having information of ¢ must be considered. A
question, “Does a decision procedure dg*(x) always become a Bayes decision procedure when §(S)
is the mean of a posterior distribution?’’ has been presented by many statisticians.

In this paper a negative answer to the above-mentioned question is given by constructing
a simple counterexample. In this example (X, Y) is specialized as a variable distributed with a
normal distribution and the prior distribution is a truncated normal distribution. The criterion
of selection is the one introduced by Raj [2].

. F L & I

1.1. MHYBEDORERT

HAER (L LA/ v—7) OFEI L, AFRBICK T BB EEDOTRC KT
HRAMS OB LB nA L5k, HHREFAD RADOWISERE—FEDELEDSL LT
EDXSCROLEFTONEGHSMETHS. FOHE, RADHBABHCEHMSTIEEY
DFEBUE (B2, AFRBROBHIC R T FEO AEBRORIE L &) 11, BERATE
THBRAZIATIFRCES S THDTARLEERE., Liedi- T, RIS ANREOWKE
RV BEH ST IHOEEXOEEME (B, AFREBROBIRIC K TILAYRERORE T
E) N 2x0Hs—EDHER R (LoHrd, cnLBRUERL I8 bwwds) c@3so s
HAHLHZ L LT, ETAHRALXRNTIERMO—ALTS. 2% b, BIFER RCBET
2 EHIETHRADEED, RAINAFFERER 2T THE. T, 2o ks RO
BHNL, —EOEREDL ETHEARS. LT, —EDHN&HDL L TH2 HWEK O
KED L 3R/MEAR 5 2 5 EHAO RN KERD] optimum selection & Xifhb. L Hu b
ISEENE X BN, ZZTIL Cochran [1] 3 L0 Raj 2] CX - TEHEZSNHKEL LD
HIFTHIS.

VWE, X, YORBHBREES fx, v, ) wl-oCET. 22T 03k 54A— &~
®ET. XOWREE L, S50 UDHEMTHLLICELRTL S, A nE2 bR L X
DY OEUREIK, FEMIBEEFRER 10 0), v(x, 6) KX -THET L5, 2, B
HENENERER, 2RTEOEREMETS. oLk, EHans E0% (&, y)-FEo
ErRpThul, REYSEHERE LT, 2RTOERES RXP={(%, y): %¢R, veR} L1t
5. W F,



126 TR F26% H285 1979

ij(x, Yy, 0) dxdy = o

RXx®#
TR BABOREMROEER 4flr, ¥, Ol TX-TEbLE RSB, L @R
DEHREBTHAH. LT, BIER R ICHET 5 ERER o 23— B I, & 2I1TD0
T 0=¢) =1 7c% x DBIEK (FEL <13, Borel-TTHIBIE) 13587 selection & Xi¥h 3.
X T, Cochran DEBEIIKD L5 ICRRENS o % 0<a<l 2 b5 2bhicERET

1.1 [ | w@rew v 0y

-0 —oo

1 00 .
= 7J—m¢(x) g(x) dx = o
e BHNEHED S & T, 6 O BRIBIK
(1.2) [ | @ rfe v ojeaxy

-0 —oco

1 00
=] 1 8w gl ax

? maximization ¥#E 252 . Tibb, BEY—EHE « CHR$T 0T, ERHEORER

(EDHER ¢ () fx, vy, 0)[0) DFiEEAE

Ryx% Rix® oo RRICT5 X 5 7c BB go* wRDBZ &
§ NEREND.

Z O EIEIER Re* 12, —E0&ED

b &T R*¥={x;n(x, 0) =k} LLTRDL

ko n5. il ke ix
J gx) dx =
/ Jit] R} x Re*
/0 il TERTHD (L1 2RE). BBV,

R $o* 13,

1 (M x, 0) = ks 21T %),
(1.9 $o* (x) =
0 (n(x, 8) <ky 7T %)
LLTRDBENDE. ZOENBND L, $* i35 4— 52— 0 TEKETS.
DEW, Raj ORFIOEEELE 2 52 LI T5. ZhiX, o, o 0<oy<]) #525h7:
ERELT,

00

.9 [ swemar—a,

~ 00

(1.5 [ ] ss@fe v 6o dxy

=_;ijn(x, 8) ¢ (1) g(x) dr = o

MG ED L LT, ¢ OBBIK



HALEROBIID R A XPEHRICDOWT 127

(1.6) [ ] o-a@ e y 6o dudy

1 oo
——[ e 6+ aE O )T @) e de
al —0oo

@ minimization ## 25 bDTHD. ZOHEDTEWNRT L L DL, TR, RBIBRORERD
EHEEY N Eh—TE o, 0 KHIRT 55T, EIRORBEMD 5iks B/INCT 5 5HHE
A go* #BERTHZETHD. Tibb, BE-EDLET—EDFHEDEH Y CEETS
In—7ERBANTE ARG S5DONZDOEETHSE. OO HHEREG d* L5 4~ 2
— 0 CRFETS.

