METRE HE37E HF15 (198D

G N e o

BEAY TEEAEs (U N S
)ik Tam [ A B Z=
BRET A T [ A il

O A

(198945 A =11)

1. FU®IC

IHMBbRTWA X ST, WMEEBFEHEREBCD A EROREOML, KERTIE, FhicH
L - THERCESHEBE LIS T D, BESG LSS TH ORI T, HEOADMSHE 2
TuE, 772y b EFFERBELREE LA ESRFAMEIICL - THEbhA X515, &
DICBENENRDE 772y P RBLT, 2K L TRVCRWERBEERT I b (LV Y 2 —
L L, Cabrera (1964), Lifshitz and Pitaevskii (1980), Rottman and Wortis (1984a), *
DI3A, Andreev (1982)), ¥4, Z DL FEIZEZMINEORBELL R LLRLA L 51
7t »C X7 (Jayaprakash et al. (1983), Rottman and Wortis (1984b), Jayaprakash and
Saam (1984), Jayaprakash et al. (1984), Akutsu, Y. and Akutsu, N. (1986, 1987), Akutsu, N.
and Akutsu, Y. (1987a, 1987b), Yamamoto and Izuyama (1987), Noziéres and Gallet
(A8, D L EDEWRDFLIE, 772y P DLWMEANDEBOFCAOKADHEER DT
Fe—ThHhH, BCOKHEERD L ECHEAZEBERARAEZO==Y 7 —% V) 71 —CHE TS
BRRECOWTEHL OMELH S,

COVSBEO—DK, 77y PAEE (T T4 VIERE) T5LERKEADON Y
AHEN 0SB ROMBICEDY, COER2=T 7y —HFALTHDEND, 77T 4 VIEHRE
=¥+ A universal curvature jump 234 % (Jayaprakash et al. (1983)), & 5—2ik, 7 ~»
2y b DHEOME DT D B @ T Gruber-Mullins-Pokrovsky-Talapov (GMPT) #
14 F7ORECEIEND LD TH S (Gruber and Mullins (1967), Pokrovsky and Talapov
(1979, 1980), Rottman et al. (1984)), 7 v+ » + EREA L vy FEEZE D, z BirxHEcER
KERBSDETH, 772y MELOEOWIE, z2=2(x,y) EET S, KADOER » 25 7
=y, DEE, 77y FRTHBETHE, 77y MREL THEEE, 2~(r—7r )2 (>
re) E—MRWCET D, OB 3/2, Ficik, #E Pz/or~(r—r) P DIEB-1/2 08 F D=
=Yy — A REBEYREEOTLLOTH S,

Z7reT a4 vI/EBREUTOREOY Y AMRCERT AL, Lo 2UfoFL V=
=Yy -y ARMEEY RO EATE 5 (Yamamoto et al. (1988), Akutsu et al. (1983),
Yamamoto et al. (submitted)), 3, 77+ b ETOTHoToH v AHRPMEHRS T
HROMEETLY, ZD&ODIRIESL,

OJE\~2 5 ADFRTHILT 5.

o77t74/yﬁ§uT©éf@ﬁFf&M?6

O7 7ty FEDEDHPTHHRIITS,

*ORREI, BEETRETERT HAEME (63-35-51) KB AERILEIIDOTHS.



72 METEE B3 E H1E 1989

LWVIHIRKRD= =T 7 —H ) T4 —HFOLWIRDOTHS, ABEE, 077ty MR
BB A AMBOa =7y - Al P + v 7 (universal Gaussian-curvature jump) OZEH
BN THZEREELTS,

2. FREEHIALF—LREOTER (ENPHEE

BNZFHNC AT, EROFEPL, GE—EDOFHEDOTT, £XE =X L ¥ -2 F/NCT5
LOwHkED, ZDOLEERETHILE, REHH=RNF -5, KT 5 HIcEKE
THENHZETHD, 2O, 7rky b ERENRDLFEVELLDY, BECLSTY 7
oy POKEEREMLIDT S,

