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1. 3C &I

HEFEOHERCEENAADEEOCTHMOIDEERLLAVORTWARXKHEESE
(Alefeld and Herzberger (1985)% &)L, “MHBEZEOHEL" hEoBEE ¥R 2 bhiw
7edd, ERBEOMBCEETS &, LIELEEREMCBALBETMLE2TLES 2 &
PHEE SN TER, X VBEREETMMAYT S oy "HERR TEAEELETTS 2
FERETHREOHERE BIHE ~oFE »HETLILNENRDDD, ERELZhET
5 LR THD EE LR T, Lal, BAEED— AR I > TREIRLEEEE
WOEEFIET 5 &, BEEETMAE T DI EREEYRRRHET L LN TE
% (Iri (1984) ; A3 fh (1985); +& (19860 ; fFHE, AfREH (1986); Irietal (1988)). %
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(i) BERFEECBWTRETAADEREZRD HBO—ESMICHE 5 ML BEREH E A
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BHEENFREIRE D, RELTE, {LF7F vV rOK - £ 8 7 — VIRBEOFHIREY ED
% 108 TLIEFE AT FREARD 18 EOEE LA E LT, ThbLDHEMBICEThHADHEED
FEECAEFN TS, HEIRCBEEECE T h s ADBEDETE @A), () wHESW-EXRE S
ARERAWNEBEOHBEBR KT AADEEDREVE OB LTWAI LY, Th
5 108 EDORAK O HDEZE T HMAEEOTERME L FEEL B« AE» L HET 5 =
Lk o THRIET S, &I, BARHERRBIL L - CHEIIABEEOHDBED HERE
B rLTo) SHEREREIGLCELA DR, FRAOEEHLERCE IV WD 135 2 —
BDWERSIELRBAL, 7 A~ FEHBFYUIEDBEZ LT L - T, 108 HO LR DI »HEE
DOFOBEIRELONS Z L HKRITFT 5,

2. BIBOEEIBRE L HRE
W OhDEREE (+, —, X, /, sin, cos, exp, log, . . IRBENUDEDSR TN, &
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AN EHOME, TECLELREROE RS LIS &, BEAEOMER ThETciBELIRT
W AHHEZEE (ANEH, EESPHEHCET) wil, ZXREEDO > bo—o% L TH
el PRI AHET S | LR BRVIBT LR L -TRDBND, Thbb, n @O ANEHR
{21, ..., xn), ne EOEBE {c1, ..., Cne} 2B, n BOFHERLTEL C, B fOEEZRD
HBEELTOL SR TES:

?)12951(%11, ey ulml) ,
(2.1) Ui:¢i(uz‘1, ey, %imi) , ‘

f: Uzzv:qsm(uml, ce ey %nvmnv) .

[y
(Y

Ui; & {Xl,...,Xn} ) {Cl,...,Cnc} U {Ul,...,l/i—l}
(i=1,...,%nv; 7=1,..., m:),
¢ (i=1,..., n) XEAHE
THD, EFRHEREZHETHLDOHERT » 7% "EAHEAT » 7" L, BHEi,
FEFENBARBETHEL I h, ERAEELERMOBE CThaicdil, £A7 » 7D
HEIE#C I TR T, LOBRENEET L, PRIZER . ZHET L RDOERFERAT » 7

(2.2) vi=¢ (Ui, ..., Uim)

BT, EABEE 6, KN L CEBICfThh3EEY ¢, & L, v, OFE@EEY 5, LT &
Z$5E, Q2)IERIEL TN HIEHEOERBEEILUTOL >0/ 5 :

(2.3) 171':51'(%7“,..., ftim,-)-

HEEH v, OFEME 7 DERRENLDOTh dv,=0,—v: & v, D EBHNDEE" LIRSS
Lt s, BAf S oHDdRER, BKME S LT HPHER v, OEBADBEETHS, K
(2.2), (23) X v, dv kD X5 wREhS:

(2.4) Avi=0:—v;
= {gi(ﬁn, ey ﬁimi)_¢i(ui1, ey uiﬂu)
:¢i(ﬁi1, ey @im,)—(ﬁi(uil, N uimg)+8vi,
(25) 81};': (5;‘(@“, ey ﬁim{)_¢i(ﬁi1, ey, z?im,.).