1.2 MEOK®E

UED—oDHEBZ R THLND L5 I, —BICRERN f* 13K 4 — & — 0K
F35. Lo 0 wBiT 2 (M) B, T7hbb (X, V) L, Lrd zos
MEMUDHE S DA AEER (X, Yy, -1, Xa YY) 2SI -oTHEbL, &
DS ORBUE s #AV B EICE 5T, ¢* TR 52 HYBIOFHRD B\ T REHR
dx, 5) HRDBZENPIEE LD, 2L $13, TRTD (1, 5) @onT 04, 5) <1
5L 5% (% ) OB (FEL < v2iE, Borel-mHIBIM) THBH. ZOBE, ¢ DRBREIK
BRO XS E2bhs. (1.2), (1.6) KWRENTWD X5 HHBERY 8L T2 h%
T0(0, ¢ LFEbL, 100, ™) NBAETHS (1,00, ¢) 12 ¢ OFEERT) & X

L@, ¢ =740, %) —70(0, ¢),
700, ¢6%) MBIMMETH B L XL

L@, ¢ =100, ¢) — 700, ¢™)
ER. Lid ¢ RETHEZORKEARELEKRLT, TTD 0, ¢) Ko THAHER L
. LT $ OEBRBIBL, S oMY LO, ) oFmr@ H=EL® §
> THEZBND., 5 A—2—0DEHO D LHENBEREE EXNE1bRBE X, <4
Py EA I EE

PEd =],76 b o df
P DFMAL L TELLRD.

XT, EDRBEHREEY £Ols) L35L%, E0FHI (I TPHARRED £ BT
DREEENCTHMTEDD) & ¥ Itki3s 0 LEBLTXORD ™11, Fio—onE
ADWEHRXTHS. > TELOMEHBT L -T, $5* 117 OF/IMER 525 ~<1 ZREH
R 220 EWSBEMALERTVS. L L ZOENFENTHIUE, <1 XfBrRDH
LDIENIDBETHIDIE NI LT ELEEELT, 52—~ 0 O~ HEFE L EJD A
RPEEDOBRNERNITHE LV IBRNIOILZ LTk 5.

LaL7erb, TO&EL, —BPHCEEENTHS. L\W5Dit, LR Raj oFsED L &
T, BRI O D ENTEEZNDLTHD. KELUT, FoiftlrrTo LT 5.

2. Raj oRECHITIREZNCOWT

TP, gLk (F(x Y, 0);060) wBAMEILTE. T o, xEXORA LED Y D&M
REELLT, ROXIIWEEL LI ODIERSMOBREEZLD:

_ 1 1
2.1 f@&am='§a mﬁ~;;w—%—mwﬁ



128 atkmmorATRE $26% 25 1979

2.2) g = ﬁ;—— oxp [ x4/2],

72720 o0 (LA, 0=(0y, 0) XEDO XS5 KEMO DETHL. T O R AWIT 0
DS LTS
6,>0,

&g
By > —— —
@, 3) VTS (o)
0> ——
V@1 — o)
Fi O A RR AW TOOESLTE
8, <0, 5,

(00 - 0‘2) i

(0 — ) .

%
61 < (’b (W“l (al)) (90 a2) )

— oy
@11 —ay))
fetil, ¥ ¥ R EnEnEERE SO WERS S
TOoHBEAKEL, 1 ¥ oBEXAYRTLIOL
T2, 2001207 L O- D OTUO L L
THEzxbns.

Raj DE#T, n(x, ) =8,+0.x, v(x, 8) =a® THBEMDH, TITD IO THT

2.9

01 < (00 - a?) .

