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Theory of Quantification and its Examples (IV)

Chikio HAYASHI

In the present paper, the generalization of the method will be treated, which is
-deseribed in the section 2 (Quantification method of qualitative data when an outside
-criterion represented by a numerical value is given) in the paper ‘‘On the prediction
-of phemena from qualitative data and the quantification of qualitative data from the
mathematico-statistical point of view (Annals of the Institute of Statistical Mathe-
maties, vol III, No. 2, 1952)"’. That is to say, the outside variable is numerical, while
the factors are not numerical but are represented by the response pattern on the
.categories of many items.

(i) The response patterns are shown in Fig 1. We assume that the numerical
values given to the items and categories to R,+R. from R;+1 are made to be the
:same, those to R, + R:+ R; from R, + R, -+ 1 are to be the same, etc. respectively.
Now suppose that ! is 8 for the simplicity. Let y» (m=12, --.-- kr gy kg +r, is the
number of the categories in the items from R;+1 to R,+ R;) be the numerical values
_given to the categories of the items to B,+R. from R, + 1 and let z,(q =12,
kry+rysry KR +r,+n, 18 the number of categories in the items to R, + R,+ R; from
Ri+ R;+1) be those to R,+R.+R; from R;+R.+1.

We denote that

0:(jk) =1, the i-th sample checks in the k-th category in the j-th item,

=0, otherwise.

Then we put that ﬁ:]b‘i(jk)=n,-k, %;ai(jk)a,.am = fu(m) = fum (jk), where n is
‘the size of sample. We want to require ;:, ¥m, 2, to minimize the square of errors
‘in estimating A; by 2% £ 0:(7k) + ZZym%(lm) + }]Ez d:(pq). Thus we canobtain

%jks Ym, 24 by solving the equation (A) under the condltlons of (B) and (C).
(ii) We consider the case in the previous paper to estimate A; by Z;m,ka,-(jk).
v 7

‘Instead of the error At—Z_]%_‘,x,kai(jk), we take {(Ai~2%‘,x,k6¢(jk)}w¢ as the error
J 2
-and we want to minimize Q“’=£}{(A;—2_§a:,k&(jk))w,;}‘-’, where w; is the weight
? F)

.of the i-th sample. Then @Q=[{(A.—A4)+(4;— Z_gai(jk)}wi]", where A; is the
7 .
population mean of A; which is constructed from a universe. The expectation of @Q?

” —
is E‘J(a:u‘“.-l-rf)wﬁ where 0% is the sampling variance of A; and 7.2 is the variance or

-the bias of that linear model. It seems to be reasonable that we assume z,2=f(A4,).
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If we require the weights under the condition of ﬁwi=1 to minimize the expec-
tation of @, we obtain
Wy = 03i2+f(j41)
t T Y{eal+ f(AD}.
Now suppose that f(A;)=a®A?, where « is a constant. This assumption leads to the
idea that the relative error of that model is constant.
__oRlt @AF L o Tyw. in-
Then w; = SV oat+ A5’ where o5 is gasﬂly calculated. If we take d:(jk)w; in
stead of 8;(jk),i.e. fr(m)=30:(jE):AMm)w:,np=3)6:(jk)w?, we can deseribe the
1 : T .

simultaneous linear equations to require ;. But we are not able to know the value
of a previously. a is to be obtained as the result. Then we assume the value of a
at first and we slove the equation with respect to ;. In the second step, we assume
the. value of a by using the first approximate values z;, and require the second
approximate values of z;. Thus we can obtain the reasonable values of x; and a by
the method of successive appoximation. :

(iii) We consider the case where A; is vector, i.e. (14,, 24, - SA).

We want to give *rp (8=1,2, - S, 7=1,2,- R, k=12 .- , k) to the categories
of items. Then we put

ey = ‘AFZj};‘xﬂc 0:.(Jk)

and Ost = E("Eté‘) = %ﬁ 'ettfi.
]

Withowt loss of generality, E(%s;)=0, (s=1,2, --.-- .
Let |o;;| be the generalized variance by o;,.

