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1. FENES

R HRT, e FEECRT 5 SRED 7 — 2 i3 25 #NE, 3754206
NICEREBEISERIL TV ELATHEPENE VI EDREMELDHBE s ET - T I\,
K7V vERIRERRE T, B BERHENLTOABCREI NI, ThbOHFEDF
i, A7V VEBERETAEYEC L TEOEORNMIE -, fobk 2 EERETHE &
PRABCHBEREL VI LI, AEBOEHEYEL2Db0L L THEEBHCELI T3
b0L B 5,

WIC STERE FoORERES (random sets) ® 2 k& — A v b DIFAICE ST SELE OB
R THHENRD D, BRSMEAY, K HiitE, L#HKitE L CROEERS Ml s &
EhsbonL 5 Ths, SEENHE (homogeneous: EHHOEIEEARE) THoH L E, W
RELED2KRE— 2V FCBERTAFHFERLE T HO X 5 RHEOERD 2§ 5B
LTI 710 »TEREh, AEBOHHY MR T5.

XHIEADOHMOMBEIEA RN L AEE £ (simulate) T 25t £ 7 A A REI LT
Wb, BRFEEEFA, ~—Fa7EFA, Strauss e FA BTV Vv I2FAE—FFT It
el b ONLEEHRECREIRE, COL 3 KETANLAK TS AEENERTE
BDT, 2RE— AV MR E S 7 7 OWERWEER (variability) 235525, RO L
BO2RE— AV MR EZ 5 7%, BEOZEBICOVT, ZOEEBCIE 2 0ENMC L -
TESTADOHEEEYZHRTAHI O T, E1, EFAREBE ST S35 2 2 DfEEDICD
W, THLTHBR I T A2 E2HHLCELY I ab—vavdThE 0o R THER
DBVELELID, RNSEETELELY) LTS, UEOFEOFMIIOWTL, &
ZIEER - R (1986) BB I i\,

TELZEAMLT 5#EE (RAE) Gk —BREUTERRBERGTFCRIT2ERFTREL D
E5RELDTHD. TOHECEMILTZNOL 57 I = v—va veRTHEEYThb
CELEEINICETANREDOTTROLELBEETAAIACXEBPCRELS> B LTH
5. b &b EHEFETARE o CER (simulate) M ZBEADEIMEOR S &L RHAE & 3R
VBB DAL THD, LLENLEARBOHTIER TR DOAENTZEAEERETS
e e ot THIIREIICED X5 CHETRALEREAYEC  LSRECH S &
CRED, KR TR OEEY BT 5AHOEEREBDO W 200l HEERRL, Thitk - T
BIEE & 72 B RELEB OMETENT R R L TRz,

2. PEREEOLE

FEHEOERER V odic N HORs B D, £DOBERE X={(x,, y)EV; i=1, 2,...,
NY&Edh, 80 & jOMEFRERT v v VBR O(ry) TRTET B BL ru 3R &)
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Fig.1. A diagram of a point pattern and a pairwise potential function: (a) A
distance 7;; between two points 7 and ;. (b) An example of the potential
function @,(»).

DEERE, 7ok 2 rh=(0i—x;)+(yi—y;)?, TH D, KT v v VOWEGHBEDEIZ I % BERE
v T2 M6, REWEKBTHAIHMERTAL, ARbEEVEE|&EE5 (KD, WEN
PEELCSEE X TR CEBoMEEROKRB LN 2 FES A (Gibbs » 7 = A
DAV ERT vV v = RAF U(X)=§<§3(D(rij) AR L I R EE AR

(2.1) AX)=exp {—UX)}/Z(®; N, V)

THEzbIB, ZZEDBED Z 3IHEFEOHEBNMRTF G HE /BB & FiEh T
%) T, TRCOEDOEEETAES

(2.2) Z(d); N, V) = fVNeXD {“ U(X)}dxldyl dedyN

TREENDHHDTHA.

