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RIS H BB BB < B A2-5, Anderson (1954), Green (1951), Gibson (1955)
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ExnBL CELBADOBROBHEN L EK, WEM, HEEMOBEIEE, S2AEFA4DOT
A ENRT\ 5,

3. BEEEOMETIIIZL

WE, n(i) &, REOBEELZCIEE <2 —v i ¥R UABAOBERE, n(i, t) ¥ BEL
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QDI EIBEM 7A=Y X2FERTES, EM 74 =2V X o143, i EZRIE(Expectation-
step) & FAAb#EfE (Maximization-step) OREXBL T, B THLHLHTHELEL 71
TYVRATHS, BIEZ FAEFTADEED E-step 13, BEHE L TFEWRBEEEROETE
B35 2 bhic T, BEAEY TOSEMMBECHET S Z LB LT3

(3.2) [E-step] R R
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—8(i™, C) xi(m, )/ P(L=C:| Z=1))
386, i) xilm, D) PUe=ie| Z=1)
—B(ifz"'), Ca)xj(m, l‘)/P([a:Ca | Zzt)}
S8, Ce—1) xi(m, T)/PUu=Ca—11Z=T)
— 80", C) x,m, T)/P(Le=Cu| Z=T))

FHiIHEBOEAIPBEEEERECH L CERICRLEGE A  —vicdh &5%, LR, L
i, (4.5) RABEHMROGIIHEME 6 xAVCEHEL, 0 X, % 4.7 RiefRALT,
S(X;, 0) &35, BAKBHE 1,(0) 13,

4.8 I(0)=2S5(X,, 0) ST(X,;, 0)=2n(i*) S(X(i*), ) ST(X(i*), 6)

Eieh, X(@*) ik, BEEEAOEESREZ VR DLERHEEEIhDIIBESRZ P ATH S,
B TH A BERIRORALHEEDOW R DB LSBT0, [v(0) T imX - TRDD
nab,

4.2 ¥fEpH
DHEEHE7 FAETNAEREL, AL L YVBEEEE~DLREHRET — 2 ZERL, FOF —
A LB LRI RAHEEOEHE A HE LKERALUT RS, &K, FRLEF -4
o v FAIRREAREL IR T, NEEBIGERET — 2 HER L, ZTOHEOHEME O
SEESRT.
WOPotceTnid, 22753 A3HEETAT, FEE~NDIGEZTRC2EHEHE L, 75
ADEBHRERV 7 7 ARNEREOHEYFR 4.1 ITRT,
ZOEFANLEZICL D, N=500 (A ST % 3HEADIEE 4 — BT 5Kk
3BY OTREDEE T — & HERL LTz,
(i) FEENEHEET — %, N=500,
(i) DDF—2%B5BRITENT, v Fai, 30%, 50%, 70% ORAGERET X
B2 3BORELNERET — 4.
(i) (D OF— 2 hbARLERE L — VIR T HHEEYR /N e EEE T —
z,
EROET —2wwonT, BEBREORLHEBEYE«BLL, ThboES#x Rk

REKL2THA,
KL.2 Db, FPRLET -2 BT, BEREGHE TR > CHES#HOIBATH L, %

F4.1 BEIFRAETL
ALK EHH1 EH2 HE 3

7521 0.4 | 03 0.2 0.25
7522 0.6 | 0.8 0.8 0.85
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#£4.2 WEESEHROFM: BRIEEORED 10 x5 25, i, FRATORER
FA4.1 CHEALEBEREOBEBICHIGL T 5,

LT~ & I Ress — 2 LT — 5
N =500 (%) N _

30 400 33| .37 | .46 1350 | .46 .40 | .45 .50
16| 22 | .14 P18 | 24| 21
321 28] .31 .35 50 49 38| .44 | 59 | 250 | .64} .56 | 62| .71
P13 17 | .15 P19 | 27| 13 P26 | 34| .29
70 66 | .46 | .55 | .83 | 150 | 1.07} .93 | 1.04|1.18
i .25 | 36| .13 43| 56| .49

72, REEEF — 2T, RBEIEL k5@ EEESBAERT L bbb, $i, F—
RUEARGEEIGERNZ — v PELRBEEICER, ThbdBRELEENRREEST -2 T52 &

Ly,

5.

