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On the Trends in Statistical Theory about Stochastic Processes
HIROTUGU AKAIKE

In this paper we make a review of the paper ‘“Modern Trends in Time
Series Analysis”” by U. Grenander[®! and then discuss the conditions for the
development of statistical theory about stochastic process. Grenander’s
proposal of conditions, stated as his conclusion of the paper, for the develo-
pment of the time series analysis is quite in agreement with our experiences
in the study of the statistical treatment of stochastic process. But we
can point out the limitations of his scope in the above stated paper by
using the data obtained from content analysis of recent journals of the Royal
Statistical Society (series B).

The problems discussed by Grenander in his paper are related mainly
with the spectral analysis of the stationary time series but there are many
other statistical problems which are not covered by the spectral theory;
for example, those related with the statistical treatment of the train of
pulses. Thus it seems that the removal of the limitations of his scope yields
many concrete answeres to the problems discussed by him in the paper.

To develop the efficient use of the statistical theory about stochastic
process, stochastic models must be exploited so as to enable us not only to
describe but also to analyze the structure of the process. The characte-
ristics of the process must be interpreted with valid concepts of corres-
ponding practical research fields. From the stand point of application of
the models it is also necessary for us to pay attension to the speeds of
the computers available for the analysis.

Thus in most cases of the formulation of stochastic processes the noises
due to digitization and sampling procedure (in time) must be taken into
consideration to get flexible models. We see that the new models and their
statistical treatments originate from the new concepts in the practical
research fields, and for the exploitation of the statistical metheds the
development of mathematical theory which allows us rigourous treatment
of the problem and,at the same time,facillitates some fundamental operations
on the process is desirable. Thus, as was suggested by Grenander, to keep
contact with research workers in the neighbouring domains will be most
profitable for us to develop the statistical theory about stochastic process.
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We make also a very brief review of the papers published in the Annals
and the Proceedings of our institute, and we can see that the researches
in our institute about the stochastic process are now on the line of
development which is suggested as desirable in this paper.

Institute of Statistical Mathematics
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D% <13, AT LR L 0y R — B — 7 — OEFEOEHERIOBBRE LTEE SN T
Wh, EIANHESHRIIRWTE, T LAEERA OB IZMN LB, HLOBRTHRERDEE THO
T, FOBYE O, FENEIILRDD 2 LiE, BLADEBNRENZIDOTORARELHLDTH
B, IO, THEDERREMUE~OBETEOHR &, HEBRADEEEOHF L ORELENDH S, e
BHRIZHWTIE, 0L SCETHEHEWITELETILHT, FEOFEAMENRRL THRLIDOTHLTN Y
Y, FRAEOERNE BB TRMEREONE I nE VI SICHIIZMEAOZ 5. o2 THY, #ilHiy, *
N 2 H7L B IO TIIe WHI 7 BRERI AL, BT D & 5 e BND R, DEIE ¥ BlE T 2R
IR A LT, WA, MEEIN R ORSE L e D Lts < Tidie b, ThAFT iR
T THA 5 o

ZDEBITESHENTHY, LA FOREIBCTUIZIUIDWTOEBSEHBIL S 2 T
V. FITCIZTHLLK ZORRIZO W THEFEEM22Z 2L &5, ZZCREIZLTW3
“REMT RBREVI D, AREAADRL DRI I O TUITEEB RV e 5 2k TR
LTWa. Z0ZEit, BHANEBLEERLDTHHLITEZLNIWT L 2EkT 5. KD
BRMEA R ESR A FE D702, F2ICMEADEER CEEASI NS OOBHOKE L
Emizd oo huEebiov. ZOFENEL R L ETE DT, £0L 5 0SB I AL
DHEYE L TBIEOZMOEENIERINLZTHA 5. FEHIZ I OHAIZ OV TR BRI
B ZOBMELBIZBWTE TV, FIZFOLRIBERIIE L TOR¥HERBRERTHER s
WREPEZDE3RENIEBTRV. GHREBAOCEHELTWOHNLLELEBANTHD L RHEIND
F I MBRBUTDOW T B BRICHEREEOR A GEA IS 2, T TRNDZESVIH
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FUTDOWT TV, Lvd BROFHE ML, BECRIEE 722 B RUA OBAEIZ L 5 3
DT TiEfebisv. HETNFEEROSELBNIT 5 Z OF MO KB IRFE e i 73]
REBHESMEFICLOTRWICREIELNDZ L2 L. UTOFERIBCTIT—ES
DOFEORIE 2 137N T, @HEOWENHFZALN 2 & 5 7o Bl F B I N B FUZER
DTRTWLZ EIZT 5. 8 [P.1]1 1230WT, RINBEOHIHMATIZE L —7a R e L
TEHTRERDL 502 & &k~7e.
TRETHIBNT 2178 5 & 77 20 H & T ORI L > Tollid 5 &
1. EPBEE Lt TLuES
o, FEREATRBACRTE E 5 5e
N LEZEOHENIRIT A
LD, TONEIE BN THHNRD L SITE L B L TOBWEIEAE A 5. Wb, Bie s
BTEIT AR P EET I, DHONROMEOEROME &, FhaRTONERIIH LTEE AT 2%
T ORI & ORISR EZE 2 I Tidiebisyv. FORBRIZ L D THEDEY O3t 4 < fg
Db DT B,. FRRIZE
1. BN &IT 3 M OBRIO B E ¥ 558 2 h.
2. WREOHMELFERTZLOL LTED L 3 ERZERT 5.
3. AR DL 5 LTERS A
M E S0