It is reasonable to require *z;; (s=1,--- S, 7=1,2,--- R, k=12 .- k;) to mini-
mize the generalized variance |o,|. This idea is the same as the case where we take
the so-called correlation coefficient between the quantitative vectors. By an easy
calculation, this turns out to be equivalent to minimizing o,, (8=1,2, - S) indepen-
dently. Thus ‘x,. are easily obtained by solving the S sets of linear equations shown
in the previous paper.
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Fig. 1
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kRy+By+--+Ry ICEE L,

175 Ry ¥ COERIRIEY, (Bit+D) 55 (Bi+R) $ TOERIA—-BOSDT, 77
TY — DD FE—, (Bi+Re+1) 2nbee-e- (Bi+R:+R3) E TOERDE—-BOIDOTHT T —
DEDBFA—TH2. ZOL>5IZFH LEROHEN (t-1) @h2tt5. Ri+Ret-+R=R &
T%. 2FVLEROKIIR THd. STALERAOHIZRRLFA—DOHELE525DDET 5.
WERIRHFTHBALTALS. 3> FALEeddEHE55FTBMETE. A 2557V 4BM
DOHERELTD HRIFZ P - 7 LERBFOUFEOFO/AL T2, UTOGHERMIT S
BDITIL, WANADALD break down FlzfThhiEi bV, UREELVWEBOTEWLY
A=, FE5ThWWITIL—LrEOELbDY break down iZ£H23DE43). 1 71hh R,y
T CIIMEH, B, FLTS A BMORMEL S5 ER, (Bi+1) 15 (Bi+Rs) T TOERIZS
CABMOBBMORY (EBHOKIRH2LT5), (Ri+R:+1) #15 (Ri+Re+Ry) T
DERRF LEBHORKME (ZOKEZ R HDLTH) £T5. ZOHE L IX3THL*

Bz DRz e ThHH, HERKERRCT 2, RIVEBREBELRLLERIEET IO
Thd. BE2HI—ERELTEZS.
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glac(jk) S:(Im) = fu(lm) = ftm_(jk)

I 7470k 77TY) 2 2p hOMEEF2DIDETH. 1 72D HDIT ‘;;wﬂﬁt(ak) 7
61@2%x_6t@‘6 LA, a_nwmmrg&kax 52 2 #5252 B2BOT
»HBN, Zhi E(At—g,‘zxu&(ak))‘ PRANITAZ & EFHIZRD. WEDHE, ZoX
ZERCBROBRNE 5D NEBEHTTHLS. .

WY OHDOTHRA LMD THEOLH =8¢ L, 1. infoﬁﬁmxﬂméﬁﬁ.dbu)
b (Ri+Rs) $TOTRTOBERDORLDY 7T ~ICFA—ME ym (m=1,2, -+ - kryury) 725
BiEE 525, ZHE U1 DD Yigur, TTO krper, LA 1;[&7*;6&:, HFTY ~
DBEZTNT krer BTHY, (R+D 25 (Ri+R) ¥ TOERITRTHABT, A—0%K
BEEXLSLLTWBLLTHE. BRI (RitRetD) 55 (Bi+Re+Ry) £ TOERO
FIN =T 2 RABEES XD ZHRUND Zinnim ETD Karmers A LAv7e\ . B
R <ARTHS.

IDEE | RBFILTMIEFIEFELT

)32 %0 (Jk) + ;2 Ynbi(lm) + 22 2,0:(pq)

BEZLIND. £ZT
=[S 4 -{Sm2u(ik) + TR vadim) + TS 200} ]
q

éﬁd bd‘é k57 wjkn YUms 2¢ ERODAEZFEDFTARLS.
| LMy + 2;2‘. Zix fou(JK) + 2 ym(Lfm(lm)) + E zq(wa(p, q) = ZAﬁi(su).