HEHRE L COMBENBERD X 5 RN« DEE—3TH - 7 (Ogata and Tanemura (I
TO&T 48T %), 1981a), ZTh X FEREBICH S L Ebhs REBERE X 252 bhic
EEIC O(r) OFEREHEBTERVILE WS Z ETHD, ThbbHEEFERART v v V&
ST {@s(r), EO} DL AT AR L > THBITLE, ARET -2 X%
Q1D ERALISDIIAF 22 0 OBE REBH LTS Lind, ChERRKETH L5k
0 NEEHEETH D Oir) WEEIhic KT v+ AVBKTHA S, Ll Ak EE
BB TeDTHD, DF DEBAETF (22) d0k) 0 OBEKTHA0T, 0835 2bhic s ¥
CAEDHENTRETHBLDICIE Z(0s; N, V)DEXIHECTE T Eebtv0ThH
5. (22) 122N EESTHHLDLINE DT IHETEORBDCRETH S, H—DB
SHEAET v BT ibb N BOSER V EC—HRKEWKINIESMLTHBHETHD, &
D& EEBMOBEEERTE-DT O(7)=0T Q2.2) 1% VY &inh, DEoFEROHE L £E
BBz, R7 vy vEarZEEL LCHEALE (Hh B

(2.3) logL(6; X)= _ZKJZ @o(f’ij)_log Z—(@ai N, V):

(BL Z=Z/VN) x5 LT 5,
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3. Gibbsizn 22l —> 3>

MEFRART v+ MR L TERE LCOFERENED L S RERINLEDONRY RS =
LRUBOBERCHERDO TLO A BEICHEHNL ThIV, BT NHEOTERER DO I-DIC
RESINICFED 1 DCHHE RV E Ay +— 2R EA L2 v F e iERnDd 5, Zhilk
%7 Metropolis et al. (1953) #5 Hard-core R5 v & + Lz DWTHE L 7o d D% Wood (1968)
ENEDOET VI vy LVIEDOVWTRBIRLLDTH S,

IR Rt 2 SEHOEE V(b — 52 EE2 TRV DB N BORFIEoWT
L XU TOX 57 =) RATHTFESEERTHZ ENTEH(N22BR), HHEF
M (=12,..., T) oW TR TROEER X()={(x:(¢), y:(4)EV; i=1,2,..., N} TH
L35 NKFG=12,..., NDOFIST v F A 1T n #ROF DEE (x.(2), ya(t))
FHRLETHILADOREEN2S DEFHORTCIDRFY—HILIT v F a7 LDk
(x0(2), yu(t)) &F % (ZZCEFHOLOE ST AHEE 5 2 £ & OBENC O TILE
BRNB), FLTCHMOTRCORFOMBIREFDEF [FTibb, (1), vilt))=(x:(2),
vi(1), iFn] @ LIEBEB % X (O)={(xdt), it} T 5, CDEEDLEET v v
UX () %EEL, TOBRBOEET v+ A UX(E)) EHBELCUTOBEBRY 5,

(1) UXN=UX@) b EBEBETROBMAT » 7 t+1 TOBREBIIX X(t+1)=
X'(t) &35,

(i) UX'N>UX@) 7 b X HERexp {UX@)-UX' N} o & & TX(1+1)=
X () EL, BOOHRT X(t+1)=X1#) (ThbbilioBEEL:RL) £33,

t=1 t=2 t=3 t=4 t=5 .. t=T

2. Gibbs BHAER TRV T I AL rEORERBRE: 7470 X 2@k L 00D
fotewra 7 BEI-TW5 (0 BEDSE; O AR IS . +o kX
7& Tt L ¢ Gibbs 57 (2.1) 1285 FESEBFINER IS,

Fig.2. A diagram of spatio-temporal process of the Monte-Carlo simulation proce-
dure for a Gibbsian point field. This is a Markov chain constructed by
certain transition probabilities realized by the algorithm (i) and (ii). (e)in
the graph are existing points and (0) are generated points. Gibbsian point
patterns are realized equilibrium states of the Markov chain.

ZDXS1IDODBEMIAT » FRAETADICIDERITLA DO —BEEEAEI Z LIy,
ChERVET LRI -T QL 2#ETFERENIRAShD 2 s, ZZTEET
N & Z &3 Gibbs A7 (2.1) 2 TERA AR T 2D CHEBIETF Z 2Fb T AL &
WHZLTHB,
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it LD E YT HIA Y I a2 —a VERDBDR, ZOBOKNFRIVELAY +—7
o7z ) XaADKER Gibbs 547 (2.1) 2 FESAIZT5 & 5 IEEERERE X(H) (=1 =
THEE) ODEBBHEERLYERTI2I0THAELISH. LROTAT I X ADFIEhB 45 24
S DHEENL, FERE~DNKREEDDIODRHAETHZLTHYH, Wood (1968) iz Xk huiE
Lk (i) BX O 2R TRITRE X' (1) 28 X(¢+1) LR 5 ENIZIEES B
DEBRPICITEYTHESH LTS, COMTIIPREL S E< LB LRI - THERZEDS
b TEB, O&T (1981b) AT v+ L O(r) B » TRAWICK FEFRETH L 5K
LTHIBBAEL Z R REL L,