AELBESHECHATHE I P HEEEOBEYRA LIRS Z Eb05,

IBATO T B R DR

AEITE, viav—vavicl), BRERF/ERATERVINERTORLHEBEOHE
BB, L, WES FAK T, HER L BABN OBMNEDL 5 kBBr S 25 b,
F, B RGBT E AEARNIERC B THLINEOVWIERTSH. v ialb—a
vEIEE, T 1000 BITH B,

(i)

(i)

(i)

27923EAETA (F5.D

N =50 75 4000 OO ZFERER, HAKEEOFHERBELRIHERS
R5.2THD., £, FHEREEZELIBLRYOBRCOMUICEELHRL TV
5, FZhOBERETERCE SN REL 1 L-bDTHS. TEOFICEIT B
C ) HOBME R, KAEBRCTORHWRHEET — 212 &S5 RAOHTEE O oAy
BHL-bDTH A, FHEFEZT, EAEVETLEAD TS, N=100D & %, K
EF LB NCHEFEEIMR DY b ofcd, BBl s EBo sEEORIckE b
NHbBD, N=500T, IRoMPZF0bniikth, ¥:av—va vtk boiE
LW S EE & AVINEE SHTRRE E T % T 5.

273 A5IEBEFAL (3£5.3)

COEEDEEAR IR AR LHEBEOPHEFEEELESALRLT V5,
N=100 CIR Y &b B p, N=500 ClilkT5%, 2253 2A3EBEFLTOER
LEBT S L, FHEFRERCRYONF T, EXIEL T3,

373 A5HEBETA (EL.5)

ZDEFATE, L IEREPPECEEZ SAOBRROHEMEN0 /b
ERBB, DD, EFADOHTELT, 223 RAETANRIRINLIBESE RS 5,
CHBEIT, 1000 B0 3 av—va v N=500& & 189 @, N=100 © & ¥ 227

#5.1 2775 A3EEBET A TORERER
MWk | WB1 | EBE2 | HEES3

r3A1 | 04 | 06 0.7 0.8
7522 0.6 | 0.1 0.2 0.3
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#£52 277A3HEEFATOFHEREEER EPFOREREROED
100 fETh s, B, ERATOREDRTIZE 5.1 OBEER XL
LTw3,

BEAK : =5 5 # Um h)?

50 (7.1110.6[8.9(4.0] .51 4.9 .29 .00
5.9]6G.00|@.3|G6.D

1.911.72.0 .48 .73 .76 1.41.94(1.3
a.5| .o e.3
.94 1.1 .74 .54 16.4)11.7].90)2.4
3.0 25| 2| d.8®

1.013.7|2.4 .00 .40 1.7 1.013.3] .74
C74) | (.98) | (1.1 '
500 | .64 .55| .43 .38| .63 .55 .43 .37 | .01] .00 .00 .00
(.59 | (.500 | (.43) | (.3D)
16 .231 .25 .15 .22 .25 .00 .01 .00
.15 | .20 | (.23)
1000 | .31 .28|.22|.19| .31 .28 .22 .19 1 .00 .00 | .00 | .00
3D | (.25 | (.22) | (.18
.08 .11 | .11 .08 1 11 .00 | .00 .00
.08) | C.10) | (.1D
2000 | .15) .13).11}.09| .15 .13 A1 .09
(15 ] (.13 | (.11 | .09
.04 .05 .06 .04 .05 .| .06
(.04) | (.05 | (.06)
3000 | .10 .09 .07|.06] .10 .09 .07 .06
.03 (.03 .04 03 .03 .04

6.5]/5.7(8.6|4.0

100 | 7.3 2.8)1.6]2.9

4000 | .07 ] .06| .06 | .04 .07 .06 .06 .04
.02 .03 .03 .02 .03 .03

#5.3 277 A5HA 7 TOBWERE
#ek | HE1 | A2 | WAS | WE4 | HES

7521 | 04 | 06 0.7 0.8 0.85 0.9
7R 0.6 | 0.1 0.2 0.3 0.35 0.4

Bz D, N 2500 U TR bich o, BHOMEE, 027 5 AMERIEE I
Do T BEDFETH S, BREYES.6ICRLTWD, TR, N=1000 % TH
FoRHES, N=2000 TRREZOHENEL TS, &6fHIK, 277271
EHEBELT, KEAFHERBERMRI ZRLT5,
275x3FEBEEFL (ES5.7) RELIGEF — 2 S BE—
CDEFAERKL, EAKS00DF -2 BETIERL, ZhibiE 3 HoBEFD
L X LEEAFIETARRENET — 2 21E), b EORVET %, TELRXINELXED
F =%, ZONFEET — 2O RELIMSERELHIRLIHNELT -2 D 3BD
PEST — 2 & Eote, THBIHLT, PHEFEBRELE LA, £5.81%, KEXE
230% L E EORERTHY, K5O EFE5.10E, ThEZhXAIEXRE 50% & 70%
Wl & EOERTHD. 0% OXREIDOEE, RELILNEDHRELHECFRTS
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#5.4 277 A5HEETTATOFHEREEE  FHOKBEIEEOED 102
ECThHs. Ti, ERATORMEORINLES.3 DEERRITHIGL Ty

