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1. FLeic

7oy vEBHEND L LT, EFEORATIBRERSCEEYZ T CEBRET AL EET
#ED%EL DS THRBEOEN T TV 5, HERYWHFHER TRR I h 5 BB OHET
HItEE OFHRIZEE U, Fokker-Planck R IRUTROFEZR L T\ 5, T EHERBREIC
& o CEAPCEERHEEREEYRETIENIYEL T2 06TH S,

= @ Fokker-Planck FEEXNFLWVWHABZ 3 oDIT, B ETARRBROEK L, —0B
Richnb 5 4L UL ey#EEN )1, noise) #RFICERTH &L X b5, BHEHORE L4
EoBE & 2O, GERE LTH 2 5% 51E, Fokker-Planck X HZE OB ARREE
FIFREHET S, L LB ENEHO 21T % Fokker-Planck FEX 2% 5 = & 2%
s, ZOBE, MNELoSEE L E CHEBBE K O 5E S Fokker-Planck H#Ei1cB85. 4
BREFTHBD, MAELOBRIIELSHCI VAT HICBET, AL EMABO HERET
HoTHHEEZ I OFERETH-THZ0ERIBRE IR, BERERO L KET 5
Fokker- Planck R I %5 & T2 BROMREELBHHICRET 580, BRER LS
AL DMEER Y EHCERed, AEloBlrRoOCKELIEVEh2H 5,

ThTl, BEMEROBEFRERTZRAKE L TELR, B0 ERSCE DY Al
fo—iEEy 7z Fokker-Planck FERITE T W ThH A 55, AROBWIIZZwh s, Bib,
B R X OSELE e fo 4 Riext3 % Fokker-Planck 06 BHIEH O H BT+ 5
HREBEXFELLEDS “—%l Fokker-Planck (GFP) A" #E 2 &+ Th5b, DR
BIAEO MBI U TR D 32 2 & &R B 5 Tlk Fokker-Planck &R o —# 1L
Thb, BRER LN OERR» L BENERILTOERIC F £ % & Tk Fokker-Planck
FHEROMEHITH Y, BV ELNEOBERY 1 HOHBERICH LA L S TIHERBE DMK
ETHAHEEH>Z LB TES,

FHEROBHC OV CEBRCHTNFC R TEA«DFEIHEEIA TS, SFRFRTFR
EEBOBBHER» LR 2WEOERPHEE Y RHTERL, 2ROBRBER BT %5
BRAREEBESEE It EDROBERWERO HBENIHENT5 & Ltz bicus, KFTIH
HPFEoGE T (Grabert (1982)) ## A L, HWEH R X OSEL2BBEHER R F D 2,
ERHEHK L L THDTENEREYBATIORULT, BRNEROHMREELY SR T 5
GFP A &x KD 5,

YT, Eﬁ%wﬁ®%@%ﬁﬁkﬁhéﬁﬁ§%Eﬁ%wﬁ@mﬁbgbf,Eﬁ%
EROBZTCHACABRRY RHTFRTH S, CoRBEL CARIMINIFE LB B TH
5. {BL, $E DR T 5 HMENER T Hamiltonian % & 5, 6> CFOBEREE > FE T
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% Liouville fEARIL 1 BEOM S EETFO Z L EA% T12x L, Fokker-Planck fEHR X
2HEOMASBEREF LS U DRANFOREZFELXZOET T OWKRNCHET L LIXTER
Vv, Fie, METNIETREROTERESMYEME L CHETYHERT 5, EXRBEOM
D> TR FESAT bbb EERES ML RETREETH D, LI CTRRTEIHET
DER L BimOBRRICHEOTX®1T S,

FTE2ECRHNER ENEORHRR YRR T AHEERBE S HTEIN L OHEL, H¥ETO
EAXECGFP FRERXNOBEHICESBBELYBRD, H<EIBECTIOFERNCHT 2ELE
BoERCiNS, GFP ARNIHENCEMNEROMERE » BB ICRET 55, BRI e fF
AR TErhHBEROCDERACREYET 28N b5, T THIELL BWER L OHE
TERBT 2 BAYT - CEACH LB IBEOEMI L I OTBERACEEE L, fkes
NMEE Y FDOFLELHERT S,

M, SVELE BRI E OEMIHEFER CRMAME TS, ATk i, AELEBEBNE
FoBEIERHC b - TI v, Fie, TROBHEN S D BHER, AilLdbzhz
NIBERETS,

2. —#&ft Fokker-Planck (GFP) FRRNEH

2.1 #EAFREHBED Fokker-Planck F123 & (4B OLIHE

RNRANEL W O EBELZ T OORBTAHEBR UG) 1z20) 2E 25, 0BRSS
i

(2.1) U=MU)+m(W)

TEAESABEOLTH, T IHE L BB L R ERL, M(U) R 0D

EARAESE S, m(W) 3SNEL W ofEA%2FE T, ASLRA NN ERTd0L L, mik U
IR W onoBHEREHE TS, T8 W R HER

(2.2) W=N(W)+n(t)