4. RF v VIZLDMETET N E REDOFEREELL

et 1% ek 7 U4 Lennard-Jones M A5 v o+ A DJRER E LT
(4.1) @e(r)=<—g>m—a<%)n,( 8=(o, a, m, n), >0, m>n>2

Ez X5 (3a), ThiaREDO27 (&) #b->TT, a>0kb, 27 OFIHTIIR
I 2T B, @=0 D & X2 iEV i B Soft-core KF v v 4, HIC a=0, m= D
¢ %t Hard-core #5 v + v

(4.2) C Os(r)=0, r>0; Os(r)=00, r=o

o TWwB(E3D), b bRXOLPWRBEDO2TEIDORT Ve + L ELTRDL 5b DN
EZzbht (O& T (1981a, 1985)),
(4.3) @e(r):—log[1+{a'<—g)—l}exp{—(ly}], 0=(a, 0), a=0, ¢>0

o

(4.4) @s(r)=—log [1+(a—1)exp{—(—g>m}], 6=(a, 0, m), a=0, ¢, m>0

ZD2DDRT Vv LDEWL (4.3) BRE - B[ 2 EbEd 2 (K 3c) Dzt LT (4.4) 1k
aWE > TRBIOBZDBES| ORI BL =0 CERMETHS (K3 = Lich s, Hard-
core D—##fk. & L € Strauss (1975) %

(4.5)  Do(r)=0, r>0; Os(7)=ua, ¥=0; 6=(a, o), 6>0

EARLTVD (K3e), thixEl d4) ek nTm=0 L LTHBLID,

2ET LA L 5 I HBLRT (HEEBO Z #BTANC R D 5 2 L 3—BRICTARETH 5
2, BEENART VY v (EEKE) CEYy, Wb AFEKEKRE AT SHETITKRD L)
2V . ‘ :

_ ) . _4(0) N(N-1)/2
(4.6) Zmn,N,V%{l V)
FHETEB, T
(4.7) a(@)=jo‘m 27xr[l—exp {— @o(#)}]dr

B2 T AL B LR, COELO b & THECER

. _ 1 _ _a(9)
(4.8) log L(6; X)=~Z50,(r)~ 5 N(N 1)1og{1 V}
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3.0 7 5.0 7
2.04 4.0 A
Sy 12 6
] iir) q)o(7)=<i) _a(f;)
1.0+ @<0 8.0 4 f="{26)=(00, 2.22)
0.0 a=g=_ 2.0 .|{¢~ Hard-core:
1 a>0 E
-1.0 L0 4---===--=---1 \\
20— 0.0 T —
0.0 0.5 1.0 . 1.5 2.0 2.5 0.0 1.0 2.0 ” 3.¢ 4.0 5.0
3.0 1 (a) 3.0 7 ()
2.0 2.0 7
: Po(r) 1
a=0
1.0 - "m0 1.0
- J0<a<1
0.0 0.0 -3
7 a>0 )
—1.0 A —=1.0 A
a>1
-2.0 e — - =2.0 +——r——r———r———r—————————
0.0 0.5 1o, 2.0 2.5 0.0 05 1.0 1.5 20 25
3.0 (el (d)
95 X3 fEaxDAEFT vy L B#H: (a) Lennard-Jones #
’ RFvrenr 4D R a>0 KE-5IHBRT v
90 v+, a=0 Soft-core #F5 v+ . (b) 5%
TN E 7 — 2 IKx L CHE X 1 Lennard-Jones #l K
AN 7 v vy ik kW Hard-core # 7 v &+ (4.2)
R AN K. © #Fvrrr U KR a=0 FEHT
5 vren; a>0 RE-FIHBEEF v, D
1.0 A \ KFveenr 44 R:a=0 KEHRT v vn;
\ a>1 FINXRT vy e (REEER); 0<a<l K
057 BREF Vv (P=0TER). (& HHEF—%
| . R UCHETE R iz Strauss A7 v o+ L (4.5) .
0.0 p=mmmmmTeeT BEREE—F 2w ToET v v 4.4 K.
Fig.3. Examples of pairwise potential functions: (a)
—0.57 Lennard-Jones type potential functions (4.1) : the
case where ¢=0 corresponds to purely repulsive
-1'00.0 05 10 20 potential called Soft-core potential, while the

v

(e

(4.2) fitted to a certain data set.

case ¢ >0 has an attractive part. (b) Estimated
Lennard-Jones potential and Hard-core potential

(c) The potential (4.3) : the case where ¢ =0 corresponds
to purely repulsive potential, while the case @ >0 has an attractive part.