5.
BER T REE 5 # Y
50 19.4|15.4|8.9/4.0|2.3|1.0|.23|.68|.21].04].00|.00(9.2|14.7(8.7/4.0{2.2|1.0
2.0/2.5(2.8(2.8(3.2 .441.57].57|.59] .63 1.6/1.9|2.2{2.2{2.5
100 |3.6] 1.8/1.6{3.6|2.2({1.0|.34|1.6{1.3|.41|.03|.02|3.3} .22|.25|3.2|2.2|.98
1.411.4].82|.95/1.2 .25(.32].40].43] .41 1.1{1.1].44|.52|.78
500 |.17| .22}.20).17].13|.11f.17|.22{.20|.17|.13|.11].00| .00|.00|.00f.00].00
.06].09|.11].12{.13 .06].09].11].12].13 .00/.00].00.00].00
1000 |.07| .10{.10).08|.06|.05(.07|.10}|.10|.08}.06| .05
.03].04|.05|.06|.06 .03}.04|.05|.06| .06
2000 |.04| .05{.05|.04|.03|.03}.04}.05[.05(.04|.03(.03
.021.02|.03}.03].03 .02].02].03(.03].03

#5.5 377 A5HE TN TOMEERR
Wk | EE1 | EE2 | HES3 | WAL | HEES

A

7321 0.4 1 0.5 0.6 0.65 0.7 0.8
75 RA2 0.3 i 0.9 0.8 0.85 0.3 0.2
73 A3 0.3 : 0.1 0.2 0.25 0.3 0.4

#5.6 377A5HBETATOVTHEREER  RFOKELEBEOMED 10° £
ThB. T, BERHNTOREDOEIFNIFES.0 ODEEMRCHIG LT3,

@ﬁ& MSE & % ¢ h)?

50 |15.0{25.0]/16.0(12.3(9.00|{4.10|.74.00|.08|.29].00].11{14.3|25.0{15.9{12.0(9.00/3.90
4.89{1.00(3.99|2.25|8.7914.12|.30{.00{.00(.01|.69|.72]4.59(1.00|{3.99/2.24/8.10{3.41
35.5/13.5(8.99(9.0014.29|2.52| .40|.60|.63|.60|.65| .64|35.1|12.9|8.36|8.40{3.64|1.89

100 |15.1{24.9135.8/12.2{8.99/4.00|.05(.08|.13|.13}.02]|.00(15.1{24.7/35.7|12.1|8.97|4.00
3.71{1.00{3.93}2.24:6.49|3.94| .45|.01(.09|.01|{4.0]2.3/3.26/0.99/3.84{2.23|2.25|1.61
33.0/11.1|8.37|8.01|3.95|2.37|.59|.55| .44| .42|.35}.34|32.4{10.5/7.93|7.59|3.60|2.03

500 |8.10|1.70{0.21{0.21(2.10|5.10{.64|.50|.16|.15|.25|.39{7.46{1.21/0.05|0.06|1.81{4.68
4.72(0.98(3.4312.12(8.19(3.76/.36].06/.53|.20{.70{.33|4.37{0.92{2.89(1.91{7.49/3.43
0.70{0.99]0.93|1.04|0.53|0.69| .29} .02|.60| .68} .51|.52/0.41{0.97/0.33(0.36{0.02/0.17

1000 11.34}0.30|0.21/0.20{0.51|3.77|.33/.30{.21}.19{.49{.30{1.00].001(.000|.000|.022}3.48
0.96/0.48|0.25(0.25{0.56|0.62{.29|.17|.15|.14|.14|.62|0.67|0.31(0.09/0.11|0.42| .000
0.27]0.40|0.19{0.21}0.33{0.23|.24.40|.19|.21].33|.23]0.03|0.04|.008]|0.01(0.16|.002

2000 10.28{0.13/0.09{0.08|0.18/0.30|.28|.13|.09|.08|.18].30|.000|.001|.001.000|.001|.002
0.16{0.12{0.07{0.07/0.13|0.26| .16 .12|.07|.07|.13|.26|.000| .000|.000|.000|.001}.004
0.10{0.10{0.11{0.10/0.12}0.12|.10|.10{.10| .10{.12{.12|.000|.003| .003|.001|.000{.000
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%£5.7 275 A3EEETF AL TCOEERE

HMEE | EH1 | EH2 | ®BS3
s521 | 04 | 0.3 0.2 0.25
E 0.6 0.8 0.8 0.85

e, BRNTOREBRRS.7T THELAEERRORBRMEL T5.

R THERRE 5 # IS
500 33| 29| 321 .38] .32 | .28 .30 .37 | .01 | .01 | .02 | .01
ST & 13| .19 .13 1] .19 | .13 .00 | .00 | .00
500 42| 34| 39| .58 | 41| .33 | .37 | 55| .01 | .01 | .02 | .03
R 5E & 15| 23| .14 .15 | .23 | .14 .00 | .00 | .00
350 45 37| 39| 62| 43| .36 | .36 | .60 | .02 | .01 | .03 | .02
N A4 | 24 ] .14 14| 24 | .14 .00 | .00 | .00

#5.9 50% XEOTTOFHERFEER: RIEBOKMED 10° 2R LTV5.

i, ERATORBRES.7T TELBEREORBLMIGLTV5.