K> CTRETHIHEKAR L T5, S THRENERERT S n XPHER, 8 OELRA
BRE LT3, AIbHifEL D Ll

<m>=0.
<n(t)n(s)H=028(t—s)

ThAH, EEFHER (2L, Q2 BT U, W £#R0OBELHRETHELM, N i rhZh
U, W 0BG LTS, DT, BRERE U() OMHNEEERYES, U 2 BNERE
LS, _

BERES U(t) B ONEL W () 0 EAMHEZEMEY Q L5EiE, U), W) OFEHERE
Bo=p(t)=0o(t; U, W) (U, W)EQ) &N » DIEHRB GBI X b Fokker-Planck 5
&R (Stratonovich (1963))

0 .
(2.3) % °= iLo

. 2
(2.4) —mE—DﬂFJMNUVHJ%D%



B, F 8 & 5 Fokker-Planck HF2Xo0—#&1b 3

&)

BT, S D WREREAM (iP=—1) TH B (Fokker-Planck fEZE iL DTEHEXEEL
TIEHRLZEDTEEHN, HFANFEOERILEDBELXRB-DBEIED), HEEE 0
3z D FBRRIICHE, B oEREMEOE AL

(2.5) p—0 (B2, H5ViExI |U|->o0o, |W|->00)
& BBt
(2.6) tr{io}=1

CRLODOSEAREET S, o tr{i X BEHEEL2 e s h i HBEK X=
X(U, W)y

wix)= [ [ xw, wiavaw

TH5H, EEHEREEOWIMEY 00) E41E, 23) 2 bEBORX >0 BT 5 o=p(t)
s Fokker-Planck fEfS iL # T

o(t)=e*p(0)

EEIND, ZHIAHEZER] Q RS8R o(f) (120) DEERIT e S 7,
FAEOMME X =X (U, W) DEX ¢ wisih 5 HiEE R

(2.7) (X = tr{e(t) X}

XoTHEz2bNn5, BB E2T-oT QL) HHFELE, ZOMEEIEF-EEOMIEEEE X
xt LT

tr{(—iLo) X} = tr{oiL X}
EiEted — L OFEFEERE

-~ . 2
iL=UDy+N(W)Dw+ —“2—.%

X -T
(2.8) <XDe= tr{e(0) X} =<X>o
(2.9) X.=el'Xx

LB ENTED, FAE ™ BB t KIED ABMETFChH-C, BFN¥DOS
#TE 2 IXF1F (2.7) 1 Schrodinger Rz, #% (2.8) 1% Heisenberg Rk 5,
RIAEBIS & L CHRric & BES
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BT, FOHBEL U OMRBE f2525,
(2.10) flu, t)=trio(t)¢u}= tr{o(0)¢.(2)}
(2.11) bu(t)=e" .

ZOBEWRT ¢.(t) EBEARBEBE BT TS (¢u(t) it LT (2.9) DEEE du KHLBT, BF
Bita ( YHAKRED). 4, Y U oLoMEER s 51

[Y(U)gule=e™ Y (U)gu=e™ Y ()= Y (u)u(t)F Y (U)u(t)
ThBH, RBCHE W OREE L
g(w, t)= tr{o(£) (W —w)}
THEx2bhD, EX%  THOL, o 0FGEK (2.3) &5 (2.5), (2.6) VX g(W, ¢)=
9w, )| w-w DT IER

2 ——irg=(—DWN(W)+ % Di)g
PESCELRS, L LIEEEIL Ik URBUER U LAE W oHEERcERET S
HDm(W)RNeEhbicd, BRNEROBEREE f(u, t) #XET 5 HERNEL (2.10) Ko B
7o B BRI S iR D B,

2.2 HEFEEBE LT

HREE f(u, t) 0 FBRNE RE T, B NHFOHEFECMCEERFEEYEAT 5,
MEANFTRE EREEGD LS L ICEBRRBELERT 20, ARTRER U, W £4D
HRBFEOELLTKDIS5KE25,

(2.12) o(t)=,(U, t)g(W, ).
COEMERRE 6 IERETE L LTOBRK
tr{g}=1, 020

Pz TR, B>
tr{o (t)gu}=7F(u, )= trio(t)¢u}

TH-T, du OFEE L CREDHEEHERE LR—O/RE 6 T8, flloEic>oun
TR ORI AHEEE o R X B FNREF—REELLL T\, oo LERY 7 ORBELIX
FU, DX gW, )R L TERS,

wi, MHEBEH X=X(U, W)/FlAT58EFp %

(2.13) ()X = [dug trlg(W, 1)¢.X)
= [dus(U—u) [aU" [aW'o(W’, D8 (U~ )X (U", W)
= [aw g(W, HX(U, W)