(d) The potential

(4.4) : the case where @ =0 corresponds to purely repulsive potential called Very-soft-core
potential, the case @ >1 corresponds to a purely attractive potential but known to be unstable
in the sense of Ruelle condition (see Gates and Westcott (1986)), and the case where 0 < a <

1 corresponds to a purely repulsive but takes finite value at »=0.

(e) Strauss potential (4.

5) (solid line) and the potential (4.4) (dotted line) estimated from a certain data.
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£l BAORF VI L ETFARLKTHEL2 522 —-FH
a(h).
Table1l. The second cluster integrals for some models of poten-
tial functions.

Eq. of potential function ala, o)
4.1 ”—ZZ;O %!F(g—%)a" (case m=2n)
1.3 70 ( L Ya-1)
4.0 ﬂdz(a—l)(%)F(%)
(4.5) : —(1— e *)no?

Eheh, FBROAETF Ve AT BIHLTE 2 7 7 X2 —BEHRBEHCRD bhGE 1 2R,
INLERAWT U8 - TAEAEHEY THZ L TE S,

M, BEBNAET VY vENLEEVCES I OELERIEII e, 05 %, (4.3)
b (4.5) FTORT v v Ak Ruelle DZESREUEETH IR VCEBENETRTVLEN, &
DEFLIFERBRBNTREVCZLEDSBD CELUREL D 2 LR ENRTW5 (Gates and
Westcott (1986)), {15 Soft-core, Hard-core % LT (4.2) »:& (4.5) O¥Ek e & o o bizid
virial BB+ D Padé Al X A A4 L » CGELOEBEY DA BREE CRT S LN TE
A (O& T (1984, 1985),

58 (inhomogeneous) SEE A BOFHELRET L Gibbs e F A% E 2 52 L8 T
5. NHBRERV OFBEOE (x,y) CEES AT vy v VB Ty, y) & LTEHES
D, 0 IR FRICHEFERRET v v Q(ry) DMEINT VS & XL =R A F T

(4.9) U(X; 9,‘{):ng_ (Da(m)+g Te(x:, ¥:)

Lirn., TOFESHS (2.1) CEHZEINGibbs (4 /2 =9 1) FAECTEETESL, 20X
RBEC L FEIBELIZ L - TRO L) i BLELXEL 2t TtE s (0O&T (1986a)) :

(4.10) log L(6, ¢; X)=—U(X; 6,{)—N log 2(¢)

MN—(ZZVTQ_(—?)%Z(—@ fv exp {—2¥:(x, y)}dxdy.

22t Q(0)= [ exo (= ¥ilx, y)dudy THY a(0) 3 (A7) LAL SO THS.

LZATEREEDAY v b &L THRbLOFERERE AIC 2 - 7o e FABKRITRRIC RS
ZEREBRELTCEL, c2hixX{abhTtuw3dliic

(4.11) AIC=(—2)log L(6)+2(-c5 » 2 %)

LEHEIND, L, 0 BELHEEEYIUD ETHIAEGHRHETHS. AIC BHEERO
ATV e (4.1)-(4.5) DBEEEDOLE R T 5 DB IEND T, NG T, DFEE %
D (72 & 213 2 BRSERDURKEORE) ¥ RHFTOwEETH S, 772 L Hard-core (4.2)
& Strauss & (4.5) TD 25 2 £ ¢ FEHEEBWERGL LB L TWRVDOT, ZOBEE
P2l G0 5 22 L LT R ERTIER S0 (0 & T (1983,1984)), F#HESEE
DFENHIE LT, BROYAK - BEROEBIOWTR 4 ROE 2 InfER %2573 (0 & T(1986a)).
DlEREEES DA FESEE RfMes 2 EETHRCH D, LichoTERE & v H
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200 400 600

(b)

M4 AHELERET -2 & Fobif (0& T (1986a)): (a) BO%hAK - BEAROEER: N =
204, V=10mXx10m, Z L T OEEBERIN L THEIRLAE T 0SER:

RBF v v O(r)=(0.1373/7)? B X ORda iR I e Ew AVWEREESD, o kB35

800

Time step X 204

1000

= OBIHH
12 Ux, vy)=—1.06x—0.29y+3.99x2—0.10xy —1.70y*—1.59x%. (b) #EE I/ =HEEH

Fisher score #istBEORRT]. HROEHFIT 0 DOKELERL, WHRITEERZED 1R L2

BOMERRT.