ZCT, Sui bk, v RHET AR H R CRET O HNDBEET O AEBEE" LIITNh D, Su, i,
Vi X VBICHE SN ZPRHEROHEBICEEYRIE LA D, RERHNCHE S BEHE R
HEBE5 2B, WNBEOFER LY AFIICIKRO X SRR TE 5,

{R7E 1.
. N o 9
(2.6) ¢z’(ui1,..., uimf)-¢i(uil,-~-, Mz‘m,-)— 2 %a At .
k=1 Uir

I (2.4) AT B & dv, X, wv; HEHETBHIDDG|E U (kzl, e, m)ITEENRS
MEWEFRZE" Ao EFERE Svs EEAVT, UToX5wcRHE SRS
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(2.7) dvi= 3 a'%i Attin+Sv; .
k=1 Uir

ChEBB f 2 ET 500288 21D CBHTZ &, f ORDEE Af 3, BEPHEEL v
i E T BEREORERZE Sv. kAT,

(2.8) Af= g—g)i_avi

BT D (FIRANEE, ERExERVIcEPRZRIC LT E2), Tigbb, (RE1DD LT
%, B% S OFtEECE Eh 5 ADBRER "HEAR CTETFEER 0.2 BT 2RO ERE
Svi 1, v, DIEDEEN [ DECE 2 5 ¥B 2R TIRMDRE of/ov: w#HFIcb DD (ANE
B, BB ERCICEPEEBCET L) BT TREATE S, AW T (2.8) ADREDE
ARHRRAXE LCRAT 2, SEBIMOELRES &, FEAROLFHERELREFL T
B LWL »C B f R RFTET AFERMOE 4« BEOFHE T CORBERK of/ov: %3F
fdsc&rncEs (ri (1984); FHE, XLRE (1986)).

R (28) WESWTHDBREDHET AT O 1T, b1, REOHEBROKERAYEREL
7o, FEHEFRZE 0v BT H W O DREVLETH S, I TR, BEXRHA, FBERECS
WTLLUF o Z &&xfEd %5 (Wilkinson (1963)),

RE 2. FEWTEE B, (KB ¢ #1, 88 e (BED OF&/IEHE LT
(2.9) x=uXB (u X B t T/ BT u<l)

DI TEREINSG, EABEOERI, CHAEY EROESH/NMNMUSEI DR ' LiIX -
THEORD, HHHRNE LT, UERAA (REEB t+1HTE D B/ 2 BA 7 HEREER ¢ #TE I
1 &z ic, (+FIMBUTEZEECS) LT (REES t+H1MTELUTREECS) &%
25, .

DEE, BR v BT ABRORLERE Sv. 00 MR
(2.10) [6v: | <m(vi)e (= |ov:le)
TREDLTExD, 22T, m(v) ik, v, LR CHEEH2EOR/NOEDCEFE/ NS, ¢

F 1L ARLCEALLCHEROBERRE X OLDH IR
Table 1. The floating-point representations and rounding methods
employed in the computers for the experiments.

Computer DEC VAX-11/780 HITAC M-280H
Operating System UNIX 4.2BSD VOS3
FORTRAN Compiler F77 FORTRAN77

\ B E 23 24 #i 16 64
T e

& B E 2 3t 56 #f 16 £ 14 #

o K PUEARA (081 A0 v % <
Machine | ¥ F % | 2Te6.0xW07 | 167°=1.0%107

epsiton |y g 25141077 16792.2X 107
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¥\ 344 % machine epsilon GHEE ET 1+e+]l B HNDOE) T, e=£42 (NEAAD
BE) ik e=0"" (TR TOEE) Thh., KHFLTH O > 5HE# HITAC M-280H,
DEC VAX-11/780 D EXREK, ADHEXEE 1 RT.

1, 2 &K (2.8),(2.10) X o, BB f OFHBEBEICE TN AADEE A4f OKEEORF &
LT, ROFHERIELRSD,

1> MEXSFHE

(2.11) 4r12e 2| L m)=AL7e,
Z ZT,

(2.12) A= 2| -L m.)