ST X % Fokker-Planck H#% o —# 1k 5

TEHETHE, BEHOBEMR dudo=38(u—v)d KH-T

p(i)=1
p(t)p(t)=p(t)

DEDIMD, foT p IHETFThDZ Lo¥H5, FLOFEHECR DX 5 p 3EEDOMHEBIK
% Yo DRGHEG OZERICE T, BIZ . ¥ T hBHTET;

(2-15) DYu= .
U OB ETHMMEBEE Y(U) bk p DIEHCTRETH S ;

(2.14)

(2.16) pY (U)=p [dup.Y ()= Y (V).
X% B3 % AT OB ILRERIC OV Tk

p( ()X = [aogeielo(W, g [aup.| trlg(W, DguX)
= fdvsbu tr{g(W, )X }=p(t)X

IR
p(s)p(¢)=p(t)
BB ENTE, f£5C
(2.17) ‘ (1=p(s))1—p(t))=1—p(s)
DY LD, HEF p ORBEYS b 1%

(2.18) p(t)X= %X:fdusﬁu tr{ ag(g;, t) </’uX}
eBER%T LB, tr{ig—%t—)dzu}:ov:iof
pp=0, pPPp=p

<h5.
Fokker-Planck {F FI EiL O B PEiL & Ak, B ZF oM HEKX=X(U, W), Y=
YU, W)U tr{(pX) Y }=tr{XpY } Fic+ p OFERE p %

BY=g(W, 1) [dupu tr(¢u¥)
ko CTHEATS L, Zofff%RR
(2.19) po=0
DX 5, ROMKREE o ¥HERREE 0 CHFL, Wb
(2.20) ) g(W, )Y)=g(W, )p(1)Y
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DAL T 5 L%,

2.3 GFP /2R
WEREEE f(u, 1) R HET 5 TR LB bl > TRELDESER LT THI 5, WE
AT ™ onfErE®RT sEER

(2.21) e“=e"p(t) + [ 'ds " p(s)GL~ B(s)A~p(s)G(s, D+(1=pO)G, 1)

(2.92) G(s, )= T_e£ dil(1—p(z))
ORSTIE z()=e™(1—p(t)) DBH FHBRRLEE T T o it o THIDLRS, &2 TfF
A% G(s, ) DERNLCRT S T- GRECEET 2ERZREREORE W LERER S
AR EERT S, COESROBEME, UL L B2HCRS L5 Xo=e™X % ¢u(t)
=gy L du(s)=eT'gy @ (0, 1) BT BES, 8LV gu(-) CHERAEE LSO E LT
KELTWAZ LEH5D.

ST (2.11) TEFER L HEEAERBEK ¢.(¢) ORREB S

2 pu)=e il
C EEAMEERL, ST p OTHE L HE (213)~(2.15)(2.17), p OFER (218), THK P
DHEE (2.20) WEBE L TERT L

_d
ou

+ 2 a5 [auD(u, v, 1, )2 do(s)+A=pOIGO, 1) il

(2.23) -5§»¢u<t>==-— V(u, £)dult)

LichZ LR &Nh5 (Appendix A 2fR), ZCwBH V, D ik
(2.24) Viu, )= trig(W, )¢ U} =M (u)+<m( W )>,

(2.25) D(u, v, t,s)=trlg(W, s U~V (u, s))dG(s, tNU— V(u, t))ds}
=tr{g(W, s )m(W)—<m>s)oG(s, £ m(W )—<md s )u}

THEzbRA, TZT
<m(W)e= tef{g(W, t)pum(W )} = tr{o(t)m( W)}

ThaD., EiL(2.23) IRHECE 218 ¢.(¢) OBHH BRI By,
Wiz, WERZ =0 Itk W TEOBREE ILEREEECE LY, b

(2.26) 0(0)=0(0)=7(U,0)g(W,0)

KBBEHELEL. WETHE <0 THELLANEZER U 0BBRI/EA SR T ok L0
BREBL, (20 CIOEBANYRET S, COBEBERELTOLRREE 0(0) KR LT
i, o& 0 CEITHEHNRET P OME (2.19) KX » T

tr{0(0)(1—p(0)G(0, £)ildu} = tr{(0(0)— 5(0))G(0, t)iLd.}=0



BB Fikic & 5 Fokker-Planck FE®R o —1l 7

LD hb, ¢u(t) OEEFHER (2.23) KB WTHERLD o(0) 1w X AHFEY &
(2.27) a—atf(u, t)=-— —a% Vi(u, t)f(u, t)+ %fotds fdvD(u, v, t, s)%f(v, s)