J4ra
2}; xjk(“‘:fjk(lv)) + '!Iv(? Nuw) +"§vﬁlm(2 ;fzm(l,’u)) + 2., zq(;zz]qu(l’”))
v

) = 314 (S18:00)
};g wjk(zfjk(pw)) + Z‘ym(igxfm(pw)) + zw(Z] Npw) + 2 zq(E );qu(p w))

P=\=P

=31 4: G o(pw))

BL,
s=1,2-, R, i=12 - , R,
{u =1,2,, k, {k =12, k,
v=1,2 - s K Rys R
(B) w=12-- N T
LU=R, +1,-- R+ R,
m = l, 2, ''''' , k.81+Rz
2,9 =R, +Rs+1,-- +RBi+ R;+ Rs
g=12 T ’

EBDOTnD. ML TRWSDRHHDT, FzEZZT

o | w=0, j=2 R,
© Y1 =0, 2,=0

EBCT—RFBXEBET KT 23 O2—BAZELARDOLNS.
§2. YA FEOPLREEERNMILLIS>ETIES.
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B R D BRI HE ‘
n 2
= ?{Ai - ;zk: w}kai(]k)}

PRMNITDZ BRI, WET A w BEZ
QL= z}{(Ai - gl;xjkai(jk))wt}s

TeBbDEEZDELLES. TRTIX w 2T 20 METHS.
ZZT
@ = {4 — A + (& ~ ST @b G0}’

¥%25. A3 A OFBETHD. §1 TOSKBABMERC L DR A TTERS
M (ARG LB E0RER) FEEHbb L Tw3. 2% 9 AL, ZOBEMALLY LT
NENL—BTDOALIIHT HREENSBONDIOT, BREKLBROTWS. LD TE—H
DEBIEBEDOY L7 Y I FEESLL LTS, b LERRBREAOY 47 ) ¥ 7' Thhidt
ootz AAZA) (0 3 A LRBLDEBEL Y ATLOKES), EIBLOTHS.
WU, BIZIAN0RNELEE LV D THEAES Lz DT, 2 TH#k (A
17R) BEZLADETHIE, THIIRELLEEEDOEELRS. ZHIZRVANEDHDN
BEXNDH, Wi A OEKTHY f(A) & LTHL.
£595¢ @ IZOVWTAKHET2BEHICOWTOFY, HiEEFE22 LTOFEE LA,
B@)=S o+ A we e inp. 1L og2=A1"40 g5 grm-mem-men, @
EOFHE L5 ETHRITBNCHTE LTH<L. ZOE: FIZHRZWIZH, BEREHNIZD, SO
WRETHD. ITHh5 LILTEQ) BN d L5757 = 4rmmiw=1aufx<x
BRODBDMBER LI LI DIDIRG BB TES. £5T5¢
95 + f(A)
We = ;{a;" +f(£y)}

LB,
13 LTKRDLNL w; &R,
c = ? {(4; - ;%} 0:(FE)x ) w;}?

FRANZT DL DI o BRDBAELIEHOBA L 2 ARICHENTTZ 5. ZOBKRIRD A D
Rz (Aaw) 2RV 8:.(5k) DRYIZ B:(GROw) ATV E TORYEE AT L.
L7227,

Fudm) = 330:(5)8:(Im)ws }

Nje = Eiai(jk)wiz

LILBDIXE ST THIRN. ' ,

RO f(A) THD. ZOEBELREL AT ITEBCIIGE~NEL Z L2 T &80,
J(AD)=a2A3, a 3, LEXDTLHD—DDEBYKRETHS 5. WLhbid f(A) 2#
LOBRELFZDHDTHED, T fA) RBEDRLITINEBTHEIND, A2 (C
HHITHEE2 DLk, HNRE—RLEIBRIFIRBELEONDINGTHS. COHETHY
LT Y T DGEAIRF B, DFY a,1=0, (1 =1,2, .- =), DHET @ REALDDT
HOTh, H%uﬁ&ﬁané%@rbém,%51&»%Au¢z&éfwmwnumetw
PEOTHR D EYAIZI