77ty L OBICERE B B DT, HaFik

(2.1) z=z(x,y)
LEFD., oL EWERD D EHE,
V= [2(x, y)drdy=—3
DEHTT,
F=[7(p)/1+p? dxdy
%%/N:@‘Z; EWH kB, I,
p=(px, py)=(0z/0x, 0z/9v)

F7, y(p) 3, p FAOBMNEREM: ) 0OXEE =51 % — (surface tension) TH 5. =
DA%, Lagrange multiplier A ##AT 5% &

(2.2) 0= [F(p)axav+2a [(x, y)dxdy
ERANCT BBIM 2 =2(x, v) NFEHTHB, LEVHLbAE, CIT,

(2.3) Ap)=y(p)/1+p*
TEZEENS f(p)3, p FHEOBNHEEBUL Y OEREH=2ALF —CTH 5,

(2.4) 60= [(Fops+3L 5p,+462 ) dudy

= f< a‘i aifx aay agyﬂ)azdxdy

Huz, 602=0%,t %< &
0 of 0 3f_|_/1 0

ax apx 33/ al'Jy
EVCOERMRE O TR CMBEL S, 7,

A __of A Of
(2.6) AT | 5 Y =",

k<L, Q5 ReMhT o Lrbnrd, 26)RLVKRD LS ALV EYT 5,

(2.5)




R OME 5 73

A s _0ps Of A Oy Oy Of
2 ox ox b« 2 ox ° ax ops
| x5 ‘
U
A (0D %y of
2< LA ™ ) o0x
A9 of
2 ox (xx_l'pyy) sz o
T,
A 0 2 \_
(2.7) 7§<pxx+pyy—2*7f)—0
iz LT
A 0 2 _
(2.8) ?w<pxx+1>yy—z—7f>~0
cnxh,
(2.9) a=pextpy—5 fhc

T cXEH. ¢ DRV FIEROHIKRIEL v DT, ¢=0 &3 %, Lagrange multiplier
Am ok 2w+ 530T, @Yk x ¥ -BUPEIUE, 2/A=1 835, T
bbb, FEFE,

Z=pxxt+pyy—f

(2.10) _ of __of
T opx Y= b,
LETBH, 0ED,
Z=px x+1>yy—f} f_xpx+yﬁy*
of of = 0z
X = ap , V= ap .bx py ay

EWS X, a2z (x,y) EBEHR=RAF — f(p) T Legendre BT OV T\ B = &
Nbnb, ZOZEI), MENFORKLELTCILK B IMEEADOBEE= %1 ¥ —
GH, T)(ZzZT H 3FNBWE), FM, T)(ZZT M IR o 1loXsk7 >
v =R DI EdnD,

BT B3 BREBICOELEE, 77y FOFEECHIGST bR, 77154 v IER
X Para.-Ferro. &8I HYT 5, ¥, BRERF v L

__ G _ M,
X = OH.0H,  oH.

i3, AT 4 7FAFVIN

0*f _ 0%;
0p:db; O

CRET A, AT 4 7FAT VY ARHET v v

fii=



74 MEEE B3TE HE15 1989

fAp) % —  z(x,¥)
Legendre 754

ﬁmi[ ]Iﬁm

Legendre 74«

GH, T) = > FM, T)
X 1.
K= 822 — (ibj
v c’)xiaxj 0%

DHFFF| & 7 » T\~ B (Akutsu, N. and Akutsu, Y. (1987a)),

TDXOHEEROBHE= A F —HoOBREREBH=F V¥ — L FEY L OBIFROEL
HEEE T BEFHEEBCRI2E 4022y — 3 A REBEECCHYTLLOR, &
s PERIC OV TORERTHID Z L1, BRCTFEILS.

