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On the Size and Share Distributions in
Economic Statistics

—Fundamental notions of statistics with norm p and vector valued probability—
Tokio Taguchi

In this paper, the author tries to explain the fundamental notions of his recent papers on
the statistics with norm $ and concentration curve and surface (see Taguchi, T [38], [31] and
[34]) as scalar and vector probabilities.

The first paper [38] on the statistics with norm p treats the size distribution from the wider
field of vision than the conventional mathematical statistical method (originated from Pearson’s
method of moment), which is restricted to the special case of norm 2, while the other papers [31]
and [34] is concerned with share distribution (developed by Italian School) through the applica-
tion of the method of vector analysis.

In this paper, the methods of analysis mentioned in the above papers are discribed more
concretely through some real examples.

And in this case, the author introduces newly two fundamental notions, in order to give

a unified form to each method. Namely the pan-expectation E(g> {g (X))} (to be exact, the

expectation of g (X) with respect to 4 (X) with norm p) is introduced to the section 1 and the
element of interaction h (x,, #,) dx,dx, (to be exact, the element of interaction defined between
two infinitesimal classes (¥,, #,+d¥,) and (¥, #,-+dx,)) to the section 2.

Lastly, the author arrived at the more fundamental notions of the scalar probability
constituting the probability space with norm p (abbreviated (2, B, P; p)) and vector probability
constituting the share vector space (abbreviated (2, B, T)) as extension of conventional
- probability for analysis of economic data.
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SiACD#IEHZ, K. Pearson & C.Gini (3, MBI A @O HEEZTR LI, (Castellano
V [3] 28) BBk I 2HOBORELERIFZFL V- LDO1AHE), KEFHEZCETS
FEROBREYBRTIEALEALEXYTET HHEHSH R

ABIL, BESHYPOICLT, BEDx A v  EROERMGEY - BRELLEBR I %
FEOBEDHERL L VBEROCHR L e DTH A, Ll OBAIIC X h #ED Fuhc i34
CHEANIC DL D TH S, #ime UTEE R, BEME, FCHBamc L TER L B
ERBEZDECIL, EBL L BRERKOERLEIDLETHSH EE 2D, THILAMKHITI,
fekomREM (2, B, P) #HELL/ LA p OERZEM (2, B, P, p), ROP 5EN
7 A TCeESB2HEER 2, B, T) SOBREBEELTITHRARELDLEbR
5. HEOMOBRIN AN 7 —ERRCHT A7 b A ERROBKRE S\ 25. M, A
DEL 2ERECEZEDO N T TOMRRLLERK LD TH A2, EENCIHBEE
BB (23] ORFTESV-TRELL [FIE  BLHMEHOT — 2B OXEM | 2K EL
TMEBEL LD THS. 0B, FrclyiE EP (g (X)) Ro#d 7 5 AMcER
SNBHHEFERFE b (%, %) dx,d2% PBATHZ L L ) EEOBLCNTERENRDHE
BRI — LR 25 200, XBE3EX, £<FLCEELLESTHD, F2E YR
CEENCRBRICIBEYELHD00THA. M, TOHERELTOHRRR, £TL L
BREMFCREI NS LELRL, EE, SHOTLP, HAMEFEAZNRET S ATA
A (Zipf, G.K [48), fEf [28] 2/8), #4& (£H [44] 2R &% (Zipf, G K [48),
Heldon, G.[12], Mandelbrot, B [20] £/8), 4% (Simon, H. A [27] BR) S ¥R
HE 2RI T, SRR L —BE 24w 28R T, BTRETMCHBLCD
DTH5.
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DEAV P Us
7
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(2) ﬂ1=i§;fi"i
ROG# o (ULERRE o)
(3) o=y —u,’ =‘_él:1fi 2% — 1y
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bhs, AL, —HERLCRShAERATICEET S & & 0 EANCHENETS. Flx
W, REMLHEBLSM, VbW v~ 4T
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I EE, ZOGTIE
B) 1<a=2

)
oa—1

T, IR gy = THBHP, TEHRNERK LD, FEMHENERO it

BELSALELTEABRAORRLINTVHDTH A,
ReMETsnoE, ANBEEOCEAFCHEASND Y v 741

(6) f@%=f%;x;%,k>1

ZoWTIE
(7) 1<k=<2

CRTIERE TS LER AL LAENL LAbRTV5 (Zipf, G. K [48] RO [33] &
)
RLEBHHFOTEENSERTH-TL, BRI DX eBRHT x5l 5 &, (5)
L EATAHEKTHY, HEAV - FHEB a=15 XERELEZTH5DTHS (Sinon
H.A [27]).

