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Fig.1. White noise and fractional Gaussian noises by Mandelbrot and Van Ness (1968).
Vertical axis is arbitrary corresponding to the variance of random noises. Horizontal
axis is the time step upto 1000.
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Fig.2. Response of the complex system by random activation. Amplitude and unit in
abscissa are arbitrary. Self-similar sets of clusters are illustrated in rows. Each
cluster is composed of random-activated pulses. The same pulse width of ¥ and

frequency multiplied by 1 are for the fundamental cluster and by, #*y,..., and a, 42,...
are for scaled clusters.
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Fig.3. Fractional Brownian motion derived from the scaled Langevin equation. Fractal
dimension of the scaling rule is D, which relates to the Hurst exponent as D=3—2H.
Two examples of each value of D:=In7/In3 and D.=In4/In 3 are plotted. Unit of
the vertical axis is arbitrary depending on ¢? Unit in abscissa is a discrete time of
640 steps. The response functions of the first five clusters and the total response
function are shown for each example.



YT a R VHBRBRORr —ABERRYIB 77y VEBHO—BILEFD ARy } LEES 23

ACHELT B, Lo, (4.2) NEEEEE TN SHEBEBERE Q7)) Rchs, Tib
b, (2.7) &£ 42)KRx Y

(4.3) 1-D=2H -2

DOBFRBEIND, TIRBEND D3Ry —AEBRO 7S5 7 2AKRTLTH D, Fig. 2 (3.6)
R THERNCERINT DT A —=FTHH, Lch- T, IGn OB HETH 5 4 — %
HOERNZOBAFRMLOEBMEIND, KET Vv F A THBHXEHRERI T R EoiEE
2, MBI, RER DAy — A BRI X > TELBLDOTH B Libh 5, Fig. 31© D,
=In7/In3 & D:=In4/In3 %5 2 — 2 LT HREBEBOHAYTT. D1 X b D; DB ELE
DEVCEONEBL T35, Fig 1l @R L fGn DE#E A SLE TR I TWAZ ERC D
RarbLBEBEIND,

4 D>0T 43 RoOBBREYANSL, gl 7 s vERTIH=1/2 5 2bh5%, 2D &
ED=28Teh, T T77Y VEBN2RLFEEEYED O TIEERLTWS, Fi,
1/2<H<1DERTIE, 777 2AKRTIR1I<KD<2 b0 005, Bm Z—ER - 780
AEXZBURZ C Eidil, BCE@EEOESE S, 5L, 0KHI/2D#EE T,
2<D<3THYH, FHEOAUALXERBBAERIC/ - TBZ ENEBEINS,

RN A —ABRIE X 5T 7y vEBORE T, 0<D<1 DRTEHFOES b E
BEIhB, COBER, TV VvETOERLLEHI L REERT, 5 &2 ATERTR
TBEEE e T B, ZDBEE, 1I<H<3/2 &7, (24) X TEHE %27 {Bm OBHH A2 <
WA EFETREWT Sy VEBLKRTOBBOBRTIEEL LTHETED, & 20Xk x r —
VEBIL L DT 7y v EBOREAVPERD T T v VEBORINEI D IO, X O AWERED
BR»RATHEDTERTHY, IOEVCEBOIGH IEINS,

CZTHEEEL Z LELinho7ed, Bm OBBOMELRBCE LD ENTES, £
@ long tail behavior DHEE L (4.3) Ko HZEHRY - BRI A 7y —VEBRD 7 5 7 2 VKT
LT, FVYRAYRT ADOEENORESL AT A -2 TEETHENTES,

5. /NJ—ZART b
G DY —AX27 b ARBHABTHS, fGnDA=27 AL 2.7) XE7 — V=8 T,

(5.1) Pfcn(f):[: Ve lo|* 2 exp (—i2nfr )dr o< 1/£277

ThHBHZ ENMBR TS (Mandelbrot and Van Ness (1968)), = & F ILEAEHKTH 5,
CORRYACHIIE, 75 Y VEER Bm OO T — 22 bRt (2.1) R (2.4) Ko b
Ba 1/f2R1/fHD Liehz LOEBEIND,