6o

1 00
(2.5) n@ ¢ -] swew =1,
1" -

1 o0
(2.6) 2, §) =] O+ %) $() gx) dx =0
al —00
e HRLBED L LT, ¢ D BRBER
.1) @ @ = [ ot 6o x40 ) dx
1%~

@ minimization #*E 25D LD,
XC, A5 A—2~DTHLILT (2.3, 2.4 CX-TERIND O %L Bk, &
DFERIC X .

wl 2.1
BRIt (2.5), (2.6) e T (54— &x— 0 CEKIET D) EIANTFETHLDOLE
FH&ET 0N OB THLTHD.
GEBRIZ D\ TIEmg. )

" LT, Theorem 4.1, 4.215] # = ORMBEICHEHE T2 2 210X - T, TEER 6™ B3
HRDFERENBOLND,

FE 2.1
WHI4t (2.5), (2.6) i L BRIBIR (2.7) % /35 SRS o™ X FETH. X
b (2.5), (2.6) 2 THHE AR BETH 500D LETGEHET, O toH 5



MASBRADOBIID = 4 XPREFRICOWT 129
B *, By 0o T de KA ERTHBRTAHZETHS

1 (%1 (0) < x < x,(6))
2.8 do (%) = ‘
0 (x <%0 4L <13 x> %,(0))
7L, %,(0), %(0) X, ZKHBR
(2.9 E(x, 0) To+ B+ 0,5 — )2 — hy* () — hp* (6) (6 + 6,%)
=0

DODZEBTHD, ¥ h*ix

[ ¥ (%00) — ¥ (%,(0)) = 0y,
(2.10)
8o + 0y [ (%1 (8)) — Y (%5, (6)) Jfovy = 0ty
P TLDOELTEZBRD.
B§ RE { Rixe  U=¢@6)

do* DAL, 5 2.1 DI 5T, Theorem 4.1
(5] m b EEMIE NS, Fio (2.8) i, Theorem 4.2
[6] & b g2}

") {1 Ex, 0 <0 %@t R} .
xX) = 0
’ 0 & 0 >0 nWicT « M
ERACTIEELTEZBRDZ EbERTS.

nL LT,

2.11) R*={x; ,(0)=x=x, (6), 06}

ERGE, Re* REENERE D, Re* o BB d* BERNTHS.
3. RAXZREERICOWT
%’C, @2& Sz((le Yl); ) (Xm Yn)) Qtﬁéi,
(3.1) fo ) = LT @ 3 6)-¢@)

LT Ex2bRE., CoOFRCETIHEEY Eo() RX-oTRbToELLES. &%
nonsingular 7t “KICIE# G N(m, V) OBEREKETH. KL

(3.2) P [mo]’ V___l:”oo Vo1 ]
"y Y10 Un1
02 (2.3), 2.4 TEXLRBHERTH S DI, 0% 120 LEThDEFH
8.3 0% = (8 01); 0,V =6, <6,®, 6,1 <6, <6,®)

THDEL, BHERERE ¥ 13 6% 0% LT truncate THZ LI X 5> T2 BB HMHOE
ETHDETEH. & DEBEREEREY £40)s) ttoTHL, & 0REr 0 345, =
DrE, @11) KI-TELh ¢* kW T, 0k - TEBBETHE, MELTRE
WEHRK da* ixbhb, WE,

(3.4 Bn(6) = Eg7y(6, 45 — ap
ERFE, TTD 0€0 T B,0) >0 m>0) TH5.

N LT, TXTD 0B iz T

(3.5) Eym (6, § =1,

(3.6) Ep73(6, §) =y + B, (6)
e BHRIGBED S LT, <1 XfEh



130 MABEP TR H26% W25 1979
(3.7) FEs D =] 1@ her@as

= [ Bolro®, §— 700 $0] (@8
DBMER 525 <4 RREHR $pr HRDZ & LA FIBE B,

;@Fbﬁ,if?*@%&*b%:&m?é.f@%%%%%ﬁf@ﬁ)u,itEﬁﬁﬁ
NGO V) ogEThsd BIZE Bl ¥RL). L

6, Ugo Mg + Uy my + (2 Vi) [0®
S

s

n
(3.9 b Vyo Mo + Vg3 My + (El 2%y;) [o?
17:[ 900 T ]:U—l
610 ﬁll
Thh, Uiz
(8.9 U=