B HBANMEONR S,

T OHERT, WIS f(u,0) MEEINE X >0 R AHEREE f(u, t) XEDD
Fokker-Planck FEEXDO—fETh 5. EEHEREE o(t) X+ % 4% 0 Fokker-Planck 5
B Q23) T, Au, ) DBRFRAELE L TCELABRREYE 2 DR, ®BE O Fokker-
Planck 825 (f 2 12 Stratonovich(1963)) 13— DA EL W ikt U CGREAIZ LT 5 18 ¥
3+, NELEREEERBOEACKEIERTHS EIESR)., 27—V v 7B (Suzuki
(1982)) & EHEHIm IS & EH B EBRESO S EL~ D3 B & ic B L /o Valsakumar
(1985) D FH b ELRER Kb - T b, Chicxt L B iBER, F#REEoBE
BT A3 (2.26) B WA, AELoBERRERT, Ao b oLl X T icE s
N-EE R FERNTH S, EVE2 i, Fokker-Planck FEsNoBHEE>»TE 048500 ¥
TRF =2 i s, ZOEHTI hix—#{l Fokker-Planck (GFP) =R & .55,

GFP R f(u, 1) OREMS 2 v 10X % 2B S TER IR TV ST AERD
WAL, QNROEFELEIBEIE V(u, V2 BHREE LT 5B REE, £2H X
D(u, v, t,s) IERH & THHHEBCHL TS, WBHEOFETZENER U L48.W o
HEFRACERELCWS, DT 2REESE f(u, ) BB THE L BRESHETE
o(t) OFEHREY t LAORINC KT S f 2N L TRETHDTH S,

ZoT, GFP AR, WHEOERMEOHREE L LK NIZEOFHE FETE I —
#{l. Fokker-Planck H#3 (il 213 Grabert (1982), p.53) & &M+ 2 &, BHE, Lk
B, e m/—0EEEET 50, (BUILERE D(u, v, t, s) DRRVBER S, BF D(u, v, t,s)
Xt s B LR TH B Ist L, (2.27) 18 - T ik Fokker-Planck fE %A — iLgX = gil %
Hic &\ ted, D(u, v, ¢, s) ORFRMEIE 0 I 7ous, M, EREEOBITICEE TN E
Hah7-fE Lk, Bixon and Zwanzig (1971) = X % Duffing IEB F O B 5. #HEL
YEFHABBELIL, o TEBERDONAFTRAOEHEBr ERREE L L UHET2HE
ML, IERETOFBHEN L FEEHE* TR TAHEINSE NI, EL, ZOHEFIERHK
DX 5 HBEEE ¢ OZERICET O TR, MHEBEREYEMN L EBEOTEHMICHE TS
DTH5H, PHEYTETSHZ0L 5 mHAERNI—BBEAERNEPRIENh 5, MEAFERE
Lo GFP FREANCHETFEZHEEEHA L CEL 2 TEHL, KR TR,

HEL W BEFREBICS > THEEREE g 8 X OHET p 2ARECKEET,

a—ig(W, $)=—iLg(W, t)=0
g(W, t)=g(W), p(t)=p

(2.28)

Pl B BNz, BEEE Vu, ()% u OROBETHY, Ho—Mbaks L]
(2.29) (W o= trlg(W)gum(W)} = [dW g(W )m(W)=0

LEXHB LS, GFP FEXORE V, DIt
(2.30) Viw)= tr{ig(W )¢ U} =M (u)
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(2.31) D(u, v, t,s)= tr{g(W)m( W )oe™ P4y (W )y}
EERENS,

3. GFP AFREADOHEFRARR

3.1 BEEDREIZET{ GFP FIEKXDALIERR

MEIE 7 GFP AR, B (2.26) e ShTuvhid, BXR#ES HER (2.2) ol
ShBEEOHFICH L TR IOEREFBRTH 52, CoFBERLERERT
oo TiE, BINEE V X OEBER D 0 BERNERREZ RO TEIRIHERL W, L
L, WRBREIT (2.25) I B 5 X 5 1z Fokker-Planck fEBE OFELE il & HEF p DR
BIERZE G(s, t) KIKFETH D, —ROBEBEE M(U), m(W), N(W)icx L CEBE
BT 5 L IRATRRICT L,

* ZCHBRE D 2 m P kD 5 FRPAMBEL D, RETEIhEERTH280H
EERRLL, WD, BEIrES L LlEE (slow variation approximation; Stratonovich
(1963)) Z##HAT 5. ZOHERRE LT HRONENEEICRIL DR A ¥ — A3 FET S
LERMbND, ZZTIEFR U ORFEEMGHAEL W DZh I D b/hE, Bibd -2 —DFE
BRI\ T

U = MU+ m(W)=iLU<LW =N (W)
MBI T BB E R E 2B, 4 —F— U ORHBEH X(U, W)L <t
iIL(A—p()Xpu=iLX¢u— tr{g(W, £)puX il du=uil X + o( U?),
T

[anta-pzy
e

Tf Xd}u:(/,ueif(tfs)X_*_o( UZ)

[arila—p(o)

i BHFHEN S, ¥ T-e $u=¢u TH DD, X=m(W)—<{m>, X LIEAFE

G(s, t) (2.22) 1%
G(s, )m(W)=<m(W > )pu= dulmes(W)=<m(W )>e)+0(U?)
HEx B, 0L XHBGRK (2.25) 1%
D(u, v, t,5)=08(u—v) tr{g(W, s)(m—<md>s X mi—s—<m>e)du}+o( U?)
=8 (u— o)X (m—<md>s )N (me—s—<md>e s+ 0(U?)