3. TSK (Terrace-Step-Kink) EFNICL2REAEHIRINVFE—DEH EH I I

HERMORBBEH=AALF -2 RDICY > TEERZ LI, ERBTOoR B FH2IETHE
RO ARBZEEHD, TDOId7ceT b LTHEE RS D Terrace-Step-Kink (TSK)
£ F 2B B (Gruber and Mullins (1967)), TSK £ F414%, 7 7 £ » F AL OEVREEY 7 7
ty b EFRTRTIALE, ThEORTAEERE(AT v ) ETERBTHEFATHS, A
T o TOEL LD, FODOPER=FIAF—DNEELL, FTOZRAF—EIAT v
TOBENBNEERELS 8D, e, BR (7774 vI/REUT) €357 7£y b
HLSOHETE, RIbEIDEVAT v 7ORZFERThEI WV, 27 » 71, ToheFv
BELZ LRI S THELSIENTES, ChiC Y, =v e —%FE o EnTtE %, TSK
EFATE, ZO=vin - tR=RAAF-LhbBELNARAT v 7ROBH=RALF ~
FEXTOHEDEREEBR=FNF —EEXD,

TSK £ F AR T, A7 v 7R HMEAMNCR 220 L HANCR 25D LD 5, %
F, HEHM TSK & F e o3 (Akutsu, Akutsu and Yamamoto (1988)), A7 »
TREBALICLE E, BREBFORIHHER, ATy 7OHBE=FRAF L RATFT v 7OELED
ZTDOART v THRFHELTES CHHM (0)KERICEH I TES (Akutsuy, Y. and
Akutsu, N. (1986)). : ;

B, A7 7OMBETRS., ATy YO OME R, ZURITELREROME L HE
TH%. (210) XOERE ZARTOGECHEMT 5, HabEHFEC x riy, ThiBEER
Tk y#heT s, BREVE v=y(x), rs(p) (p=dv/dx) TAT » 7 (ZRTTHEHER) OH
RIS VOEF=R2AF -2 T L,

— _dr
(3.1) y(x)=xp—f(p), 5=
T () RBAHEREILU I VDOHBH=FLF T

(3.2) FD)=rs(pW1+p?

TEHRINTV3, p=tan 0 ¢ B E R x BEBERAOKTATHS. HAEE p OTEE)



RO E 75

Dy BRI AREELY L 15, p 3 FHELTHOEEETH S, #iZ, TOEZOME
DOBRELE Y, WOV A REBEESTAIENTES, LIk, BREAERLTCWAERTOY
A RCHRD EF 5 EREVD, BREKOKZEINOLTHLERNTHS., ZOED—UmR
YEEL, FLhLHERET L EOEBACSOBEEmMSDOREOFHE L THEA TV S HED
BEDDREGE A3, EXOROE dp AT, dh=LApcos 8 LET S, ZZTELED
ZREEY (4p) X, BEOBNFEOELEDOERLD,

2N 11 2 2\—1 — -1
(3.3) A(dp > _Ff(a 1lop®) 7, B=(ksT)

LEFLE. ZRID, WEELZCVAEOEHE L'=L/cos§ TRy -1 LIREDLE ¢(0) D
%bi:

(3.4) 62=“"L¢:L cos® 0<(4p)®>
&%H%. 8@@5%(& LT 7s %%‘%—y 7’3(0) LEL & 0'2(6) i,
(3.5) o(6)=" 1

B rs(0)+75(0)

L, EhuwhkBTcEIF S (Akutsy, Y. and Akutsu, N. (1986)), A7 v YHE= AL F— (Z
KTAERORHEBEHR =R AF ) WHMEF YR OLE, BOLXLHMEFIELED, Th
1y (@) ERHWCT B RDISIELED, BE=FAALF— y(0), BHE o) IOV Y
AFz— v, HEBEALLIEAT v 7 /S (Akutsy, Y. and Akutsu, N. (1986)).

ATy FHRHE L CEL AR REE t WD, THhEBELFAEOERE u(t) TAT v
TOWHETT ETRE, PTARAF=—VTHBENIZ L, AT » 7, BLE 0(0) D—%
OB OMBE R 5 52 THD, MU, =t T U I\ EZX, =8 T oy I
% HEERIT, '

(3.6) P(ui— uo, tl_tO):ﬁ_—Tz—Il_t—l—:_t—o—r e‘z(g'zl;lu—ofol
EEFD, L, ZOFEIKIIIoODX, BR[| KFV A X el LT
(3.7) a<lI<| ti—tol