MEDE 5781220 T, HANLEBMOFHLINCRIT T2 ABETHE L 5 DT H
L, ZZT, ZOWE (P11 IZBRNOATWAIEDRFAELH 54 L<b L R2 L, HEEE
OERE, WM EEN & RIS N 2 HR L BROCEB & 2B E T 28, SHOBAENF
RRZRE L SNDHELE S TRVWEBARIIFTI2ERMOEBBLEDBEHFTOENFENBELN T
B, CHEOHIHECOHE LR TARZEDOL S AHERERIZISDTHEUT 2008 L vhddk
HrELFRLTDEBbhd. ThEFICRANTFZEA L OB E 7220 B> TR~
BERDESIZEBTHAS.

R RBOEROEROKREREORUEL HENCH B3 ERSERA LTI IEE

Z#0h, )

MHEROFEA N ZERR b DTS EANRLDOTH D & 5 IZE R T 22 2HAb
NEZENMETHSD. ZOXSZREAT B L 5HRATNNLBK OB L THYRHERERED
REIZH L2y 0 % < ORENEDND.

Bl zd

L. 7H o ABARERRSRETF + U ARMBENTEE R E DK G

2. ERARRREREEIMIZY > 7)) v I RET O 2 LI X D CEERRIE UTERR S R0 MEE DR

=

3. EMHNAEBRYF ¢ YINMIRRT I LTIV EASKDHFOME
FIZTSCRNDL. b T 1 PN RROFRBER BT 2T 5BRICEBENA S, =B
HAISNDBRRAOFELUEBD CEBIITORD I L 2EZIIAND L, ZNE0REZITERE
MR VBERERERF O LKL DTHA . EUNCERATRBLEEBL S T288h5
WIIBIRBITOZBZ EENE LBIHR O B0 FHO HE5F 2 By T, BEEELAORK
DEIFNIBELTZE S DFET + ST LRBEOFNT AT B EBbh b, LD T
Grenander 2L T2 T4 T284, b LEESHOBR TORLUNALFERYE L T\ %
LB FEDOD DREZRE LTE TR L1070 b. BCEEDT «+ ¥ 8 LEIHEKD
EHFZZOEZETETHMILTRTD. ARITFarnbs ST, T4 705
7o ~NFOMHEDOHOBITOH Ui Tt b, LIiZhLHER (FHELEL) toN
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SRR LR EO R MIIHERD L LDE WS 2 kit A L Bbh 5.

ST ERRBRDOL 3RHFMNCDOWTIZA & ZFBICHBHIARCT 0 7 LAHTBEBAT L84
CRTAEEE LT YIRS ThhTwa Jury [6]. %7 “AXFSEP (pulse code
modulation) FHHOMEICE N THEFMUMTOMEEL L TR TS, b DIFRDK
REZRIZAND Z 2L 0 RFINRHR OB BRI & 2 RBUCHE LT S ORI, HHE
XhBicER LIy 0 L Bbh b, BE)MBEIEDEAIZEE U CEBE e R B o& R
FRGICOIRZ IR N BRTOELMOEHEDRE 2 & &, BEHELOFIENLD THD
T, TOEALOBERIIBHOTRKEVLOTHD I EARDLNA, TORLEKHNLBHELE
THT B LI VHEAINAETORFTICOWTIE, FERBHREBRMIZE DTS, ZDMAIC
OWTHYEEMALIRMEN RV E LT BRI A R 522 THAHS3 eH £
T3, '

8§ 4 HERORTUEROBMERVHINORRICOWT

Bl R~ E 2 A%, & LT Grenander 732D DR E LTRNH0OD3HLED 1) I
BN 2B OBREICBEFBRT L0, LA EBBEORRMTIEED L 5 B EEH 5 LE
MBDPIDNTDEEDEZ THBM, Zhnbto i) LML 7t 2BAORELUHOM
REIZ DWW T BIZ AR~ 7.