Fig.4. An example of the analysis of an inhomogeneous point pattern (O & T (1986a)) : (a)
Map of the seedlings and saplings of Japanese black pines where N =204 in a region V/
=10 m X 10 m with contour map of the external potential field ¥ (x, y)=—1.06x —0.29y
+3.99x2 —O 10xy —1.70y*—1.59x° estimated together with the pairwise interaction poten-
tial @(#)=(0.1373/7)'2. (b) Time series of Fisher score statistics with respect to ¢ of
the mteractlon potential @. The middle solid line indicates level of zero, and dotted

lines represent one or two-fold standard errors.

£2. BOHK - BARAOEET -2 (Kda) ~DEFALDHTITD:
EFALIIL O=0DRED T THBEOLETEERE LD T
FDEERL, BT BEOHBOFEERT. EF L0
+T)VRQ &V HFABFCERELHECGETS. AICD
fErD, ETFNAO+EIIVBFEETHD L ENTND . LD

S A ERN b ISz bR TV 5.
Table 2. Example of fitting the model (4.9) to the seedlings and
saplings of Japanese black pines in Fig. 4a: The model
{¥'> means that only the external field was fitted to the
data by assuming @ =0, and the model <(@> means the
opposite case ¥ =0. The model <¥ + @) corresponds to
the case of the existence of the both of @ and ¥. The
minimum AIC is attained by the <¥ + @)> model whose
estimated parameters are given in the caption of Fig. 4b.

Number of
Model In L parameters AIC
Ky 13.82 6 —15.64
D> 11.23 1 —20.47
Q@+ T> 26.70 7 —39.39
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7vyv (REBEART YV VEEL) ThHNEIDKIFCIE, TELBREL L CERKE @
s, LA LERCHEEFRRLD Lk-EE, BEBET— % X RHEES AT v
et @ (BRI T Ob & THEREES 25D, FLNBEALEDMENFTSIE L < FMU
XRTCWBDON, FOEADERENIKLL, FORIEDDIZ, FTTFHEIRLAET VY + A%
AWTC 3TN LY I ab—vavdFThsd, F—2% X%%ﬂﬁﬁﬁﬂﬁ(ﬂ“tib*g X=X
ELTE LR SEEEBORZER - 2 VI [X(8)={(x2), y:(t)); i=1,2,..., N}, t=1,2,...,
ﬂ%im?%.%LXﬁ?@ﬁﬁ&ﬁﬁﬁéﬁ%ﬁXM@ﬁﬁ%vv«w@%%ﬂ
UX@))REgchdhd s, = LCHEE UX Q) RER7 UX () o A5
B BETREETH->TTE D, RISEUEEDAEOBIED AIC (4.8) (F7-134.10
KVYDAT 2 2 BT ABOEE LS, Rl sensitivity & 4 Fisher score #istE & & HiTh
5HDTHBN, Thie bEOERINARKEREEEESIZARA LR & & DORRT

(4.12)  Llog Ll 0)=—-2 UX(1); §)—-35 log Z(B)
ﬁ@omaﬁofwtv:aﬁm%féé.::KZwMi:hiﬁmﬁ&t;5mﬂM§h
HBIETFCH D, FlrifRda 05 2 2+ 58575 (4.12) ¥R db emd., charb
RonEWZEDRTENSD,

5. EBOMI EBRAEBZETNETTHIOELERLE

A TR RBENMESHEEAOR Y, Wb s HEIGLRE L e ETEUEELRHL, &
NERBIOFETSBEED T — 212 B TH HELUER BN T L OXKEO BN TH S, +
bFLERTF VI A EOBRTLARBERISBECIEFRECLIRLZENDBHDT, FDOH
PHBICT ADIARHOBRETHD, FO VS BEIRT VI + LORSEEYE#RST5
Ay —nT A8 G CBRTHBDT, RF Vv A ETAE