CHBLLEETHA ECELDLIDLIRAY —ALTRAT v 7HPEDTVB Lo TH L,

MBS hic TSK £ 71 Cid, HHMEE p=(px, py) ODHEHIE, ZOBHEILINTCAT v 7 n
KPP E LTHERE VEiéT5) L 00BEYRLCEATH53D0THHEEZD. H
DRKEEH LXL L35k,

”n

Ipl=p=7
z T,
(3.8) px=—|p|cos ¥, py=—|plsin b

TDOAT » TROBNEABYUC Y DHBE-AAF -2, COEE p OEOHEMEFEEY D
DHBE=FAALF— f(p)TH5, fRHETHLERCEELLLIDIE, ZODAT v THE VK
BOBIT A ENTERWEWIEETHD, 22T, AT v 7OEIR—FE LD (&



76 METBE $37% H£15 1989

@‘,%375:1&?%) ELTEDT, ZOE&EMEE, ATy FIXEWCERBEVWEWSI A=V a7
Glh b TeB, N—FaT&bEs, ThFhoFz—vid (@) D=FAF—L () DEL X%
oo & X v EEBUT,

dui 2

at ) at

LEFD, 2T, ut)iE, iBZBEDOF=—vD t TOEE, PR oL EDRT v 723 ER
Hic\us X 5123 5 projection operator, Ziik b,

69 gem [T LD poniningy gy i i 3

= e—nLYs(ﬂ)wn

%ln Zn:YS(e)p_kBTS

(3.10) fAp)=—FksT
kiesn, ZZT,

_ 1
S—I'z‘ln Wn

ATy FEO S — Fa7&EDODdO= v b r e —B%, w, DEFE % transfer matrix T
1775,

(3.11) wn=T(T)", T=Pe 7P
Z 2T,
_< —_1 o
(312) H—-ng hj, hj—‘ 2 o (H)l F) ?

fermion state # {5 Z L2k b, ~— Fa 7EET P ¥BRETEC, EEFLFRFT trans-
fer matrix %,

(3.13) T=e", H= 2(0)12 kakax
Z ZT,
2r _ L
k== 70 y=0, £1,..., 57

ax: 1 &7t fermion operator

“ninb=7v" HOREEESEEE() LY, By e - sk

(3.14) 5=z In W=~ Eolo)
EEDS, Eolo) Xk v, sit,
" 2
(3.15) ' s=—02(8)%_/0‘k kzdkz—% 0%(8)p?

Lied, T, kr=mo. ZhIY, HE=3AF— f(p)iI,
(3.16) f(p)zys(e)p+1eBT”—02(e)p3

—7’3((9)|p |+ Bz (?’s(0)+7’ (@) |p |3



RO % 77

L RICEIT S Z Eb D,
ES DN z(x,y) EEBE=FA4F— f(p)», Legendre T T oHeMnBZ L L b, A+
TERAT VYN fi; EWERT v Ky EORIC

(3.17) Z.‘.finjL:8iz

DREFRED D Z Lo T BS (Akutsy, N. and Akutsy, Y. (1987b)), Zh & det K
=K=#v AMWERLHAS &,

(3.18) K:{B [7%: BELED 7 7 2 o e

0 : 77yt k
Lieh. (3.18) Rt BEOMHMEEL R L T3 7(@) RO 7 7 £ v ¥ ECORE B
TH5ONRTTI I, Tihbb, BEBRTFOBREZ 7ty pmEONEBECIMHLT, 77
274 VI/REUTOETCORETIO—EDOMED L UOHHENS.

WA e TSK = 701k, BAENREMETHYZE 2, TOETDT IR, 257, Fv 7
DEMER L TAALY = VRTFEEZ TV EFATH A, BRETHCES HREH#
3, MR ETALEEST, ETVOBREZOS DI A>T\ 5, MM, Xk
Yamamoto et al. (1988 & submitted) g% & LC, Xk Yamamoto et al. (submitted) o
EFNALDEROBEL &, FEY z2(x, y) i3,

(3.19) 2(x, y)=min5— [ [6-x—S(a(k))]dk

b, TZT, kr=mo, o(R)=B(y—x)+ ik, & BIERBELKETHHEMELLDDAT » 7
Fie=s ¥ —, SEETNVRKFETLHEBCHS., EHF <72 —% o TERHELT,
(3.20) z=min (Ap+Bo?)
T,
A=8—x—S(B(y—x))
B=2"S"(8(y—1))