KL A HHERBEOMEN T I NG L, HLDBEIIRTHEIECL & ¥ <EEDH T
HOFEE XD KT REOEHAERINDZ I L3 YRTH D, FICEBRNREE
LTI, 52007 BBORINI—~FOEREHLES, Db LoODORINEHIBBEIANT
DigE, OIS RRANELNLINEH U< TEnbh o, ZOERMIBBOREELE
BOBERS 2 b HRROMEL L TRIETE 525, ZOHEIT S EICHNRDOEANE &
DR EEBIANTERMMIND Z EABETHA 5. Lo LITHCLTH I Thhbid—
BOHBL DS L OMEBEORT LK TOBROLBMNI DX ) LS 3 2 7 RE
FRTBEIHDHIT T, ZHUEINE TORBIZENTEMIAEN LT VHEIIHDL LD L
Wz k5., XTI ZThHi#® Journal of the Royal Statistical Society (23517 % # L DEM % 5
TEREZLEICLTIOUDOKEEL L 54 LEAKMIZR~N)S, bbb OZEIC W THRIE
A9BLELE) BHRTUV-ZHROP, FOMEIIHER SN LDCHHIIZEN TV E2v e85,

FTHERBREOERIZEL T, BEEMTOEK®R L OGE HEBNcEErRH>7 Ly
— X BEELERVNOERNEZOND. ZOHFIZOWTIE, bIIRIZEHLHDTHRT S
FTHHWTHAS. Hiz Kolmogorov, Wiener (=1 2 FRIBHOER L 2 21238 L2y
COFEDOWEREZIZG 220D Bbsnd Wiener [183]. LasLigabIinEF TIlBESNI-Z D
FEOERMBRIGENTIUERDEZCD L F MR BEROMER T HETDI L2 % 5
B, BRI IEHRb0EEZbND. ZHIZRLT, /¥ ) =Y~ L 2RI0OE
BIECEADORBAMEL A TS, bbb OFEIMIE T 2HFEE LTE, WELIDOR
BLPIOL5RERIZEIOTHOSDISNZBBTHD L LT, TOEBOBELEEIDID
TR Lo2oH 2 FEROAMILOWE [M.12, M. 13, M. 14, M. 15, M. 16, M. 17, M. 18] i34 TH
WREWLDTHAS. ok, EHLEHRINCET 5 -yt 7z 0ER, &%\t Wiener
DFUEGRHIBERTH L0 L LTH (MR [A.7,A.8,P.6] &% [A.12] %»iH 5.