K (2.11) &, |4f] w3 5T RBRATH DO T, Thry EREHE LS, L L, #
WM ORANELICER ShDZ LR ERTHS, L O BEEWRFEMD DI, & (2.8) D
HFD Sv: PRI ED X S ITIRE ) ORI T TALE L LULENRD S, DD, K
DREXES .

BE 3. FREER v, ODFERE v, 17,

0 (T A DS

. i> i|=
(2.13) FHElo0] £ sign(vm(v:) (T OB,
2Rl m(v:)e (T CoBe)

D ENTIRIL 72— BRI CHE S HERERTH 5.

B 1~3 DT %, B / OABBER, "SR oM i F—0— AR 5 BRER U,
DMERT & L,

(2.15) 4f=3 gj svi=2 w.U,

ERBEIhD, R (Q215) 2" NDOEEDHEREFTALRE LI2T5, ZOEREHR A 05
M, IE | w:| =|0/ov:|-(Sv: DI FME) (i=1,...) DB THE S, d LMNEOHFIE
WICK E S D2—D2H UL (2.15) DA, —BSHIEL, ABREOAZ IO DONE
BHNWEERSMTL B, 2Dk, Af OB E[4F], 58 V[4S], 83X, 220K
[, g DHDIRE Af, dg DI5E Cov[df, dg) ZLA T X 5 1wEF 5 (Iriet al. (1988)).

(EIEHEADBED

(2.16) E[4/]=% 5 ~Elov:]=0,
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(2.17) V[Af]—z{ L (s ]——2{ 31{’ m(v: P,

(2.18) Covldf, Jg]=) ng gj’ Vv ]; gZ{ gf m(v: ).
BT DB

(2.19) E[4f]= Z af Eldv:]= %Zl—ai sign(v: )m(v:),
(2.20) VIdf]= 2|af[ Viowd %z[a—f m(v: )

e, E[(4F)?]V? % bREDOHRTE & WSz LT 5, AEHI,

(2> TR
(2.21) E(4/P]=E[4/F+V [4f]=P[ fFe*.
Z T,
(2.22) P[f]s(% > \5’1 (vi)Z)”Z (T F A DBE),

- sign(v:) Sign(vj)m(vi)m(vj)>l/2 (8T DA ).

PO A A DL EFERTMII I DEEDEERFETH S, U ETEALCHDEEDHERE T
ADRBEOHEBRICE I A NDBEDIEZE L TOICBELHBLI B2 L%, UTogcE
BB TRIET S, UTTE, CALOHBREFACESCTHEIRLFY, 8L
O EY “EiRFH, “BRoE L EFATEI AT,

3. WHREYIEIUHER

fFSmr - v3iav—vav. .25 sDPS (BARBESEMIHER (1980))1C L - Tk
C AR —LVFEEEE (15 B OREREY RS ABIEND 108 TOIEBEHE T iR & FI5E
ELUTHD BB,

FRENEH O FEB =108,
TR oM =214,
HEIhPHEROBH=BIEGIBECETHEALHERAT » 7$=2851

©, HREIEHD > b 108 EAMMEL L GES S, - DRBEOEAR AR 1 1cBIFs.
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@@= Vapor flow
<= Liquid flow

CONDENSER

ACCUMULATOR F—>METHANOL

Variables :
for each plate
O Total holdup of each component
O Vapor holdup of water
OMole fraction for liquid methanol

1]

. o Liquid holdup
9 PLP:TES O Temperature
- ] OTotal enthalpy
v etc. '
WATER FEED PLAT Equations to determine the equilibrium state :
METHANOL for each plate
O Total holdup of each component
OTotal feed -

rate

being constant
O Total enthalpy being constant

o Composition }—f———
gf)rﬁ)%};ent - 5—31“-}}’-1‘-—1‘:—8 OSum of mole fractions for vapor
in feed being equal to 1
ﬂ I ORelation of total vapor holdup and
Given vapor water mole fraction to water

ll vapor holdup

ACCUMULATOR F=> WATER ORelation of total methanol holdup,
vapor methanol holdup and total
liquid holdup to liquid methanol

mole fraction

REBOILER

etc.
(2 components ; Water and Methanol)

Rl 7K-4% /7 —2RBEOEASK.
Fig.1. Schematic diagram of the water-methanol distillation tower.