Zhdo,
-__L_l_(__A)Z%lZ. EEJ:
(3.21) z:{ 33 VB ‘
0 T rky b B
77y O,
Alx, ¥)=0
2F b
(3.22) d—x—SBy—=x))=0

E, B S vRGTRREEhD, ok, GI)RZR I,
ok 5, AR TSK £ 7 ricks W T BEH L Lk, GMPT % 1 7o EE& - Listi,
BEET SO DRI S DATHRED, S OBEHI Y 7 £y F OBKEEBERL VWS &



78 FETRE HE3TE F1S 1989

ThhH, oD i, HERNEF rERWT, f(p) | p|0o—FH, =ZFHL LT, &
B 7s(0) DR TEGAHZ LERIET 5.

B, 77 €y METGMPT 2 4 7 DIREVE L, B2, ¥ AMEKD & T (3.18) A H
RAERETCRE O, EEEH=RAALF 1T, 3.16) R & biniF il bl o L& B
T3 < (Yamamoto et al. (submitted)),

2 % X M

Akutsu, N. and Akutsu, Y. (1987a). Roughening, faceting and equilibrium shape of two-dimensional
anisotropic interface, 1. Thermodynamics of interface fluctuations and geometry of equilib-
rium crystal shape, J. Phys. Soc. Japan, 56, 1443-1453.

Akutsu, N. and Akutsu, Y. (1987b). Equilibrium crystal shape: Two dimensions and three dimen-
sions, J. Phys. Soc. Japan, 56, 2248-2251. :

Akutsu, Y. and Akutsu, N. (1986). Relationship between the anisotropic interface tension, the scaled
interface width and the equilibrium shape in two dimensions, J. Phys. A, 19, 2813-2820.

Akutsu, Y. and Akutsy, N. (1987). Novel numerical method for studying the equilibrium crystal
shape, J. Phys. Soc. Japan, 56, 9-12.

Akutsy, Y., Akutsu, N. and Yamamoto, T. (1988). Universal jump of Gaussian curvature of the facet
edge of a crystal, Phys. Rev. Lett., 61, 424-427.

Andreev, A.F. (1982). Faceting phase transitions of crystals, Soviet Phys. JETP, 53, 1063-1068.

Cabrera, N. (1964). The equilibrium of crystal surfaces, Susf. Sci., 2, 320-345.

Gruber, E.E. and Mullins, W.W. (1967). On the theory of anisotropy of crystalline surface tension, /.
Phys. Chem. Solids, 28, 875-887. ;

Jayaprakash, C., Saam, W.F. and Teitel, S. (1983). Roughening and facet formation in crystals, Phys.
Rev. Lett., 50, 2017-2020.

Jayaprakash, C. and Saam, W.F. (1984). Thermal evolution of crystal shapes, Phys. Rev. B, 30, 3916~
3928. . )

Jayaprakash, C., Rottman, C. and Saam, W.F. (1984). Simple model for crystal shapes: Step-step
interactions and facet edges, Phys. Rev. B, 30, 6549-6554.

Lifshitz, EM. and Pitaevskii, L.P. (1980). Stafistical Physics, Part 1, p. 517, Pergamon, Oxford.

Nozieres, P. and Gallet, F. (1987). The roughening transition of crystal surfaces, I: Static and
dynamic renormalization theory, crystal shape and facet growth, J. Physique, 48, 353-367.

Pokrovsky, V.L. and Talapov, A.L. (1979). Ground state spectrum, and phase diagram of two-
dimensional incommensurate crystals, Phys. Rev. Lett., 42, 65-67.

Pokrovsky, V.L. and Talapov, A.L. (1980). The theory of two-dimensional incommensurate crystals,
Soviet Phys. JETP, 51, 134-148.

Rottman, C. and Wortis, M. (1984a). Statistical mechanics of equilibrium crystal shapes, Phys. Rep.,
103, 59-79.

Rottman, C. and Wortis, M. (1984b). Equilibrium crystal shapes for lattice models with nearest- and
next-nearest-neighbor interactions, Phys. Rev. B, 29, 328-339.