RIZEBEBEN LS OBBIZ AN Db D& LTIE, EWICIHn 2 a0, HENRbon
BEAYTHD. fob 2 EHAERE, HAELEBE SHEBESNH 2525, hbidREoRE s
FIZRBOEN A TRIBAICRET S 2 L M THD. TDLSRRNOERLELTELOND
HODOFTIE, BREWOER LD “F 0 5ok 2 Z20EBEORERL T 2b0D0%
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y, TUH—HOHEFIZEL BRIIEEDOEBNEHF NI DDNREZ L. ZHIZDOWTRRIhL
P DTHRNRBZ LI L LS. RTHES (WY ry—) ORBELLTRL AL T W5 D
iE, ADTRAHAEROBIBSEIMILIE—EOFMIHES b D & T 556, fFERRBICH 23
IZHODOERSEPRET S &, FORIAFRBIEOHRH (dead time) 23Kt E, FOMIZEIKT 2 HR
FEHR I N, BUOHEESAREREBIZA D THLRINCERRT 2 BB GHES 1L 2BET H o
T, TOBRETRBICHEHOBIBIELATRD “F v 7 alahi” OBERIZEOTWS. ZOKROR
BISEE D4 2 DA FIC L D TEHEBRHEORNE 2D ThH Y, TRFNROERITIG UTERY]
MEDI HIZTEBRINTERGFI D10 EE 725 Albert & Nelson [1]. RizfhFHizo0 &
DEOTHY - RERTIHFELTFIOMELZ 254 t- 2 r FHOKEE r+1 FHOEOHMME
PRLOTHERER (e FIZH) &L, s 2 r BHEHOEOY — © AFTERME (i & ZiZfir),
w, & r FEADODADRELEME T 2L wra=W,+u)V 0 7228F08iLd 5, 727250 u.=s,
—t, THD. ZOBERTLIV D EDRINDS w, DRFIV/ELNDDTHBH, PEMIZ ORI
w,=0 B3 HEDEZATERHF NS, ZTHIZEME T 207812 Lindley 8] Smith [11]Z <4 L
<, Bz Smith [11] 123\ TR LR O S EUZRET 55 AR o L€ Wiener-Hopf
MOEFHEXDO ML b £IZ LG LITHOBIE b 2 BB 5 72 > DIER 2 HEEK
Sy, t, DEDSIEIME 10D LW S B2 AT AL 52 T\ 5. ZORBRIIZEOBE
T B EEE G2 B EM LSO BOTAR b0 Bbhd. T2 THEHLAEEEIT
DEFEDERIL, EREVCOTLRPFOHEBROBELBELRIILTWB LT, w,=0 &7
BE5BECETER L TOADTRIADRIIZD S DIZHTIT S BRZH B OB E NS T
XNBLICHEL EDORINER UL 5 7aFHAENREEL O LTI E 2o\, o gEEn
s [A 4] THALZCRHELETHTREDL 5B LHF OO TH DA, THIIETTBICHR
PEDORICHET AHREBIZHMEN DS D& LIBE0HKB LR LBz 2Tw5. FIZ5 A
OBARDHTF, EHREOHHFOMEOBAEL $7:5< 7 V5 LBERIZIDOTHESNHRID
EROFE L HOTWD (TN FHBHBEO -HITHS Z L3 WM TH3) Gani [5]. 3FDH
/], 1 2EXRETORFEFICLAIEERS N L2 20L BB ERO—FITHE Z &
LN THD. ZOHTHHBDOL 577 v 5 LlEAIT LHHBEOREEZEZ BT, 0D
3T HHE®RTEUDOMENEBD THE V3 2 35 BOBENRBIILV THEOK 1
REHD IO E L5225 0NBON 5T REMEEA TV 23D Bhbh b, FCEEETH,
AR ORIES DM M IRD Z L 7 HFTEY renewal D2 12d & § {HAFERAT L KM
NELSAVCDBRTWA Z L HEBRAIH D, ZHAHI OV TIRRENAME Smith[12] 1565, b
NHONDOFEFHZE T DBADOHED T DIREAEN I RN BEOEEICET I D &
OTETD, ZHUIRICED & 5 BB TRE XN 2 BEUEE TS SRR EE & Vs
CTHERAERBEOND LI BHFITORCIZERH DD L2 & 5. iH5, 4k [A.10],
HEFE [A.14] 7 [A.3,A.4,A.5,P. 4]