[ Voo + 7/0® Vo1 + (él x;) [o* :l

V39 + (él %;) [o? Uy + (éx %) [o®

ELTEXDRS. ¥,

(3.10) A.::je*g(e)de
ERIFIE*
£@)/4  (6c6%)
(8.11) é*(0)==i
0 @b~ 6%
ThHbH., Fi
(3.12) [ = [ fo™ () £@) a8
LR, Fi™ () £0) =fMSEOIS) THB. LitioT, TRTD 0O LT
ey - LO0EO [0 @4
[ forer@an — [[ fes) ¢@a0][4
R ICHUD N 1D

[ f®©E@0de [ E@1948
LT, ROBREZS ¢
#H 3.1
(3.13) v(s) =, €198
LR, BEEREE Ol QRATEIONS
E@I) vl (00,
{ 0 0O~ 6%,

(3.14) £x@|s) =

* 0L 6% LORMBEEE O~OF 1Lk 5 THET.



HABERDOREI DN 4 XPEHRICOCWT 131

E vy 03, Bl 66.1), 66.2), 66.3) [4] # 8.14) KHERTL LT, &
DEISEREND. W E,

B0 L0, — 4,
R | N R e Mt B
619 O Vo T Ve, (1, - ,2)
' 9,¢) — p[B,)72 8,¢) — p[f,]? 7=01
i = S 3 bi = —_—————
V1= 0% V1= o2
El Lk,
\ Vo
60 = 60 + v(z(;o [{‘/’(50(1)) 1-% (@) + Pl/’ (61(1)) (11— (bl))]
_ 9.(2) — g,® —
(5.16) {lfll/(:o ) (1 =¥ (ap) + ph () (1 —F (B))}] ,
By = b+ ST (=¥ 6) + o 3,0 (1 = F @) .
— (@@ A —F (b)) + b (B,®) (1 — ¥ (a))}] .

H/< Y v 2 AV AR LTADRDBA, &2 TRrORRAmT.

T, ULl HED L &1, Theorem 5.1, 5.2 [6] # Z DB ERAT% &, <1 XBREH
K o IOV TRDER Y 25

EE 3.1

HFIGEME (3.5), (3.6) Db &T~A B 3.7 HE/NCT S <1 X REHR dox 12 BE
T5. &b, (3.5), (3.6) #WiTHEREHR 2~ 1 X REHR LD HOLES
&ML, sDOHB (Borel-ATH) BIK Fy s 235> T P kR AW LTHB.

1 (£ (s) < x < %y(s)) ,

0 (% < Z(S) HL UL x> %,(5))
L £.(5), () i RABR

(3.17) $(x,5) =

(8.18) @, s)= o+ By(s) + 0, (5) x — o)
+ Tog () + 2Dyy () & + Dyy (5) 2% — By (s) — hy(s)x
=0
DZERTHY, hy b TTTD 060 o\ T
1 00 oo}

—[ [ B - E )]0 ds =1

0y

(3.19) e o0
o] [t W) — ) 1 ds

= Olg + ﬂn(o)
T LDELTELLRAS.

4. # £

FH 2.1 LEHE 3.1 KRV TRELIRTHS ¢* & do LOFE kB ThE (Thbb
o, 0) 2l s) m—FKLi o bx LBHE), HELMNT % 1A X REHFRIC K H
ZIENT A b,



132 SaEmpT R $26% #25 1979

@ &

KR/ ZOWEL, HRADEKROEDICL > TETF IR, TR EELD, RTho Bl
DZETHDB. Tz, F1IHORTORTWBH L5, FRBIAKKPLHIARERXIZUD
KR OMROBE I o - EMA B L T KR4, B KMo Lidd <5,
EHE, ARXEHFMCHRFL 2 2V P 2BIRCEREAR, HoE#HOC Lidvk0~%.
BB 2135022V PCASLDOTHH, RXO2EL TOBERTERRS .

8 % X ™

[1] Cochran, W.G. (1951) Improvement by means of selection, Proc. Second Bevkeley Symp.
Math. Statist. Prob., 449-470.

[2] Raj, D. (1954) On optimum selections from multivariate populations, Sankhya, Ser. A,
14, 363-366.

(8] ®RE— (1971) f&#R  REHERFH, SBESL.

[4] Johmson, N.L. and Kotz, S. (1972) Distributions in Statistics, Continuous Multivariate
Distributions, John Wiley, New York.

[5] Noda, K. (1978) Estimation of an optimum selection of a subpopulation on the basis

of supplementary information, Reserch Mewmo. No. 124, The Institute of Statistical
Mathematics.