Rottman, C., Wortis, M., Heyraud, J.C. and Metois, J. (1984). Equilibrium shapes of small lead
crystals : Observation of Pokrovsky-Talapov critical behavior, Phys. Rev. Lett., 52, 1009-1012.

Yamamoto, T. and Izuyama, T. (1987). Statistical mechanical theory of the facet edge of a crystal,
J. Phys. Soc. Japan, 56, 632-640.

Yamamoto, T., Akutsu, Y. and Akutsu, N. (1988). Universal behavior of the equilibrium crystal
shape near the facet edge, 1: A generalized terrace-step-kink model, J. Phys. Soc. Japan, 57,
453-460.

Yamamoto, T., Akutsu, Y. and Akutsu, N. Analysis of the equilibrium crystal shape by the diagonal
terrace-step-kink models with non-SOS type steps (submitted to J. Phys. Soc. Japan).



Proceedings of the Institute of Statistical Mathematics Vol. 37, No.1 (1989) 79

Statistical Mechanical Approach to the Equilibrium Crystal Shapes

Takao Yamamoto

(College of Technology, Gunma University)

Yasuhiro Akutsu

(Department of Technology, Kanagawa University)

Noriko Akutsu

(Faculty of Engineering, Yokohama National University)

The equilibrium crystal shape (ECS) depends on the temperature 7. At high tempera-
tures above the roughening temperature T, there is no facet (flat plane) and we have a
rounded ECS. On the contrary, at 7°=0, the ECS is enclosed only by facets (flat planes).
In the intermediate range of temperature (0< 7°< T%), the ECS is composed of both facets
and curved areas. In the development of the statistical mechanical approach to the ECS,
the central issues have been the “critical behavior” of ECS: (1) the faceting transition at
Tr accompanying a finite curvature jump and (2) the Gruber-Mullins-Pokrovsky-Talapov
(GMPT) type behavior of the ECS profile near the facet edge at 77< T. Important point
is that the above behaviors (1) and (2) are universal. Recently, below Ty, we have found
another novel universal behavior of the ECS theoretically. The purpose of this report is
that the statistical mechanical approach to the ECS is explained and the novel universal
behavior — universal Gaussian-curvature jump at the facet edge — is introduced.

Let the facet sit on the x-y plane and z axis be perpendicular to the facet. Near the
facet, the ECS profile is described by z=z(x, ¥). By f(p) we denote the orientation-
dependent surface free energy per projected area, where p=(px, p,)=(9z/dx, 0z/3y) is the
surface gradient vector. The ECS is determined “thermodynamically”. Then, adopting a
suitable energy unit, we obtain the ECS as z(x, yv)=pxx+pyy — f(p), where x=0f/0px, ¥
=0f/dpy. The orientational anisotropy of the free energy f(p) dominates the essential
properties of the ECS below Tk The free energy f(p) is discussed by means of the
“statistical mechanical” method. We mainly explain the derivation of the free energy
7(p) on the basis of the coarse-grained TSK (terrace-step-kink) picture of the surface. In
this model, the step is the “Gaussian chain” with the anisotropic step excitation energy
vs(8) and the anisotropic scaled fluctuation ¢(8), where @ is the angle between the y axis
and the direction along which, on average, step lines are running. In order to take account
of the non-crossing nature of the steps, we use the fermion method. The free energy near
the facet is obtained as f(p)=7s(8)|p|+o(8)| p P+ O(pl*). The scaled fluctuation
5(#) has been found to be generally related to the step energy v,(6) as o(8)2=8 [7s(8)
+75(8)]), where B=(ksT)™'. Using this relation and the ECS expression in terms of f(p),

Key words : Equilibrium crystal shape, orientational anisotropic surface free energy, facet edge,
terrace-step-kink model, fermion method, universal Gaussian-curvature jump.
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it'is found that the value of the Gaussian-curvature X jumps from £%/x? (on the curved
surface) to 0 (on the facet) at the facet contour. This relation is universal in the sense that
it is to be observed for any system with short range interactions, at any position on the
facet contour, and at any temperature below 7.