TN LEREZRRD LS, HHERRCRD v — vy Y HIEYEE I 5 F BN
THHN, MATMERE—GEHE - RV EATROFBICMELY R T 2 & L k5.
HE, REREROMFTA D MR LB ORIAEZ L, F. Galton #E» BT L b
LR RREERICEB L TRv ey (§iE (7] 218). K. Pearson RT3 5 F0 437
#E3H L OBECRN CHBRUEYERRZR -G, COBRICEE®RLED, oS5
Kkt BE— 2V +iE (the method of moments) OFEHAHBRIZH LA T L LR L CTuip
\, (Pearson, E.S.[22] £/R). XEBEMAFOHBWEEE (HI 1Y Yule, G.U.[46] Kox
{47], Kendall M. G.[16], Cramer, H. [4] 28) “H T, FBOREME, Rxrhicyss
HEBMOMBHRDOFEELAERIC OV THETH > TH—IGDOFMBEML TH D, RLTH
BRI LT e, oSBT AREIBAERCESRERDOTHA 5. LLrcERD%
L OEMEHE (Bl Wilks, S.S [42] %2) RHERE¥ (#1x1E Johnston. J. [14]
SIR) BT AHABEIC L AUE, FEtERCH L IR EANCIZE— DGR E, 0
KL L COERTHNFETICEERL VL 5T H5. HWOPHERE~DEB B35
2, REHERNTA, KRR E LT, HiRMELE & T 5H%RHM (Kolmogoroff, A [17] BI8) B
I, FOHRBIGHA (B Feller, W [8] 2) EE ¥, BEICL » TLAGIHXS
LB A EO RSP R X ABEARILTVA LS THSD,. 25 LAMERS 00T
MK ([25] 2R) KHRBHONHALTH 5.

#l, Fechner, G.T.[7] XX, mEFRELEHTREBE LI

(8) G@(a)= {.é |%; — alpf,'}_;— ;=1

#R/MET S o LLTEREINS.

POLEXLTE, 5L o REC—RCEED, X p=1 OBECKR TS, TRICHESE
THEAHR [ () PBHTIEIRCEDMEY & 5 L% 2 b b HEICIIMIEEL /L
CO—BEINIEBRCESSREBLI® 2

9) X (O —x)t2f= 3 (%, —I®)2-1f,
2P 2>1P)
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T, Ab p—1 kD 1P 2hc LB RRERYEECESTH A ThHLH L
MAEHIRS. (Ao [38])
—7, BEREYSD-HBAE IR

v
<m>mM=/éww4mvﬂ

LEHIND,

HEDREZIT, T p=2 DFE, KB OINEPE—ERREERYRIIES2, L,
P=1%BEATIE, AFTATv—2F47vicET?2 PHREEREZBLZLIEILIALNRT
B,

T

(11) 0<p<1
DEAIL (8) Xofvic

(12) 6 (@) = (£ I — a2}

ZRAVDZEHNHR, ThOoBEERTY, HEROBECRELLSBCR TR, LORE
FEPTILEREET IRV,

LLE®D Fechner o FHZHREMICERTS LHEICANS X 5 1 HBERARCEFRE &
—RIEIhe 2 v P EBHROIENFEEL L 5.

B4ty — SR OWTE Y, P & p<a OFWETES L FROBMEN
Boh, FEMHENT - 2BEECET M 25 Z EAHKS. 2l =11t %
fEHTH LD, Bl VBREYRLOOHDHBITHIGLTVB L2 8 5,

KL, —BII P OREN EOREEY S 25 BEHNRIREENFEELE 2 0 Eno0
TREEOLDORFAVLETH H, TOHCIEIHCESEND X 5 oD BENBEIZA -
oA BELELATHAS.