DX 51, SELOBEE m(W) 0B EMBBIKCTE S A B (8, = OMBEMERE W ()=
e We ™™ HRCTUm(W () —<md>s ) m(W(£))—<md:) - s LT EMNTES), &
Hic Z ORI BRI L, T OM, MREE f(u, () 3BREE LR DL LT
GFP RO IBAT - f & RMES OICHIL, K\ THARM (0, 1) % (0, %) 1k

ThH, EBI, RUOCKHBEARAry —ATRE2ELEEWOBBIELERICELT\BbEES
gW,s)=g(W) & T35, BEEWOBEXDHMEMEY D= tr{g(W ) X(W)}=
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[de( WHX(W)=(X> L3eiE, GFP BRI X b THEANE & 5,

(3.1) 2 fm= LV, 0/ + Do )7
ol e
(3.2) Deiow= fjds((m(W)—(m(W)>)(ms(W)—<m(W)>)>

AR E R TA S, chRHSHERN Q) TEREhIERBECEERA -5
Fokker- Planck HFERK i fli7s b 7o,

BEFLIC X B Z OHRA (3.1) ORBELB%RT 57D, M=—aU, m=W, N=—BW
LBV R

U=—aU+W

(3.3) W= — BW + n(t)

IO LR, COBEIEEHERER o T % 4% Fokker-Planck AR (2.3) 0 %

e RET LN TE, EFIRRE %:0 DHERHEE f=f(u) 1%

1 — /] 20%xnct
= €
\/Qﬂ Oexact
2

Olxact= S —
2aB(a+8)

fexact -

(3.4)

LRINAB, Fio, MELOEEEREE g(W)=1/v2r0s) exp (— W?/20%) (c5=0"/28) 1>
b m(W)=W o B8 CAHEBEEE

(3.5) - WW>= [aWe(W)We W

02

ﬁe

—At

= deg( W) We'-8WPw+a /204 g7 —

CEEXNE DD, IEBIEEUL Daow=0%/28% L1780, $t - TEBFRR (3.1) & FOEEMIT

0 ,_ _0_ o (9 \
7= 3 ‘”‘”232( 8u>f

= %/ 2040w

fslow = \/ﬁ—lo‘ﬁ
(3.6) , slow

Oow= =2
o =
slow 262'32

e bREE LD, o, ASOMHEBERREAEbD TEVEIE (6/8 —ED T T B> ) TH
HTEDOMRE (3.4) L—FK T %, ALEE(LOREICIE S AR, EHEOAF R L Tk
BHAHERYE 2D L5,
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3.2 HEEARRICE D GFP AR MELIRER

BEIC RN RO EARE R BB TR NERF AR Y &5 2 oD,
T U LNE W EONHEERY RS ICEE LT, IRBHREOFTEICE LAELORERZE LD 4
BE %, BEREE f OBMELEZERLALHOTH S, T T Y EELEBEORBE XD
% 7=, Fokker-Planck fEfiSE il OMEFAEICL S f OREEZT Y. UTTE, &%kt
2 (2.28) IcBREL, AEBEOFH m(W P, BIREE V=M(u), S8 HFEE D > Tk
(2.29)~(2.31) Tl > THAHED B, FF, EH e #B/A LT, itk Fokker-Planck {EA % il
%

(3.7) il =ily+ilw+em(W)Dy
iLy =M(U)Dy
A 2
iLw =N(W)Dw+ %D%v

LEEXEL S ERRILIBERUORE, Ly 3 WORCHET2ERETH BB,
m(W)Dy GHEZEGRL, U & W OHEFERAYRER TS, COEEE LN TEFS L
x4 5 GFP i

(3.8) a f(u t)——;M(u)f(u t)-l—e _[ds fdvD (u, v, S)—f(v t—s)

Dc(u, v, t)= tr{g(W)m(W)¢ve(i1:u+ifw+em(W)Dul(l—p)tm(W)¢u}
thh, T TCHEHBEE e fFTIh 503 KkOERF LS, EXEZ B7)KEL ZLU, ZLW
LENFHEFHOBREH BIEHE Ly, iLw V5 &, HBEHEREE o 0BT
(%p:(—il,u—iLw)p*eDum(W)p
{ —iLu:—DuM(U)

2
(3.9) —iLw=—DwN(W)+ EZ—D%V

ERIhBH, Thi WTHESL, 25)CERTS L
9 AU, )= —iLuf (U, )—e [dWDom(W )o(t)

