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On a Method of Quantifying N-way Frequency Tables

Jun-ichi KyoGoku

We have a well-known method of “ quantifying >’ 2-way frequency tables.
The method was developed by Dr. C. Hayashi and has found many ap-
plications in various research papers. This paper concerns about one of
possible generalizations of Hayashi’s method to n-way frequency tables.

A n-way frrquency table is based on #n-sets of categorical items. The
purpose of ‘ quantification’’ is to find and assign such numerical values to
each categorical items throughout n sets that will represent, most efficiently
in a certain operational sense, the mutual nearness or remoteness between
and among these categorical items.

If we assign specific numerical values from without to each item, every
set of these items is ‘represented by a respective vector in a N-dimentional
space, N being the number of total frequency. Also, we can set the length
of each vector to be a standard deviation in each set by putting the origin
in each set equal to zero.

Having 7 end points of #n vectors scattered in a N.dimensional space,
we turn to the amount of clustering of these n end points. As a
measure of clustering, D, we take a total sum of squares of n distances
between each end point and their centroid. In turn, D is able to be
explicitly written in terms of mutual distances between z end points. di;

1
D= -*27 g ; dijz »
)
being a distance between the i-th and j-th end points. By the cosine law
and the definition of the length of each vector,
dif=cl+02—20i;,
where ¢:% is the variance of the i-th item, and o:; is the covariance between
the ¢-th and the j-th items. After substitution D is shown in terms of ¢/,
a2 and oi; as follows,

n—1
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Noting that
n—1
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represents only a scale factor to be determined freely from without, we now
turn to the second measure 2, defined as
2 Z Sl
1 G<h
(n-1) Z:‘, 62’
Naturally, we get

D= n—1

Ne(1—2) .

n
The purpose of ‘¢ quantification”’ prescribes that
D—min. or, equivalently, 41— max.
is to be solved. Now, in terms of matrix and quadratic form notation,
Nolt=xi/'Fixi, Noi=xiFjxj, Noiyy=z/Asjxi=xiAjxi.

Definitions of vectors and matrices are as a follows, Column vectors x; and
x; give two sets of numbers to be assigned to the i-th and j-th sets of categorical
items respectively. F; is a diagonal matrix, the diagonal elements of which
correspond to the so-called marginal frequencies in the 7-th set of categorical
items. F; is similarly defined. A;; is a matrix giving a 2-way frequency
table between the i-th and the j-th sets of categorical items.

Then, in terms of such notation,

(i<f)

2 2'} ; xi' Asss

A= (n—1) 2}z’ Firs

— max.
is the problem to be solved.
Setting the partial derivative of 42 w.r.t x’s equal to zero n times, we
get a matrix equation, i
Bx= (n—1)ix,
the definitions of matrix B, submatrices By, Bgg, Bap and Bg, being
[Bul=[0], [Bgl=[0],
[Bagl=[Fa'Aapl, [Bpal=[Fp'Ap],
[0 ] [Basl
(Bl=| : :
[Bgal---[ 01
(a and B represent respectively the a-th and B-th)
sets of categorical items.
So, the problem of ‘quantifying’’ a n-way frequency table reduces to
a task of numerical calculation of eigenvalues and eigenvectors of matrix B.
It is also proved that the successive eigenvectors of matrix B give not only
uni-dimensional numerical values but also multi-dimentional numerical values,
with validity, to be assigned to each categorical items throughout n-sets.
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