(5.1) @6(7)=a>1<—;—)

LEETE, ST O MERBLINIERT Vv AT, HDART A ZEEATHTS BV, &
BLE DB 13 S (intensity) N/V b KRETHOTEEB2HRIT ENVD T ELLF LS
5 2% r=(N/V)o® (BaE%HE, reduced density LMRIEh %) #E x5, ZHITHKES - T,
BT v vy VEEREBOBEROLERICITAEE, ThbbARBEORAEVE, &2
bh’, +7//+A%M)®ﬁgﬁ6ﬁ%®X¢—»£ﬁnwaUWVY”LIoTﬁﬁt
EE (2.3) 1%

(5.2) Nﬂ@ufxw-zzwwglwﬂa@;m

ERFTZENTED, 22T ZRV CEENCIEELVWBIRS Z L ItEET S, (5.2)
DWL%E ¢ TS L, GbbsBIr X 5 F Y & oic s & Eldlog L(r; X)/or]=0 AR IE
Al&tciFcE 0T

o0 elEm(e)) (R ez

EL, Ot O, DS TH B, Eit (5.3) DML compressibility factor & ’Ei¥i, EABSK,
(BT Vv »ooFEk) OBRERXRTE, ¢(0)=P(r)VIN-1, OJIRETHS (AL
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P(D)XEHZRIGEL, Hr)=0D & EZRT7 Vv TH5B)., EANEBNFRIRIENLD, FL
CHEAPMHNIZDOIE» LB RO T, B3)DERIIALEI—HLTWBZ L &R
T, (o) id (N VP EBELTHID NREELRVCEVLCOITELLLHFEFLVWHEY S - T
W3, bLZDBE H(r) A RDBZ ENTEETBBIE (B3 DAL LD

(5.4) —}vlog Z(r, O ; N)=—f0r@ dt
DEIN, CRICE 2T Z2B3ENTES, O, MUDWTRE3F A 2 REFEATWTD,
ZDAFAZEBELT o) BERIhTCChIEZ CRBRENDDTH 5.

ThTR ) B EDIIRRKRDHDTHA 50, 121 ¢(r) OBEER (virial BB o,
BU®»D 5, 6 HOEREEYRD, ¢ O/ B virial Blic—2% 7% X 5 7z Padé i Llic & -
THET AN S5, Hard-core 5 v v + ACit Ree and Hoover (1967) &k % 2 kTG
DEREDD, ThirkbE

(55) e
DOHTEREND BE b1, D2, @1, @2, gs DTEITER 3BT ), EFCL T (4.2) £721% (4.3)
AT =0 & BWioeF A (Very-soft-core, O & T (1984) ; M 5 &R) &owT3 (5.5)
DHTRDBZZENTE, i) EEETTHEYTH L (REIE I /T %), (5.5) #F- T,
GA)DHERFTR D> ZENTES, Tihhbb, A=qg/p:, B=q—qs/pz, C=q.—01qs/D3,
D=C/(2p2), E=(20:B—10:C)/p> Z LT F=(4p—p})"* £ B &

(5.6) log Z(z, @1 N)=Ar+D log (14 prr+pa7?)
B o (22522 ) ()
+ A tan a tan I
# 3. Hard-core & 5 /% X (X Very-soft-core = ¥ LIz k13 5% ¢(7) » Padé
FL (5.5) DRE.
Table 3. Coefficients of the Padé approximation (5.5) of the ¢ function for the
models of Hard-core (4.2) and Very-soft-core (o =0 in (4.3)).
200 D2 a1 gz qs
V-S-C 0.908426 0.636299 1.57080. 2.55353 1.48128
H-C —1.545797 0.599371 1.570796 —0.498612 0.021662
2.5+

¢’| (Té)
K5 BxoRBEEFT v rsrEFALD=11CE
% B8, V-S-C: Very-soft-core # 5 v
vy T, S-C (n): Soft-core #5 v+ +
rEFTA FeH n=4, 6, 8, 12, 16, 24), H-C:
/ S“C(4, 6, 8, 12. 16. 24) Hard_core KT v VET I

1.5

1.04

Fig.5. Curves of potential models for ¢=1. The
model corresponding to each curve is nearby
indicated where H-C, S-C (n) and V-S-C
correspond to- Hard-core, Soft-core with
index # and Very-soft-core.