PESND, HEX 3.8) oIBEIZ EROFIE 2HEHILL, oTxhlle DA — 4 —
ThdHT NS,
TR

f=rftefit
De=Do+eDi+-

2T &, BREB IO 1 ROEREEZED 5 HEXIZ

(3.10)

(3.11) a%fo(u,t):——a%M(um(u,t)



HE T X 5 Fokker-Planck 5= o —&1k R

(312) L Ailw, == L M)A, 00+ 2 [“ds [aoDo(u, v, )2 filw, 1—5)

Do(u, v, t)= tr{g(W Ym( W )gpe et 0=ty (W) g, )

ERINB.
Wiz, WEREE filu, 1) cx3 508K (3.12) &m0 —H

szdv tr{g(W)m(W ) pe T r=es (W )¢} a—(z}fo(v, 1—s)

DABKEER YRS S, EBR Ly, iLw 3FhFh U, W 02T 5EBETHY, %1
NEDEBEMIZL - T pilw=02 0 Lo 5, {EfAE A, B oX#HaT+% (A B]l=AB—BA
LT

liLu(1=p), iLw(1—p)]=0,
Bl% iLo(1—p) & iLw(1—p) X AT#TH 5 (Appendix B BR). #t- <

GLu+ilw)(1—p)t — efﬁwu—p)r iLo(1=p)t

e e

RHERBOROFFEND, b, MAEOEFEHCH > T n(W)H:=0 (2.29) ERELTH
5DT

ei[j‘u(l——p)tm( W )¢u: m( W )eiljutgbu

MEL Y 32> (Appendix C 2/8), LlED 230

(3.13) lzfdv deg(W)m(W)e’[”“m(W)de(¢veif”s¢u)7ifo(v, t—s)
=Cm(W)ms(W ) [dU (e *¢)Dufo( U, 1)

=m(W)ms(W)> [dUpuDo(s)fo(U, 1)

EERE NS, & TERARHEREE (U, t)=flu, t)| u=v BFHER (3.11) DfEE LT
AU, )=e ™ (U, t—s)
LEMRBZ EERAG, ¥ Dy
D (1)=& "™ Dye™

e HERZETH 5,
VERSE Dy OWBEZBA LT B0, HithlEfAR

U(t): ezfut Ue_i[:”t
DU(t): eilfutDUe—iEut

BT B L, ThSIEBMOFHER
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(3.14) a—i U(t)=e™[ily, Ule & =M(U())
(3.15) a—at Du(t)=e™[ily, Dyle ™= — M (U(£))Dy(2)
, _dM(U)

BWEL, oW |
U0)=U, Dy(0)=Dvy

IRLTWS, foT U B U OB THY, BHER U oBREEERT2HENS
FEEX QL EBWTHEE m(W) 2B EswIEREN R TR OB bwvy, 20
fBa HT (3.15) B TEM S TERR Dy DFR

(3.16) Dy(¢)=J(U, t)Dv
NEShS, & 2B S

L))

(3.17) J(U, t)=e

vTH, DI LHRR

0 aU(t) 0 aU(t)
5t oU  _ oU MU@E)=M(U&))——F7—
VXY i)
o -(342)

LAEBEShABOT, U & U(t) L ofo Jacobian icfi s & 7o \s,
XC, BH U OrckBETHEEOERENAEE X(U), Y(U) (X, Y0, U-+w)

LﬁLT&OLO@@/ﬁMﬂD&Mﬂ“U ~ [aUY (U)Do()X(U) & Do 0 £
(3.16) 25>, EHICHAFRARK Do 0XH

(3.18) Du()=DuJ(U, —1)
w2185, ZORXE B13)ATH L,

T=<m(Wma(W)> 2 ] (u, = 5)fo(, 1)

EEIh, fi BEDDHERITLELHRNIEAR il 0t g oy, HMEIERH 5 A
B—eD2FOF—F—HEHRL, fi & L TfEETTHE HEERBH X% GFP HE
ROEH,

(3.19) D e L (M)~ M, D), £)+ o D, £) -2 f, 1)

0
Ou
CETSH, i
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(3.20) Mmt(u,t)ffo-ds‘(m(W)ms(W)) S J(u, =)

(3.21) Dine(u, t)= fota’s<m(W)ms(W)>](u, —s‘)

X ENTNAEERREBICHE S BIREE M(u) OBIES EIEBRETH 5.