4. 1BALERL L AAHEREDOBETHFEENEA)

ﬁﬁﬁﬁﬁ”x%ﬂi‘?% 108 {@@Egﬁé’, ;ﬁﬂ]%%ﬁ x:(X1, P X108) &ﬁﬁ C:(C1, PR C214)
BOFHBEINLEZN7 P BB F=(A, ..., fis) ERILT Flx,e) L50L, f RHBESEL
TekERE o, BREHELILERY fo bRTo et s, BN ABRROBITE 2 & (x1, ¢),
(x2, €) &3, £HET (HBEHERO) OMDEED “EAR" 21E57coic, UTO X5k
TERToM, T, (x4, ¢) (=1, 2) OECEEEZ BV CESEINL T

(4.1) (x}, CV): (xllx(l-l-el), S ,XLlosx(1+€1os),
ci1X{1+¢€100), ..., Ca1a X {1+ €322))
(e: R [0, 11X107* Loo—#EELE)
UED, 108 EOBEBEICE ¥ h 5 ADEE AF DERIES
(4.2) Af =Fs(x), ¢ )—Fo(x, ¢)

TEDS ; 322 HDOEL e % 100 EHE D ELEA T 100 HOHDEERZAR AFD, .., AF 100
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Fig.2.

SEHEIME X 100, BEER : SPGME =SREIME X 10, 4R . SPHME=RMME, S8 FHE=%
HUME/10). (a) VAX-11/780, #axiEt. (b) M-280H, #afF. (¢) VAX-11/780,
FERFHM. (d) M-280H, RESREF(M.

Comparison of the observed maximum rounding errors (each among 100 samples)
of the 108 functions with the theoretical estimates (chained line: estimate=
(observed value) X100, broken line : estimate= (observed value) X 10, solid line :
estimate =observed value, dotted line: estimate= (observed value)/10). (a)
VAX-11/780, absolute bound. (b) M-280H, absolute bound. (¢) VAX-11/780,
probabilistic bound. (d) M-280H, probabilistic bound.
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ZRDB.

BHRAFAREER v 2 — D VAX-11/780, M-280H © k¢, LEDOFNEICHE » CHEH
LI oZ 100 EOIDIREEZEAREZIEY, LT X 51 L TtHDEE Af; DMEFHEEDOERE
EE L.

EEEFEA (VAX-11/780) DA

AR DH Vs[Afi] :

(4.3) VS[Afi]_W 2 (Af:2)2.

((2.15) X v E[4A1=0TH D00, FHT0ERRLTWS,)

BAILDEEE Myo[df:] (10 BORKME), Mioo[d7:] (100 B HAME) :

(4.4) MlO[Afz]— maX l Af (x)l
(4.5) Mwo[dfi]ﬁp{n.?fxmo l Afi(x) ' .
A5 Covs[4 7, 4741

(4.6) Covs[d f:, 4f;]= 100 Z AF:® AF.
BT (M-280H) 054>

EANY Es[4F]:

(4.7) Esld/]=145 2 47
A8 V[d/i]:

(4.8) VsldFl=1g5 2 (4797 ~EslAF T

UTcik, “hboEHEEBRNTHEE 0BT, BROS BT, BIzimlL T\t
W DI, (x1, ¢) CBTAADBEDERIZLISELDTHS.

20 1

10 4

0 1 s B e

0.0 0.2 0.4 0.6 0.8 1.0 1.2

(Vs[47]/VLaF) 12
3. 108 EOBIMOADE|ED EBAEERE/BREBERFE" oof (VAX-11/780).

Fig.3. Distribution of “(observed standard deviation)/(theoretical standard deviation)”
of the rounding errors of the 108 functions (VAX-11/780).
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HERL /1007 D53 g P
/
/
/
/
501 //
o ! VAX-11/780, (x1, ¢) /
o : VAX-11/780, (xz, ¢) /
& :M-280H, (x1, ¢) //
__________ A //
/
0 N ya N
0.0 0.5 1.0 1.5
Vs[4fi1/V4f]

X4 108 {HOBEEKOIDEED "ERGEH/ BHISH ORELHAMEE (VAX-11/780, M-
280H) (BE#RE “EASE/Eiwo# 2 "BHE 100 © x* 570k 5 BEEREH/100”
DEBMETH B LEE L= & &0 Kolmogorov-Smirnov 0 #&E#H & (MflEE) o
AR 95% BF).