RUMRICE X, SERSmCT 5@, REE (B HERCEHLEHIND)
ROBAEOFEEIFIRE S TV2 2 LIEERRE b iav. 7RG 2E, BITREI,
(8) Rick AEBOEBEOEN TIIRVA, ¥ R a MR ERTHHAELMADZ LT
DIRBHCE LN AN OIEREDO - LA TEX LV THA 5.

B, BB MO—FoRELLTHAONLS T S5

~1 (ogx—wn"?

(13) f(x)=—17—i—6 2o

27 o'x

EX LT, B Y P BERL A L CHERTFNFERYEATLZ L3, HEREES
KRTX L Thh s, ABEROERNMbIS Z L XBRNE, RSk T % BRK
BEROBISN T o,

DL SIS MEN, BERENBEY ERCKIL TS 0EE, 7, BEHBSR L&
RBYHERCBL TEOHE, BHILINETHD LK, HERIIBTNRTLE2ED
SEBECHTIHANLOLBCRTERRILZRETH D, BELLIARORKBREDO—2
ThHH, ZYHARETIL, KET Fechner 013 3 (Potenzmittelwerthen §i#5 [7] £
) b LT, NIIRER L TLE ONEBVHEOTT, =2 v MEXBEKBBRT S
TEIZEY, BEDREDFTEXYEATH LTl XL 5.
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EDO—DELTHEELL S ETHEETIE, TG L CHIFERSZIGRT S 2 L 2VETR
THH, RBELOIVERAE 25 Lkich. UTEhu BARNciigE (31 (38]) 21)
WWRILCESRT Az LIt X 5.
AEMIAEREHROCE B E, KR T, FIETHR - HESHERSHOR I,
BEOROUEZH 2 CERNEEER AR LT 5.
R 1 TreRef X oFEEK f (%) 2, HAXB 1 TEHRIN, THEED S LRV
TEHEAEETHL LD LT 5. ]
—7, BT 2EARMBAESE LT, AHFEZRD X S EHT 5.
T 1 [ x 0= ODEREAK
(14) h=h (%), g=¢ (%)
ROEBDOEH
(15) p=1
et LT, £ (X) ® h CBIT %5 norm p DHFEE EP (8(X)} 2RO L 5 wEHTH. A
(16) EP {g(X)}=E {g(X) |k (X)|?-%)
TH5. ]
H, tofEkicL b s
(17) Exes (X — ) = E [{sgn (X, 1)) |X — x[#-1

{51
—1 X<x
(18) sgn (X, %) = 0 X=x
+ 1 X>x

LigBmb, Hiffio Fechner OEMEIX, KDL 5 CHERINS.
E#E2 [460) %

P ?__(?)______
(190 G (1) =VEIX —#F =/ Exs (X —2)?
&L, G (%) DBIMERE 2% & BWEETHLEE, ThEk X © normp OREM IO Xk
IM(X) v 5. REOBEDE/IMEY norm P OYAE &LV, DE(X) TtEbT]
Z O Minkowski D 7R%& 5, (Shisha, O [26] BB) CX VBHRKRDBRIELNS.
FE 1 [RFELIVRITIHEE, p21 TIP3, BeR—oFEL, ROHBRX ALK
<. Al
(20) Eo (X —1(®) =0
XELDOR, BRATEL
(21) D®N(X) 219E5§)_l(1’> (X — 12
TFHIN5, ]
L EOREER<7 b (X, Y) RIKRTAZ LCT5. ZOBK, K3l KOEHL
s L T
FiR 2 [(X,Y) omEEg f (v v) &, 508D TERIN, WIHEEOSLYER
FEGAEMETHD LD ETS. ]
EE 3 [ (v, y) o=o0EHKEREK
(22) h="h (x,9), g=g (%, ) »
ROt (15) ZHITEEORBEH LT g (X, Y¥) © A B8T5 norm p O MRk E B (g
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(X, V)} 20X 5 cEHTH. Al
(23) Ej (g (X, V)}=E (g (X, V) |h (X, Y)|#%)
<5%. ]
A (X, Y) oBfERC X, Y Ofr RS BICEICKD X 5 kEREN 25 2 Lic
T 5.
B4 (X, YO X R Y BT % norm p o 3 8 77 & Codisp x (X, Y) Rox
Codispy (X, Y) #%ko I 5 skt 5.
(24) [Codispy (X, V) [F =] Exeyomm [(X — L0 (X)) (¥ — LO)(Y)}]]
(25) sign of Codispy (X,Y)=sign of Exytx) [{(X —1® (X)) (Y — I ® (V)}]
Eic (X, V) omkomdin DX, V) Ro X, Y o Codisp (X, V) Kot
HBIRR pxv R ENERKD L 5T 5. H
(26) |Codish (X, Y)| =¥ |Codisps (X, V) Codisp (X, V)|