SLEC X570 vEBBODARZ AT 42)Re7— ) =L T,

(5.2) Psie(f) =~ B’ (2—D)| f|P72 (D>0, D—2+integer),

17U, Boid D CRELERTH D, RV —RARIZ MANTYRTADT7 57 A AKRTEBIE
THABHRONERTEEINS, TCTEELATFREVIRvWoiL, T By y~<BEE<chH s
b, D>2 TEAY A7 P ABEDOELZIS, Lo T, D>2 TR (5.2) RoEFIT
BER TR, D>20&ME a> b LEliTch D,

BIR2)RETBRIVZE 7 A2 —DIGEREAEY 7 — V)V =FHL T, AT L2LHED T —=
NI VNAREI FAR—DRT —A7 FADOFITET &,



24 METEE H40% H1E5 1992

(53) | Pw)=3 (L) 52,

Lieh, T, —BEEEI LS, yr=1EP=2%FEELTH5. Tl o TAREK
21f TH5BH,. %7 5 A2 —XEHNARER bV 2HOAR7 PATERIRTWEZ L2
nh, ZOABERL VECEERE TR, 200/ oOFfRAs FARKRY, BUBERET
2 2d' /@ DR — VY IEIDAR P ARIEoTWD, Y AT ALETE y THELS hicH
BEH o X100 0N OREESE Ay —ABTBINTWBZ LD, ZOREREY A

=) v /7EEEESEZ LTS,

(5.3) XDAT—ARZ VARBECo— 0/ DAy —AEHEEL S &,

N+1

1"‘26()2 + bz(l%fl)_}_wz}
LEXRINDG, 2oy =) vIZ7BREIEHTH B0, Plo) DEERREE R RO X 512k
BDHZENTES: 1K LN DRy — ) v 7HBA T, a<b? Dt &

(5.4) Plw/b)= —{P(cu)—

(5.5) Plw) = bizP(w/b).

i, a>b*P DL &L, (54) RORYyr —V VI %EVIRTZ LT, RFENAOE L ELE2E
N SBIZHERTNEL B 05,
. N

(5.6) P(w) = pavl—s
ELN S,

(5.5) 4L (5.2) REBUAY—RRZ MVARELD, FREBCATLADTF7 ZARTY
BB ETHRABERHONEFEDORN7 b ATHD, (5.6) Rk (5.2) ROREFWMY BVWIcEKE
igoTWT, HEMRARMEE Y 2Hor — vy Y HEID Y — A7 b rRRT, Zhid,
a>b: DBE, AT ASEOBENRBICA Yy AT LTcr FAZ -DEBETHRESLZ &
FRLTWD, TOREV AT AEA Y — ) v 7 HROEREEFS(EAPRTR) cogE»
ET A LB,

6. # ]

Koyama and Hara (1992) X, Sv A AR5 ADEB =2 AF -0 RA 7y — Y v 7 {EBAT
BNERDBEEERE LT, FOYATAIETF VY + VTR AF—INR/NCHHELRECH
b, TOXOREBEEREDS v A AT AR D~047, D=1, XU D=203>D%—F
ROPRFEETHZEXRLE, FREBVWKIBmOKITGH X AT AD75 72K D &
D=3—-2H 0Bf%R3. coBRrAVhIE EfiT575 v vEH TR H=1/2¢ H=1
LB EBIRERETER L LHifFEn s,

H=1/2 3/ #7537 VEBRRL, £FDORT7 —A7 pAR1/f2Thb, H=1DH
B, 1/ f DT =27 P ATHEBSHE O EH YT, EERETOEFTTS 75 v viE
BTRIn 200 — FHAEIRG, D047 EkchE— i, 1/ 87 -2~
WERD IV E LAY AT ATHB, BLITREON TERE 0225 (Champagne (1978)) & 2»
HBEAEFETF D/ 1 2 (e.g, De Muracia et al. (1991)) s &Rz — FieYhes:E2bh
%, KRB, ch b OB - 2R ERR LT\ 5 D Tidie <, Sporadic mERTH 5.