ZOMEERERICES GFP AR OIUER (3.19) T, fRE Mint, Dint (2 BHEK D
BE UC) »OAELOEERRE LERERNLERE U() LA EL0BRE W(-) o HEt
Bahns, (3.21) AART L 5 THERE Din (388 U(-) @ Jacobian J(u, —s) L4MELO
FABIBEB <m( W )ms(W )> OMHFERBE LD, b &b &0 GFP HFERK (2.27) T B HERE
Eo DREY f OBECEE LLLERS OHEIZ OMEFERT A BRRICIZFEE L Ly,
Z DR IEMRILERE U(-) OFEREYBCTCEUMIZETLL TV LiKind, T OELI
P, BIREE V(w) b, AELEOHEEFRAMDREYET Mn 0k > TEEAZ T T\ 5,
Co kv, AELOHEBBEREET SHOBEREE f OREE{LEER Y Ah T35 8T, Bl
TR~ BT P SRR OBENE EL TV 5 EE L bR 5,
HEERAILUFBRRCHE I 20X 5 KGR XHERT 50D, Bl EFeBER
(33 HAT 5, FEHERBRE U(-) oHER L LD

7;9; U)=MU)=—alU(t), U0)=U
Ult)y=e U
Lith, B U » Jacobian J, BITEE DBIEE M, ¥ CIEEHRE Dine T h T h

J(U, t)=e“
Mine( U, £)=0

(0" s — o’ @t oyt
Dim(%,t)—’/o- dSﬁe ﬂ](u,~s)—m(1*e (a+ht)

LEHE SRS, - THAFRREMI X 558K (3.19) 12

d ,_ 0 o’ @m0\
7= T e e ﬂ>( o )f

Lih, EHEBR
— 1 —u*/ 200 —
Sine V27 Gint € Jexnet

2
o= ’m = 0&xact

HE25, TOMBIZOBEOHER (34)F0b0THh, HAEIERRELIIEELoKEK
HESLSBEDORM (3.6) BT, ELWERZLALLTZERNADLID,

4. ¥bi)ic

DE2Frbhich, HEFHE LSt Fokker-Planck (GFP) FRXo&EHE L, 0
AHHRBOERCESFERY R, ZOFEBRIENEROBEREBEOLYRMEB L LT
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ELId b b, FRACBECHRB I EEONICK L CEMICE VI, BFEO
Fokker-Planck RN CEWER&GEHEY L. GFP FERXo = oME i, IhE» 8
B ARSI L » THEMEREED b OERIVETLIN, #-> CHWER LN LA
YERMIE LS EBEEIRT WA Z EILE ST W5,

COHBREEMCHET I, HETFELWD ETHHRERZOFEI B X80
BHBHN, Lrl, TOBBEINLEBHER-OBEERCET SR RFNCITS 2 &
TRE I, BERFERCEENAERFROMRY, BEMERORBEY R T 2HEMS B
R ST OEELRE L IEMERN TR L, Lo - cREIhE 06T
H5, HELZ L OFEHNELTREB I ABELRe T ABRBCERYRACHERE, HEERE
BIIC L 2 FRRERANE JUBEREYE 25 - LR, GFP R0 Z Yk L ER LoBERIES
BIEL TS,

R TILEWEE, MEL, H1EHE LD, SEE~OHEBIRE AR TOLF T
HEBbNhs, Tl THRotk 5 inffmmcinb 548 TR, HENRAFLOERIZ
GFP FRAOBECPCHEMREET LB S LD D, FRIFIOBETHES.

BHBIC, AREBECETFTIEEY 5 2 CT X o L RMEMBFEm O iniEd = sl L
FFB LB, BxDBEXB - ERECRSHFREERT 5.

Appendix A

HEAERREE ¢.(¢t) DEFFER
BERIETT o™ o408 (2.21) 1%

e™iLgy=e™p(t)iL.
+ [(ds " p(s )L~ B())1—p(s)G(s, Dildu+1—pO)G, )il
b2 B, A8 1L T
p(t)ilgu= fdv¢’v tr{g(W, £)¢»UD vipu}
== g trlg(W, )¢}

——Caé'oy

(A.1) trig(W, 1)U} =tr{g(W, £ )¢u(M (U )+ m(W))}
C=M(u)+ tr{g(W, t)gum(W )}

(A2)  trlg(W, Ddum(W = [dw g(w, Hm(w)= [dw tr{o()s (W —w)}m(w)
= trlo(O)m(W)}=<m(W ).

THHND, AN (2.23) RAELEIABER IO V(u, t) DER (2.24) 155,
2 E IO\ TiL

Fu(s, t)z(lﬁp(S))G(S, t)ZLA‘ﬁu
LEX
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p()GL—B()Fuls, )= [dvgo trla(W, $)pliL—B(s))Fuls, D} =K,

YT B, =T
tr{g( W, $)uilFu(s, t)}= tr{[—iLg(W, s)do]Fu(s, ¢)}
= tr{g(W, s )= iLdo)Fuls, 1)+ ig%’sl doFuls, t)}

tr{g(W, $)¢ob(s)Fu(s, t)}= tr{ (W, s)g» fdxqu ‘tr{M’—s)gbxFu(s, t)}}

s
— { 8g(W s)

doFu(s, 1)}
X -T
K= [dvgo trlg(W, s)(—iLg)Fuls, )}
w8 DH. I Fuls, 1)=(1—p(s))Fuls, t) THDLMH
K= [dvgy tr{{1=B(s)g(W, )= iLg)IFuls, )}