(27) sign of Codisp (X, Y) =sign of (Codisp'y (X, ¥) + Codisp 'y (X, Y))
.

(28) D”(X, V) =/

( 7
<{D(P>(X)}P |Codisp (X, V)| 2)
det

b
| |Codisp (X, Y)| 2 (D®(Y)}?

w  Codish (X, )
PXY = D® (X) D®)(Y)

(29)

L1511

DA Minkowski X ¥ Holder oFR%& (i [14] 2R) X ERERTIIBEH
ROEEIEONS.

TR 2 [—HBeEEop=1imxL T

[§2]
(30) lpwyl=1
Thh.
iz X, Y pUlsrse ol
(31) pay=0
MRITH, X, BELEXITAHBEBERCHDH L&,
(32) P(::;:l (it —1)
sl
T norm p OEIFERRL approximate form TR DL S ICERLERSTH A 5 0.
EE S 4
(8) G (a0, f) =E (Y —aX—f|?) =Eyroxp (Y —a X —f)
L5 L, (33) DENMENEEL, £DEE (a, f) = (a®), bP) 7eoF,
(34) y=a®lx 4+ b®
Yy D x ZTARY p RERERET AL
REME, HECETI N TOZELABICRA IIKOERYBEH B DL L KRS,
FE 3 [RIH2DFT, £BED =1 XL T, ¥ © x BT 55D p FRERE HIT
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HICR—2EET 5. ZOBESERBHREL, KDO—L normal equation #HET 5, Bl
 (3) E;f’_a(mx_bm) (Y —a® X —p#) =0
5863
(36) Eye,Pxy® (X (Y — a®) X — b)) =0
THD. 4
B, BE L %
(37) E® =Y —a®) X —b#)
t+r e
B4 [y ox CBETARD P REOREROBRE LD BHECKROFBRAELHMET 5.
(38) Ef (E®) =0
Bl &® @ norm p BITAREMTIOTHS. ]
—fDE~ 2V F ROBERS7 b AR LT, UEOFRHRLOERCEDIREREY 5 2
Bz LS.
B2 (5, t) ROBEEDE DD moment 13 X R Y wELTENRER
(39) uhx=E% (X°YY)
# 13}
(40) wpay =Ey (X°Y)
LB EAHRS.
Fechner {3® X norm p 23t L THEMSHOFEELEEL TV % (§148 [7] 28).
ERAT% p=2 OBEONE LTHUL, RAZ—BIC norm p CHILT
lx —aly2_,
A B g i
@) f) =——ymg—e L ?

oD HRBATETERMADD. Tiobb, HOBE
(42) a=1®(X), B =D® (X)
NEBCEONENOTH S,
M Ea#iEds L, BREM (2, B, P) OkEELT (2, B, P; p) »E5T 5 U0EMH
HOETHETHD L5 LTHA.
TIREGHCE 2 bRt LT, p, 1@, DO (X) 3 BR 2RTTHS 5
A,
4, Bl DO(X) OffE%x% 2 5%, Lagrangian
(43) L (I®, p) =D®(X) + AE {sgn (X, I ®)|X — [ @®) -1}

b
=VEIX—I®|? + AE (sgn (X, 1®)|X —1®|p-1)
BHRT DL,
2L

1
(48) 3Gy =— DN X)?  E(sgn (X, 1) |X — 1#|#-1)