BER S2EE L 7 # IS
500 38| .29 36| .50 | .38 | .28 | .35 | .50 | .00 | .01 | .0t | .00
T & 12| 27| .15 12 | 27 ) .15 .00 | .00 | .00
500 55 | 43| 55| .70 | .53 | .42 | .55 | .70 | .02 | .01 | .00 | .00
R 52 & 18 | 43| .24 17 ] .42 | .23 .01 .01 | .01
250 55| .53 | 63| .79 | .54 | .53 | .63 | .79 | .01 { .00 | .00 | .00
M/ .22 | .48 | .24 21 .47 | .23 01| .01 .01

F5.10 70% REOTTOFHERLEER: FREBROKED 10 EERELT5.

Fl, BRATOREBRERS.7T TELBERRORBIAIGL T3,

B T B R 5 # CIYe
500 .33 | .37 | .40 | .33 | .33 | .37 | .38 | .33 | .00 | .00 | .02 | .00
£ & 12 24| .19 2] .23 ] .19 .00 | .01 | .00
500 751 68| .80 | .92 | .75 | .68 | .78 | .92 | .00 | .00 | .02 | .00
T~ 5E & .31 | .53 | .43 .30 | .51 | .43 .01 .02 | .00
150 1.2 3054161011 ]1.1]|1.2] .20]1.9]4.3] .40
TN 38| 3.2]1.3 .37 | .64 | .58 01| 2.6 | .68
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ET, MICETTLE L VESAKZRREY T8, SEETHNEL b 0T, F
WHRBEIRELNEXFIAT 350 ETOBMAL bR, COBERE, XK
H50% ML & &, BEEICRD, EHIT, 70% £ TREARNPEND &, REL
EHEEOEIGEPKEL LD, HoTThERTTLE S Z LBANEY RS EH
B o oW CRERC A bR,

6. #*
B2 7 AT T, AREERIGEREE ST TE 2B EREORLHEEELY S 210, &
fo, ZTOBEOETOEOFMHE LM URLE, BE2 5 AGHER\WT, HDABEFSED K
T HBEMROMEMELYE L > ETHE 27 ) OEARSILBEL LD EN, Y ial—Ta
VIZE DR ERT, [T, TEEKIGET — 20 BWEER, ThLEEBTAI Liddk
DORKRTHD, T, TNEERNET -2 HECHBTE2FERZRBL, TEL/
IREF — 2 2FETHBE L, ThbEBTABEONF KT % HEEE DO 78R O
HEREXIEL, BELAHEENERTHALZ L& RLT,

¥, AUERARO T CHBER B, #HETNESBERRIBEEL DL B0, L
BEASR—VEPEZEDT, HEEOBEYH LIRS Edbhote, ML, BEZ 7 A
DR, JREAE —VEREDLT, HETNEBEEROKDOLELE L b DT, #HEMEOR
ERELLEI RS, i, BEZ 5 ARCERTEREPVNETE, BRI VEEY 5 A
Babis { HEETHRERMELR DD Z Ldvbhole, v ab—va v ORFRITEE L ICEERRE
EOHEBEGEETHSDOTHS, ZoBRIEL, SEOWERELT S,
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& O

RS, B 60 FEERABCEM AT APE "HEO Tk & ICH BT 2 %"
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A Maximum Likelihood Estimation Procedure and .
the Numerical Evaluation of the Resultant Estimates
in Latent Class Analysis With or Without Missing Entries

Michiko Watanabe

(Department of Science, Research Institute of
Fundamental Information Science, Kyushu University)

In this paper, we introduce an algorithm for deriving the maximum likelihood esti-
mates and their asymptotic variance-covariance matrix in the latent class model, which is
applicable to the case of incomplete data as well as the case of complete data. This
algorithm is constructed in accordance with the EM algorithm from the viewpoint that the
latent class model can be considered as a model based on a mixing multinomial distribu-
tion.

The latter part of the paper is concerned with the numerical experiment for evaluating
the properties of the maximum likelihood estimates yielded by the above estimation
method. Specially, our interest is concentrated on the following two points: the first is
whether it is more efficient or not, in estimating the model parameters, to make use of the
response patterns with missing entries than to abandon them, and the second is how it
reflects on the precision of the estimates to change the number of latent classes assumed,
or the number of test items examined. As the result, the superiority of using the incom-
plete data is confirmed in both respects of the mean square errors and of the asymptotic
variances. Concerning the latter question, we have got the result that the larger number
of test items and the less latent classes we employ, the more efficient estimates we can get.