Fig.4. Cumulative distribution curve of “(observed variance)/(theoretical variance)” of
the rounding errors of the 108 functions (VAX-11/780, M-280H).

5. 108 BN DI HIRENKAME L EFEETIVICE D ( IEREDLER

108 OB OEBOEBDIC DWW TERAKALDHEE MIOO[A]?i] & et BF (2.11), TE R EE M
(2.22), (2.23) L DBARE R LD 2 TH A, HHTREZ LRNDEEOKRE INEHT
LICBRIC R - TWBH T &, Z LT, 108D H1, fHX 45 0EHOEL ICHEL FmL T
WHZETHDH, DI L, FHEBOADRECERIVILTMEEL, FIFRANDEELF
BEOKEZEITHY, WA, “HERFTM 2 THSCREVWEMiE o TWB T EERL T
%

Tk, EALCHDERECETLAHANERLE, F2HTARNICADBEECHEERE TV
X o> THEINLHEFWHEOE Y L h TEMIT, BERETFANEEONDEEDZE
BatoBESHHALTWAE I ERRET S, ¥, ZBROEERONDBRED HHH I —EESD
MEERSMOFREICH D Z & bMHEND D,

A A (VAX-11/780) DEED
1) BB I OCEERFEZONM: — 108 BOBEKO RO RDIT>WT, ERIIhi:
100 B O HDEEEROEASH (4.3) LBk (2.17) O Vs/V HFHE L, “EREH#
RE/BERBEERZE" (Vs /V)PDe At 75 2BF-ORK3ITHD, 5/ 1.0 DI
CEFLTWB T ENOADEEDEREOREREISIERET AL - TRIEEL <
T EINT B Z E8005, ILERFELIANS DI, £hb 108 Ho ko RE S
HR AR OB 4 TH D, SEBOADEENERSMIHKS D LRET S &, &
Ao/ Eimo# Vs/ViZ “"BHE 100 © x* SR 5 EREH/100" LR CHMmE 3
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30+ N
20+

10 1

T Ir—‘ -| T T
—2.0 —-1.0 0.0 1.0 2.0,
Es[4f:] /V[4fi]

5. 108 {ADRAMOINDEED “EATYE/HRIZERE" 051 (VAX-11/780).
Fig.5. Distribution of “(observed mean)/(theoretical standard deviation)” of the round-
ing errors of the 108 functions (VAX-11/780).

—
(=]

(=)
(=]

A

N

Covs[4fi, 471/ (V[4f]-V[af]) 12

-1.0
-1.0 0.0 1.0

Cov[dfi, 4f;1/ (V[4f:] -V[dfi]) V2

6. SLHEEDERMEBRE & EBRAER R & o (VAX-11/780).
Fig. 6. Comparison of the observed correlation coefficients with the theoretical of the
rounding errors of the functions (VAX-11/780).

BLEZLRD (ERSAHLLE I TR TOTHELCTIZREE) ©T, HEOSMHE
BbHBI DI DI T B, 2l h IV HFEEFAMICESCRBERTHBIC b2 hbb
¥, WEEER LT 5o EABESRS (PR MERS /BRI 2
FEE 100 0 x® SATICHE 5 EREH/100" OEBETH 5] &{RE L 1=k Kolmogorov-
Smirnov DEEFETE FEARE) OHHD 5% BATHSB)., 0L, HEREFL
I BB L EIER T SRBER —BHL T 5 2 LA D DREDT, LTFTR
BfEZ 2 DBEREIC X » CERMT 2 UER DS & 13, FERBEEREZC L - TEHIL
THZ LT B, ok, MEEFAKELSLUBEADEE, SFBIMONDEEOERT
BEOTHEH, ZOPIRECI VT, 108 {BO "B DIDREDEAFH (4.7) OEH
BERECTHL OSMAMSDO I Sleste,

(2) SO : — 2 DB DO ADEED IS M OB R (2.18) DX Y%
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%
100
-
50~
| o {x1, ¢)izBlTaLn
t_ _____ o 1 (Xxs ¢) 2B LD
0 . , ,
1.0 1.5 2.0 2.5 3.0
Mol 4/ 1/V[4f:]1?
(a)
%
100
i —KE A (e =1)
s0k EH5 M (a=0)
L o (x1, e)lzBlFB LD
i ai(xz, e)izBiFaLn
0 15 2.0 75 3.0 3.5
Mloo[d]‘:f]/V[Af,]l/z
(b)