—X(p—1) E|X—I®)|P-2
Lich. .
5T DO (X) 2BEXE OIS HOIAICH ST p=1 THrFruliebrnl .
—7F, p=2 OV TR ITH I OBHIIAD b\, RL, L > TREIxE D@
(X) ofafnfE (HROBME) S25 2 57D 5.
il X p=1 KOV THRHDTERTHLENDS 5.
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M, p=2 BT HEHEHEY, Ba=z—2 0 o FEHEES, WHEEOEE, BRI
BELL, =3 AF-BAREDTFrO LD, BRBEZCHLABHLZRLTVS. AL
B—BEWBMNTERIND, IREIhTHA IR 2 HOS V- BEEDOHERK T TR TIL,
ZTOY SIEHORMITILES p=1 KL WEHENEBNACERINEBTHBHEZ L - T
HLELRETHS.

LT EDOFHEEEICL 5T, L p=2 HREFMIEL, MEOBENREEAELE K&
LTh, Z0ERMEORRAEE L, HELOERMMER, HRLUTERTS LDOTIA
V. b, bLHD PEL 2RI ELT (20) REF— XLV WERE 2
BE, BlziE Newtom @ f (%) =0 OEEET A HENEETS. 20B4S

d (p—1
45 Ziar—— (- D Ex (X —1®)
BEETIE, TR0 TRV I® o iiE L,? L LBEX
72 )
Ex-1;2 (X — ;)

o ) )
(46) Ly =1li+ i=0,1,2, .-

(p—1) Exop® (X — 15

L BELRTS 2 EAHRENETHA.
iz p=1 OBEIFIEC LP ik VEEERT 5, Xk 46) o) cRERE

1)
1 w E|X —1; .
(47) li(+1)=li+"—l'_(1)—“; 1=0,1,2....

2f ()
AEVAHZ ENAHESE, (A7) BEBEHTIEAVL, EA—BTHDHEL V2.
FEo=EL, (36) KUY* (37) @ normal ABRX T~ 2 ICL W B EFOVTLE 2 5.
?TIZ"D%, 75 *1, 2 03%’3

) E;’P—)-a,'(P)X—b;’(p) (Y — éf)X — éf))
(48) ®
0 a;

—— (p—1) By 50, P (X (Y —

SOBERLERLT, BOSREREYK a®, b® % dh by & UTREE

) I ) @ P
(49) ai+1=ai+hb bi+1=bi+ki; 1'=0’ 1:21""

HEATAES. HL

X -9}

l’?q;—a,-“”x—b;‘f” (Y — g;X - éf)) E(x{',:::“”x—b;"” (Y — éf)X — b(f))
0 1o Eytai®s (X (Y —a;X — b3} Ey"i}:;;_b,-m{X<Y—z‘z’i-’X— 2))
(p—1) 45
By ® g (X (Y= afX =00} Byl ay®rxos, (Y — &, X — b))
1) A BT aes PO — X B By X (Y — X — ) ‘
(p—1) 47 |
o B0 o (v X8y B e - X )
G2 A= pt (v — X — 88} B 0 (X (Y =X — ) }

TH5.
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iz h=1 OBFBEIL, (60), (51), (62) DRI

00 (1) (1)
P (S) — P (S) [7.F G a5 ax
o] 1) (1)
w |EXIS)P(S)—E XIS)P(S) [ xf(x, aix+b) dx
(53) hi = (1)
(o] (1) (1)
[* af ax+idar P(S)—P(S)
(] (1) (1)
(1) I_wxzj‘(x, a;x +b;) dx E (X|S)) P(S;) — E (X|S,) P(S,)
(54) k;= (1)
s e b ax [7 fo e+ 85 ax
(55) 47=|Tmn o
I_oomf (%, c(zl,-)x + l;:)) dx I_mxf (%, a(:)x + él,)) dx

=R
(56) Sy={(X,Y); Y —a;X—b>0)

(@8]