168 MEIECERER RS $£5% #2%, 1958
1 A — 233 2 0:(JE) \? 2
z?& — 43)=” |
ELT, @ ¥ 2 THObLD EOFBRICANTEARTESEVDTHEA, THUIHE
BELEHBICRBDT, a 2 ETHEL, X2 BEETL, Lha%k BeRD, Zhnd a 2HEL
THUREM L E IR, BRNC o LRBRELH-HT DL 5 CRABONKBUTH A
5. Livd A pIBI L Toie\nrew A 2R LRGRADRWEREL 5L, ERIIZIZT
DEEDHET order BIZRHBDTHFITHS 5 L Bbhb.
§3. outside variable i RITHIIBE.
§1. TONZFHIL, HRBXOEHCTERVDOT, 22 CRNERTERALELERDOL ¥
FT, FBEHBELTHELS EES. ' .
outside variable »1 A; & T35 —RILHLL DT, A, 2A,, 34, - SAi, & S RTO¥C
BTEZBRATVBHELES. DL EFBERDOHFICY Tp (8=1, -, 8) & T35 HRTHKEL:
L2B5ZLiZT3. £5LT,

ey = (Ag — 2022 0:(3k) %)
LESRELEZ, (—BHEPEF LR ECe) =0 L LTHL, E OFRITOFEY),

0n = E(’efer) = %ﬁl ‘efes,  8,t=1,2,--8

BLDEEZ, THIZOWTO covariance #& %, Zhnb-D< b5 generalized variance:
fos) (1] 1RITFIR) 22 20THD. ZhARFBRTOBEOLLEVDOEEEHLLT—2D
BHEAHETHDZ EIIFICHRLTEWY FICINNBNNIAED & 517, (8=1, - S)

2ROZBIENEZSLND. ZOL3TFHIE, TTETLBLEERTOMEE ETELHNL

% RITHY outside variable ¢ HBETE X SNV OLDER & ORIOERE, X VATEY =7

FAKERE) B2 BLDEF LI DT B, ZHIZDWTAH L DRS. B L ERITHEEIZHEL
ROFBY =7 FAMEBE*TIZV. £, BAEEE, SUIEMEEOL E2E X TH2. BER LY

outside variable &% L7 & XOBREDOWAE LHTHEL L TOMB (EAHEE) FldHIC

B DEV Y REET IO Tae; 2E2, BEORE EW—30%) ARNIRDE 5%

a; ¥RDHDBLE (B ZF¥HLEHIELRT), ZhiFL@abhTwad L 52 ¢A~p") &7
B, p it RE y OB (EHEE R o By OFEEDILDLLTVD. ZOEXFE

WEL, V=27 PADBFEOHBRK (ZOLE Yy 2FRTNIFZ LD, 2FV T 7 PLEEZ
%) & (y © generalized variance) (1—p®) IZBITD uLE23DThH5. T E(y—2a@:)*
EERNITADTIRARL, Y BERABDOT, ERTBIHEDLOO—RIXNEE 2, TORER
TTCDEEYRDOZRTHERZDO—DODRIEL T 5 N % generalized variance »HF/INZT 5 &

58 XD B L E, (=D generalized variance) = (y /» generalized variance).
A—-p®) Lizy, '

Oy Oyz

”2 =1 Ozy Ozz
|y ® generalized variance| |z ¢ generalized variance|

(64), (052) 13K 4 ¥, & O variance covariance < M) » 7 R, (9z), (gy2) 1%
x, ¥ \ZB83 % covariance =+ Y , 7 X, g (0z9)=(0yz) TH 5. '
LT =7 ML OHEBIMREDIRDO LN B Z LTI BH***,
XTER, KBTS, THIBEL2 52+ 5L 7588 TR EARTELZLNZD
* fRE SRREOKEA, MEDKEFETRS, $2% #18, 1954

M YRR X R MO BKIZEL I EE TR 2w, ,
o gk, BYORER, DMCGRRE, 18, I:ay, BEY, 160 p~163 p, 1957.




HBRAEH Lz oA (V) : . 169

Thd. TOBRIIRLDRITLTHAIZHEZ T, READRILTORENRANCIED X S5 IZHEX %
RKOWMTEIVDTHY, BEHOTHAELEBEETTETOIRVDTH DM, @< —~RUEHEDTF T,

g{*Ai - SRk A, s =18

PENZT DL 57 ‘ap EERARONEIVENRINDZDTHS. ZHDRRDY =7 A
BoBa&La{ARTHD. ZOROHEERED, o 2HELINLY, EIRLAXLDED
WZRHOHNB.
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COWMECE VRBEBHEE L E0h 0B EH T (BRI RN « B AR
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