= [dvpo trlg(W, $)[1=p(s))(—iLga)IFuls, 1)}=

LE B, :CT%MFHDW%D%%%lmwukiUQpQ»%wv

a-p(s) M) 4 — g1 iz

Ko= [dvgo -2 trlg(W, (1= p(sDUSIFus, 1))
= Javtr{g(W, $)[(1=p() UdolFuls, 1)} -2 =K

WWETS, 2otr{ }oEsic
Fu(s, t)=(1—p(s))G(s, ) UDud.
:u—puncu,wu—pu»UDwm:—7%41—pu»Gu,wu—pu»Uwu

BRAT S &, BB
K*:ﬁ%f&”ﬂgﬁfSMU—punUﬂﬂr—pu»Gu,wu—pu»0¢ﬁ5%¢v
- %fd” trig(W, )[(1—p(s) U] G(s, l‘)(l*p(t))Ug[/u}a—av b

Ehen. (A), (A2 itk b
p(t)U‘/’u tr{g(W t)U¢’u}¢u— V(u t)‘/’u
EEL, P RFASRREARAT (Q2B)RELE2HEL L CHEER D(u, 0, ¢, s) DEX
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(2.25) 215 %.

Appendix B
iLy(1—p) & iLw(1—p) OFE i
B B i
[iLy, iLw]=0
Thy, EEEOMMBEK X XL, pX 3 U OLOBEETHA 1L
| iLwp=0
EleoTnb, b, AELOBEY —iLg(W)=—iLwg(W)=0 ((2.28), (3.9) X b
piLuX = [dug.trlo(W)puilwX)
= [dug tr{(=iLwg(W)¢uX}=0

TH5., U EDOBEFENL
[iEU(l_p), iEW(l_p)]:[iEU(l_p)y Z.Ew]:—iiupiiwzo
B85,

Appendix C

ei[u(l—p)tm( W )(/)u I=oWT

I TREENE 2.28)2EZTCWHDT, BE U ORIEETHAMHEBEK Y(U)xL
it

pm(W)Y = [dug. trlg(W )dum(W)Y (U)
=Y (U) tr{g(W )um(W )} =0
ThHBH (229X B), FoT
iLo(—p)m(W)Y(U)=m(W )iLyY(U)
LB, BAD LY (U) b ¥l U 0ROBETH B
TP (W) Y (U)=m(W)e™ Y (U)
w185,
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Generalization of Fokker-Planck Equations by Means
of a Projection Operator Technique
—— A Study of Stochastic Processes Subject to Additive Noises ——

Takashi Okasaki
(The Institute of Statistical Mathematics)

An attempt is presented to generalize Fokker-Planck (FP) equations to be applicable
to stochastic processes driven by arbitrary external noises. Except for Gaussian white
noises, the ordinary FP equation fails to determine the probability density function (PDF)
of the stochastic variables rigorously, because it has no term incorporating the detailed
information of the noise process but a parameter related with the noise-correlation
function. To lift this limitation, an approach is developed based on a projection operator
technique devised originally in statistical mechanics.

The present approach starts with a specification of the equations that describe the
evolutions of the main variable U and of the noise variable W ; the equation of {/ may
additively contain functions nonlinear in W, and that of W is required to have driving
forces specified by a Gaussian white process. The joint probability density function,
obeying an exact whole-system FP equation associated with these equations, gives the
PDF of the main variable U as the expectation of a delta function in {7, which is here
referred to as a density creator (DCR).

Through the PDF of the noise variable, an operator p is constructed to project every
phase function of (UJ, W) out onto a space of linear combinations of DCR’s. An elabora-
tion on the calculi involving the projection operator p and the whole-system FP operator
enables one to express the equation of motion of the DCR in terms of the DCR itself,
thereby to obtain an accurate equation, e.g., “a generalized FP (GFP) equation”, which
governs the PDF of the main variable. The diffusion term in this generalized form
includes a memory integral over the past history of the PDF to recover informations
originally owned by the joint PDF. The GFP equation properly describes the interaction
effects between the main variable and the noises.

While the GFP equation thus derived has a compact form, it may, in applications, show
some difficulties due to the presence of complicated projection operators in the expression
of the diffusion coefficient. To attain a tractable form of the GFP equation, the diffusion
coefficient, and the PDF as well, are expanded with respect to the interaction term in the
whole-system FP operator. The diffusion coefficient then turns out to be an integral of the
noise-correlation function and of the Jacobian related with a non-stochastic process which
obeys an equation the same as for the main variable, but with no noise term.

The GFP equation is applied, to confirm its validity, to a simple linear process driven
by coloured noises. The resulting PDF indicates a precise coincidence with the exact one,
in contrast with the poor result given by the ordinary FP equation.

Key words : Arbitrary noise, probability density function, diffusion coefficient, memory integral,
interaction, expansion.