7. 108 EOBEBOADRED "FANDEE/EREERFE" O RBHMEME (VAX-11/
780) (BERR X MEARED 10 8 (H B\ 3 100 @) DAL DEE IHRER Mo [Xo‘n]
(B B\ E Moo [ Xous ) 125 - THHT 5 L {RTE L7 & & @ Kolmogorov-Smirnov @
WEHMGE GEHRE) 0840 95% BA). (a) BEARK? 10 BoRAADEEDE
&, (b)) EAEN 100 BOFARADBEOEE.
Fig.7. Cumulative distribution curve of “(observed maximum rounding error)/(theoret-
ical standard deviation)” of the rounding errors of the 108 functions (VAX-11/
780). (a) observed maximum rounding errors among 10 samples. (b) observed
maximum rounding errors among 100 samples.

KREES % 72, 108 EDREK D HdRED 5Bt 5 #T5] (108 17X 108 7)) o E=/AH
D 108X 107/ 2=5778EDEZ 2 200 % T v &£ 2 1EDY, BDORDIZOT, B

Cov [Af iy dfa]

(5.1) (VI4rIviasDe

& SERMEAEBE R X
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204

10 1

0 T r—r_!—| — T T —>
0.0 0.2 0.4 0.6 0.8 1.0 1.2
(Vs[4F:1/VIafi])12

K8 108 AR ONDEED "EARERZE/BREERE" o5 (M-280H).
Fig. 8. Distribution of “(observed standard deviation)/(theoretical standard deviation)”
of the rounding errors of the 108 functions (M-280H).

Covs[df:, 4fi]
(VIarIvianhre
HEBELCHELAZONR 6 THD, BT, EEloMEBRKLHEOFYE 00 2 KRTIER
BHNCHE » T2 ODBEBDOHDBENGHAL TS EREL T, EAE 100 DHEOEL
HIBIRE DA D 95% BRAAFEAL LD TH A, 3ELAEDS (200 HF 183 &) D
BWRROFICA->TE D, HRELIEAELRSARL VA ENBEIRS,

(3 WAADHIERZE: EAS 10, 100 © 2 ODEAIZ DT, 108 BHOREE D “&A
bR/ BERIERFE" O RBEOAMB AR CONR T ThH 5, HDOBEOHEXRET L
B e, FEBOADEZEOSMBIL, —HESMI D IIEIEL, ERSMI D IXES
WA ELBITTHS, £2TC, EDIDIZ,

(1) 108 BRI DO ADEENE THN RIER DM > THMT B EEE LI &
0 “RANDERE/IRERZE" ORESMIME (@=0 DR,
(D) RUL, ADEENE TR > THMTHEMELICL EO K
KADFRZE/BREERZE" ORBHMER (a=1 DR
LSERTHCTDHS (@ DERE a=0.43 OB OV TEERTS), BRHE 10 04
(R 7)) & 100 o%FB4E (K 7(b)) dEAMED RBEHMERITE (), (D oEoM%E
BoTWAHDMRELND,

(5.2)

0+

—2.0 —1.0 0.0 1.0 2.0 3.0
(Es[47)—E[4f.]) /V]4fi]V?
9. 108 EDOBEIK DA DEED “"(EANEY — EGFY) /HiEERE" o5m (M-280H).

Fig.9. Distribution of “((observed mean)— (theoretical mean))/(theoretical standard
" deviation)” of the rounding errors of the 108 functions (M-280H).



