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On Uniform Convergence in Probability

Yukio Suzuki

Wilks [1] defined the uniform convergence in probability and gave a
theorem in his celebrated book. However, in this paper we will give a
counterexample in section 2 and two revised theorems in section 3. A proof
is given to Theorem 1, but the proof of Theorem 2 is omitted. The results
are as follows.

Theorem 1. Let (x:1(6), (@), «++, xn(d), - ++) be a stochastic process depend-
ing on a parameter # such that the following assumptions are satisfied:
(i) For some 6 and any 6 in a parameter space 6 (for simplicity we assume
that © is an open interval in the real line), (fi(x1(6o), 8), fo(x1(6s), 23(6s), B),
oo e, fo(21(00), ¢+, Xa(60), 8), +++) is a stochastic process and for any positive
number ¢ there exist #.>0 and 8(¢)>0 such that for any n=#n. there holds
P{| fu(a1(60), ++ +, Zn(@0), O)— fu(21(60), * -+, Tn(B), G0)| >¢ ,
for all 6 €(00—0d(e), o+0(e))}<e .
(ii)  fa(x1(80), ** -+, Za(B0), o) converges to g(fe) in probability as n—oo,
(iii)  On*(x1(B0), - - -, Ta(B)) converges to @ in probability as n—oo.
Then, falz1(60), -« -, Zna(f), 82*(21(60), - - -, Zu(H0))] converges to g(fo) in proba-
bility when #—>oo,
Theorem 2. Let (x1(6), 23(6), - - -, xn(B), +++) be a stochastic process depend-
ing on a parameter # (€6) such that the following assumptions are satisfied:
(i) For any 8 and ¢ in O, (fi(x18),0"), f1(x1(8), 2(0), 8"), - -, fulx:1(8),
oo, 2a(0), 8", - - +) is a stochastic process which satisfies the following condition:
For any &>0, there exist #n. and d(¢)>0 such that for any #=#%. and any
€6 there holds ‘
P{l fa(x1(0), + -+, zn(6), 6")— fu(X1(O), * -+, Zx(6), 6)] >&
for all 0’ €(60—d(e), 0+de))}<e .
(ii)  fa(21(8), - -+, Za(0), 6) converges in probability to a function g(6) defined
on O uniformly with respect to ¢ in 6.
(iii)  Bx*(21(8), 23(8), - - -, Za(6)) converges in probability to 6 uniformly with
respect to 6 in 6.

Then, as #n—oo, fa[xi(h), £1(8), - -, Xx(B), B2*(21(8), - -, 24(0))] converges
in probability to g() uniformly with respect to 8 in 6.
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[1]1 Wilks, S. S.: Mathematical Statistics, John Wiley and Sons, New York, 1963 (Second
Printing with Corrections) pp. 104-105.