STBERBRNE AT L THER L 2 HHRBEOHFHZ RE L /o £ TOEEBEIZ OWT
THhot. b DORIEIZE T A2 MHBFPFIZOWCTH IR ~N72V . § TiZ Grenander ik
NT2HY, RERINZERT 2 BRIIKRETENDBER TRBELANEBOLDOTH L. Th
IRERFRERINCEI L THRRE X ONHHNFER T 0 BT CEE LTHYSh, 0 “E
B IZHACHBRDLDOND DI EIZEBhDEELZBND. SROFFEOREIZEBNTD, £
WEmZBROMORE (bR &3 EBNLBRBICESCTCHY bR AHEHRIL, 0
RIS T 2Bk EXREICKERAR b D L5 THA S EBbh b, Z0EEIZEE T BHEH
B, Aebh b4y 7AOEBBO TR THEEETHOTOKRE L CRIBEICRIEOLS Y
RITHENET D, ZOLIRBHTHLTHELL S L2554 — 5 — 2 BT 2EADSH
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HEORME L TREL, TOSARKEEARC L 2RO TEBIZE ERS LMEER T
KDBAF A~ ~DHEFRE L LS L THHEE . ZOBNI—RENC FRsFiE e L T von
Mises (= J % differentiable statistical function DJFiEAIH B4 [9], FIUT RIS ER
DA S DEEIMEARA KRS & FITEL M REOTIIH T ZFRIZL>TEUEh S Z
EEEBIZECTCS, ZOH T ZBBIZOVWTIHEMOREOERIZI VFEIZIINE T 7y v #E
Bir LCRBETAHENEZONS. 207 77 v BERERIIE T 5% (B D23 A,
BonsfiE. (R ETAIRHBORINE THE) DESTCEELRBHVERT LTk
% Doob [3]. ZOFEDRFZEL Lo D> THRINIET 2 RELMTBORR L AN TS LT
FEEW Y FD. Grenander K (* Rosenblatt oBfsE (1953) (§ 1 3Cik%:M) 1212 Doob [3]
DOERVFIAIN T2, AEOHE [A9] BERILOT 77 v BENCHET 2 Z OO HME
HEREIFI 2T\ 5. 7275 L 2R EDBRSMHE ORI A EHEOEH R IHROEME LTTiE Ll
EREDOEA LS LIZTAHEROBPHOILLE L THGDEEIZILTEALORUCERE  #
HTH0ENDHD. ZNITIEANSRD ZBITEERIUORERE QM BTN EShhulish
WL 3w Eb 2N RO GERITH S, ZOBRIZIEE Y 7 2L ol L 2 EH]
FUTHBRWABRELMI e AMI VLR THY, EBEILUOBRLFIALL S &+ 5FHE
ZZOERUIIBHTELDIDEE52BH043EETH2. BEOEHEHEBRORZIZNL S
TREBEREIC L TR T D, ZHUCEIE L TR OERE b INAICEE e DT 2. b
NONDIFFATICE VT D, 32 LY FACOM-128 ERXTREE B EME HA L 2O
BHBE~OFIHL IMOTELN, BZEY F AL aBE~OBAIC OV TITABEI X 5 Bk
FOBDOHBERLFIBT 2R BREBOEAMNE I LO L LTE L OBLA DR TV, H
[A.6,P.5] g5F [P.8] #ur, =4% [P.8]. =¥ F 7L oo & 5 R UoBREDBRSHzEE
LTiEny Tidin, —RICEFNOLEL & BfEL S22 L CEAELTTE S D &
5Bl 52 2FEE LTHBMOTRELBRYERT OO THD. THCHEIT LR OKER
FIBBROBR L L CRERROEBREMORF #1708 0ME [A10], SHZOk2is/4E
TTHDORET AT O FEEZEOMR (B 32 EEIFRRERZTOME, 7272 L Z Ok R EICERW
REVNBETHD) ROGNRD & 5 mHEHROFHOEUOBREORFTIC A v 7281 & L T iy
[A.5] 2 B.

AR DI BDOBRFME KD H-DICHERBEX AT 28BED & 5 IT—RTH ¥ TLEK
FERBEOERME) CEHBESEOTBEEMA L R OMELERD 2\ IIHRERIE2 2 &
NHEBOEBELETH DY, EAHTHHHE%E . FiZ Dirac © -EHORH & L T
RESN2HBRBEORNOMBIZOWTHZDL SEIRVORENEE LA, ZHEFEES ~
FLTBHE L\ D T HIZEBHNC ST TId e  BREXBBOBE S I RANCSHITW 3
Fortet [4]. ZOBRIZHLD H I L 3EHOMBAHHHETD, ZHIZIHFE 2 F THEL AL
AIROHEBOBEDHEY LKA LEIZNDIZETHDOT, ZOE®RTHLHBBZL 225D
ENAERALEELLOTHD I A3 0hbhb. LIZh DL 3 ERKEORT| OGN
BBCESRENNEEOBONOERE L B8 T 2BCAET 2R 0FEEOHERILIL T 2 b 1T
T, SEOMBEMIRST IHEREROMBELILZ20THA 54, ZHhEOWR/BUITERN LT
REME AT 2220 T, REREBNCE LD R Tk SEALER 5 5\ I ERISHED
TREPREIL, TOEBEBI LG22V IFACLEDDND T LIZHRF LAV, BiEY
TeRAHEERE OMBIZEEL TH T  EHHICIT25 £ 512§ 570121 Grenander b\ 53 0
BICMFEOERDO LI OFZEOEM L3 2L ETHY, F1-F0 L 5 hFHEOEMIBEL
TIZHEIZBE TH D LV 5720 T, BMELBEIMIL D THOTRGNARRIZI VT SEE2
k57, LVEHBNEAREEBBLIL VLSRN TORBOEMAIOLECHEELVWLDT
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BB ST AR BCAASTERIZZOL S BB TREICHMEN TR T2 D
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