Se={(X, ¥); Y — & X — b; < 0)
ERWDHZ LT BNDLT —~ X CHAT HHEFEENTY, — BT ARV, o TLOBE
%, %% W.D. Fisher iz X v ER{L I LP ENER LA 5.
#oT p=1 FHOBHRTEH p=2 1T L THAIMZHIZIL Tk D, HRCERINDI KD
DI CIEET 5.
norm p OHBEIRFBERICEL T, DhoBal e, flzdgbkiokk i 5
LELHEELOBENDEMENASH L T bhd (K [25] 2B). Zo T p=1 ORE
BRI, Pl EBERONAIBAERSAOGBE RLRBEER L5 LRI TS,
Fio, BHEESHOMBERROBRLHEERY, ¥V 7L AT 4 7TV THLIEN, RAHHEE
EOWTONREOHE (% [41] 2R) R THERIhTVW5. HROWRCL-Th, p
DRI, FHOBOERCHEBINDZ ENRGCHBINDIDTH S, MIEAREEN
BEMORAL norm % L ORFMEORRHEEETH N ENMCOVTEE ORR (%18 [38]
2R 255, BREZOVWTO—BMARNISEOBE L2 L 5.
MTHED p REETHHEE, FIXIBEBERSHCRL T, 5D p 7% mode=l® %
MIZLERDNENEM S NETH D, MABARBHECOVTL, ThIVBEREO DL S
HHEEETH AN AT RETHAH .

BIH /LLLOEHEETYHINR
HIFMOERIE p=2 OBE, 2L RROERRKOBRCEKTHZ LIXHALNTHA.
FHESAD norm BILTiX, BHEMICHXBECN TS p=1 DB EHRA L BELHID
NTWBEE S TLBETRERVTHAS.
R 1, 2 OFT, thos 18 (X), D® (X), ;f,:y KO normal equation (35), (36)
X, ¥OXOSERRAINDTHA S h.
25 [R$1, 2 DT TCROBFEHNRILT 5.
(57) W (X) =med, x (median)
(58) DMO(X)=E|X —med x| =8;mea. (27 1+ 7F7 vDEY DFiHHZE)
X DB E AT E 2P HE codev (X, Y ; med.)
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ik
(59) |codev (X, Y ; med)|=]E {sgn (X, med. x)} (Y — med. y)|
X |E {sgn (Y, med. v)} (X — med. x) |
Kok
(60) sign fo codev (X, Y ; med.)
=sign of [E {sgn (X, med. )} (Y — med. ¥)
+ E{sgn (Y, med. y)} (X — med. x)]

THh, HEEREK p(;; i

(61) p;]y)= codev (X, Y ; med)

Sx;med 8y:med
LEHINS.
B normal FERXIL, HoBs

(62) P(Y>aX+p)=P(YSaX+p) =4

30y
63) EX|Y>aX+p =EX|Y=aX+p) =E (X)
LEHENSD. ]
PZNTREOBEDOHBPGHIIMTHA 5. (41) Rk uirnit

Ix—al}_i
e e S

(60 f () =g

lx -]

8

1
~2

(65) a=medx, B=234, mea
THD.
4 (64) KL T a=0 LLT x>0 DFLDHREERTHE LT, AEWCKRERLERE
LE X OV, HOBEOSHBER T oMCEL,

1 - 2%

66) fx) =Kx 2¢ 7, x>0, K, A>0
THhH.

(66) izt L TR A1z 7 v v (HiE [22] BR) % E L\ ‘extreme case’ & LT Goshen
® Royal Statistical Society 3% 1887 £ Presidental Address (Journal vol. 50
Appendix II. pp.610-2) 725653 LKA EEOFMEEES MICHT 2RO IRV-2BE T2
ENHRD.

WOBRCT v ik, Ko UL MgET 255l

(67) y=yox? e
YREL, Y@
(68) p=—0.65448 Y = 0. 2003
rHHL, $
(69) —1=p=0
ThH5HZ ERMHEREEBT5.
Fiz ‘trial and error’ 1k % (68) DBEEHEIL
(70) ¥, =1388.32
P =—0.690077
y =— 0. 3057256
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"Cjé ST,

CoFlick B L (66) i3 (67) iwxTH—DoDHMLELBLZ ELHRD XS EbRS.

ZH5LThBE, BT, SLETY VA, BEFCHTILE ) ARFFCHTS
BILA Y D3, H norm T AHEMAD - TcliebiE, p=2 T HEESHD, FiCR
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