SV anVIBRORA Yy —ANEHMIZL 5759 VEBO—BILEFD ARy F LS 25

BN AT ADEAF I vy 7 ABRTVELAVAT ADERLELTHDL L, 5v & A7IE
HAbE T v a AVHRRT, AT 2 0BEHEIEYUSTERNROAr — A B TER L. X
BB FBRIAROOHIE Lz LIl b, (Bm DYBEM LR ET AR S v 2 AV HERD
Ay —ABEHIZL 5T, FoFD7 — R b 1= long tail behavior D— B 7 E % F
BLIKERT AN TEREE LS,

2 £ X B

Champagne, F.H. (1978). The fine-scale structure of the turbulent velocity field, J. Fluid Mech., 86,
67-108.

De Muracia, M., Pascal, F., Gasquet, D., Lecoy, G. and Vanbremeersh, J. (1991). Experimental results
on low frequency noise in GaAs TLM test structure, Noise in Physical Systems and 1/f
Fluctuations (eds. T.Musha, S. Sato and M. Yamamoto), 199-202, Ohmsha, Tokyo.

BOREE - NUIBEZ (1991). S v A A« 2T ADEMALE X EHAE, HEHEE, 39, 73-83.

Koyama, J. and Hara, H. (1991). 1/f and 1//* spectra from activation of random system by scaling
Langevin equation, Noise in Physical Systems and 1/f Fluctuations (eds. T. Musha, S. Sato and
M. Yamamoto), 549-553, Ohmsha, Tokyo.

Koyama, J. and Hara, H. (1992). Scaled Langevin equation to describe 1//* spectrum, Phys. Rev. A,
46, 1844-1849.

ARITEA (1972). [HFEY : SEBEJRYEBEOER 6], 177-275, HWEE, HX

Levy, P. (1953). Random functions: general theory with special reference to Laplacian random
functions, University of California Publications in Statistics, 1, 331-390.

Maccone, C. (1981). Eigenfunction expansion for fractional Brownian motions, I/ Nuovo Cimento,
61B, 229-248.

Mandelbrot, B.B. (1983). The Fractional Geometry of Nature, Freeman, New York.

Mandelbrot, B.B. and Van Ness, J.W. (1968). Fractional Brownian motions, fractional noises and
applications, SIAM Rev., 10, 422-437.

Mandelbrot, B.B. and Wallis, J.R. (1969). Computer experiments with fractional Gaussian noises,
Part 1, average and variances, Water Resources Research, 5, 228-241.



26 Proceedings of the Institute of Statistical Mathematics Vol. 40, No: 1, 17-26 (1992)

Scaled Langevin Equation to Generalize the Brownian
Motion and Its Power Spectrum

Junji Koyama

(Faculty of Science, Tohoku University)

Hiroaki Hara

(Faculty of Engineering, Tohoku University)

A complex system is considered to simulate the dynamical process of random activa-
tions. The system is composed of a set of clusters. Time evolution of each cluster is
described by the Langevin equation, which characterizes a family of the Brownian motion.
Then a scaling rule is introduced to the Langevin equation in order to model the complexity
of the whole system. It is found that the complex system leads us to the generalization of
Brownian motion and fractional Brownian motion. Fractal dimension D defined from the
scaling rule relates to the Hurst exponent H of fractional Brownian motion as

1-D=2H -2 (D>0).
This would give a physical basis of the Hurst exponent, which is originally proposed to
specify “the span of interdependence of Brownian motion”. Orthogonality, long tail

behavior, and spectral scaling of fractional Brownian motion by the scaled Langevin
equation are also discussed.

Key words : Langevin equation, Brownian motion, fractional Brownian motion, fractional noise.