KHRBSERV A BARICE T 5 ADBEDORE V- ITOWT 13

T (M-280) D&

(D F#k L OEERZOFM: — 18 HORBEEO KD RO T, EAI hic
100 fH D NLDFEEE AR DOBEAR S # (4.8) B/ DHEL (2.20) DI Vs/V 23HE L, “EARZE#E
R/ BRBEERE (Vs/V)?2DL A 75 AR {EalcDOdNETHB, W DDA
BEdHsb00, &EE LTXLOMERERLTOMLTEYH, RAEDOERERZE I HHE
REFMCEL > TERIFELLKFM I N T B EBGH5, TEAADEE L FEDBEIT
T o ledic, 108 @O “EALSH/EiRS R ORBEHMMBLYN 4 ciinzgrc, &4
BOADEBENERSMIGES b LEET S &, "BASH/EwSH" Vs/V X "HH
B 99 D x* HATIHE O HEREH/99 LR AMETHLE2DBRD (Zhid, (4.8)25F
BIORAEZ F - e EASBTH H D), "HHE 99 D x* 5k 5 HEEK/99" D5
MBARIBECHI T H 2 "HHE 100 © x* SARICHE 5 HEREH/100" O 5AHABEAR L 12ITH
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DHFDE AL 77 20K 9 THS, Es[df] 23100 BOBABED FHEDO T, RET A
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(5.3)

UEDz &nt, #2E8TRNICHDBEEDCHEREFT AL - C, ZFERDOHDEEDELE
RECTEY, EOWIMZIETELHBTETERD, 411 (2.15) TEIh A BREROEHE
EEZTELT 2V &, 108 HOREBOHDEEDHHIMIE, —HFEDHL L IEIEL, E
O X D IXENE O L DEND bR,

504
401
30

201
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0 | -

0.0 0.2 0.4 0.6 0.8 1.0
T (4f;)

X 10. 108 f@DBIH DI HFAZED “HERFM/ M FM" (= 2(4f) O oA (VAX-11/780).
Fig. 10. Distribution of “(probabilistic bound)/(absolute bound)” (=z(4f;)) of the
rounding errors of the 108 functions (VAX-11/780).
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11, ADBEEODHEAUT 2HELELK (6.4) O HBEAKES I OBERBOF. (Fulx)
BLOPpa(x)%(6.4) OF% n BH I TTI bYW - e & EFOBREK O S MRS X
UOEER#~%T) (Kabaya and Iri (19872) X v 35|H). (a) a=1/3 DE4&. (b)
a=1/2 D&, (¢) a=2/3 DEE.

Fig. 11. The density function and the cumulative function of the random variable (6.4) to
approximate the distribution of rounding errors. (F,(x) and p.(x) are the
distribution function and the density function, respectively, of the random vari-
able defined by truncating the summation (6.4) at the #-th term) (from Kabaya

and Iri (1987a)). (a) a=1/3, (b) a=1/2, (c) a=2/3.
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ARSI MEL b EE 2 BRS, &K (6.1) 52 5HREROHHIZOWT, ko X 5
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A ERE LS, (YL, V| FD LD 3 2RAMBERIVAZ EOELR L HHEDH
R THBENZD, ERSMCH S HREHICH L Tk =0, ZL T, —KIMHRE > HEX
BT r=(1/3)"2 L7cn. R (2.15) BB (6.1) TERIN DI DBEEDHERE F L O
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_ Plfile _Lfi]

i, 101X 108 OB O HDEEET S ¢ DEOFATH B, r(df:) DIEL, 0.08 7>
5024 BRI LTHEDORR LR, o(4f;) DEDE WG, |4f:| 0FORAME Alfile
VK EZSDEOEIRLTIOECERL T 5,

2T, KRB, BI{TA R 2T =T, 1] Q—a)* 7 EEUT 2 &
TEHEE2T, KEI[—1, 1] LiefEd & AROBERER X, (0<a<l) ZEATS:

(6.4) Xe=a ga-mkm.

CORMERERFICEL T, 0<ae<] TTORERE, oHBEHESTFAET S Z LRI TE
h, KExeWBNRENLAT% (Kabaya and Iri (1987a)), a=1/3, 1/2, 2/3 DEEITD
W, Xo OBEERESN, 2HBEEOH YN 11 IERT, Xk =0 TREZINTLVH, a—0D
LEV/302—a) o Xo HEETFRSHIES <.

W, BEREH X, *EROADBEEO SO L LCRAL, & 46 X LEYST o
BRI, NDEEOEAME A4 & X CELARRERTFYEHI b 00EHMBEL RicT
LI L ThD, HEEY X LTt

(6.5) T(X”):N/?(‘Z%Zy—)‘

L2 HDT, FREAKOMNDEE AL W5 o (LT aldfi] £821) %, r(4dfi)=1(X.) &
A SicEDSE, (6.3)X0b,
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® ©
X 12. BABONDEEDCEBRR (6.1) iXk1F 5 UDFREDED K X I (VAX-11/780) (k%
K& ZDIERMD. (@) BHEES (=90, r=0.095, «=005 (b) BEKES =19, ==
0.16, «=0.15. (¢) BAFES =9, v=0.20,  =0.22.
Fig.12. The magnitudes of the coefficients of U, in the probabilistic model of the

rounding errors of functions (6.1) (VAX-11/780) (% is the rank in magnitude).
(a) Function number =90, 7=0.095, « =0.05. (b) Function number /=19, r=
0.16, & =0.15, (¢) Function number 7=9, z=0.20, « =0.22.
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11/780) (AR ADBEEANR | X, | 0OFRBHECTHLERELAL L ED
Kolmogorov-Smirnov O#EHEEGERAIKE) D S5MA D 95% B, (a) z(4f)=
0.09 (a[df:]=0.05) &% Af: DBE. (b)) v (4f:)=0.24 (a[df]1=03)E 7% Af:
D,
Fig. 13. Comparison of the cumulative distribution curve of observed rounding errors of
each function with the distribution function of | X,| (VAX-11/780). (a) Af:
with 7 (4/:)=0.09 (¢[4/:]=0.05). (b) Af; with z(4f:)=0.24 (a[df:]=0.3).

6r(4f) _  6PLA)
1+32'(Afi)2 A[fz]2+3P[fl]2
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logio(l—a) DEHY 7 r v b LTHEDORRI2ZTH B, R(6.6) 1Tk o TEDK a AL
BEI{(1—a) ! TLf, 1) BEFVA{T 1, B} 0 X ERBH OB OBEFE /) BXRELT
WBZ ERGmD, D ik, (4f) DR, (T k) 0 “BEXR" wBT5EHRELERN
LIBWATA—=Z2THD, (6.6) 10X ->TarEDIIE, WA

(6.6) aldfil=

Afi = 1 3 . = S — k =
(6.7) EAPIRAL P T fi, +11U. akZ=!0(1 @) Ur=Xa
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FHE" DBIR (VAX-11/780).
Fig.14. Relation between r(4f;) (=“(probabilistic bound)/(absolute bound)”) and
“(observed maximum rounding error)/(absolute bound)” of the rounding errors
of the 108 functions (VAX-~11/780). ;
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Analysis of Rounding Errors in Large Systems of Nonlinear Equations

Takashi Tsuchiya
(The Institute of Statistical Mathematics)

Masao Iri

(Faculty of Engineering, University of Tokyo)

In this paper we analyze the behavior of rounding errors in computing complicated
functions in a large system of nonlinear equations. We investigate theoretical properties
as well as the adequacy of the probabilistic model of rounding errors based on the following
two assumptions :

(i) The rounding error incurred in the computed value of a function is represented as
the weighted sum of the rounding errors, each generated at a step in the computational
procedure for the function value, with the partial derivative of the function with respect to
the intermediate variable corresponding to the step as the weight ;

(ii) the generated rounding error at each step of the procedure can be regarded as an
instance of a uniformly distributed independent random variable where the width of
distribution is determined by the result of the computational step and the floating-point
representation employed. '

The adequacy of the model is checked through many computational experiments.

We take as an example a system of nonlinear equations with 108 variables for the
equilibrium state of a water-methanol distillation tower in a chemical plant. The fast
automatic differentiation algorithm, which is an efficient and exact method for computing
the gradient of a function with a number of variables, is employed to evaluate the theoreti-
cal estimates of rounding errors. The estimated statistical parameters of the rounding
errors given by the proposed model are compared with the experimental values and are
shown to be in good agreement. In order to characterize the distribution of rounding
errors of each function, we also introduce a one-parameter family of random variables
defined by the weighted sum of an infinite number of independent random variables obeying
the uniform distribution with a geometrical progression as the weights. Comparison with
the experimental values of the rounding errors shows that the one-parameter family is a
plausible model for the distribution of the rounding errors in computing complicated
functions.

Key words: Fast automatic differentiation, rounding errors, probabilistic model.