0.5

0.00 0.80 1.60 2.40 ,
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Eich,

L2 L virial BROREEZ KD 5 DI KB A SRR ERLEV-bh, —BiC
COMBPEHEYRRETCRDDZDIIRETH D, FANFRTH > THENCH LED W
EEZTWBHER, SHBLoherFrirnikic X 55t EBERYERT ¢(r.) %
ZTOBELLEDCERMBEELE L TTL, ¢(0)#BOL2REAKE L THBET I HETH S, EE
GBI ROETILL - Th ¢BEBNERINTEDEh D Gibbs Bic X 5FH E{- } o p
W, =2 — FEERIZLTW50T, RO L 5 IR FHEE S &

(5.7) ¢(r)=—(ﬁ>(AM) tfl 212 (73%‘))@‘( r/?)

HEBR, THhEREETS, & zi¥ Soft-core 54 Oy(r)=(o/r)"*, n>2 (K 5) &>
24

68) so=(3x )30 & 2= (G4)

LB, BIRTRFERORBEN AN LD T 0V ERCERITERVA MR 2T v 7,8
TFHN=500 cEBLID ¢() 1k 0 B L CHFAEMTE LT, EREOBEII/NZIVOT
AL, 70E 218 0<r<0.8TI5ED 1, EOWTTHELSTHSB, —flE LT =12 04
DRI OWTHERYR L4 I2E 2 5,

T TRANZFEE L ERME > CTERKBESHEATELRET 5. #=4, 6, §, 12, 16, 24 icD
W90 BOFTEBEERE ¢a.(.) 28 5h, 54)II-T

* 4. Soft-core KF v+ A5 S-C (12) wx$
BEVFINMRY Ialb—vaVvILE>TEL |
i o(z) DEXRFEY (5.8) LEARFIHEX.
Table4. An example of the results of the computer
experiments for the Soft-core potential @(r)
=(o/7)* with »=12: sample mean (5.8) of
¢(z;) for each r,, and its standard error.

4 (1) s. e
0.05 0.09449 ) 0.0031227
0.10 0.20593 0.0054074
0.15 0.32557 0.0059192
0.20 0.47426 0.0063351
0.25 0.63616 0.0063793
0.30 0.83994 0.0067837
0.35 1.06117 0.0070654
0.40 1.34459 0.0076298
0.45 1.65606 0.0081459
0.50 2.04039 0.0088665
0.55 2.51227 0.0095496
0.60 3.04830 0.0098797
0.65 3.70757 0.0105537
0.70 4.53279 0.0112354
0.75 5.50700 0.0114122
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Table 5. Coefficients in (5.9) for each # of Soft-core models.

d: d- ds ds ds ds
n= 4 2.78416 1.83131 | 0.385663 — — —
n= 6 2.12702 1.45725 | 0.901590 | 0.354135 — —
n= 8 1.92488 1.31114 | 1.00084 0.257483 | 0.545264 —
n=12 1.77310 1.18121 | 0.941880 — 1.39604 —
n=16 1.71162 1.12148 | 0.894070 | 0.438325 | 0.0787974 | 1.20384
n=24 1.65805 1.06538 | 0.983873 — 0.163823 1.66863

8.0 | 8.0 1
7.2 7.2
S-C(16)

4 ]
6 S-C(12) 6-47
5.6 1 5.6 1

. ] S-C(12)
4.8 4.8
¢(z) 4.0 4 ¢(z) 4.0
3.2 T 3.2 A
2.4 S-C(8) 2.4 1
16 | S-C(6) S-C(24) 1.6 -
1 s-c(14)
0.8 0.8 1
0

0.0 +“—r———r———————
0.00 0-16 0.32 0.48 0.64 0.80
T

X 6.

Fig. 6.

0000 016 032 048 064 0.80
T
(a) (b)

Soft-core 5 v v A EFAETTS ¢(r) DFFEBREREO 7= » + EHNFEHZ: (@
n=4, 6, 8, 12, 16 5 & f 24 o Soft-core € F iz k5 ¢(r) DHELEROME (HFH
ROBREL 5.0 OBEFRAEZHE - T, XS5OFRELLHETES). FHBR LB - THRE
hTwb7ey MIFERERI hXD7-G.ORXDETHS. (b)) #Fverrzesa
S-CA2) i L CHE I i ¢(r) OBiR (ER) &, DFBNFER L - T Swol, Wood-
cock and Cape (1980) 233z icfB7 ¢(7) DfE (I EoHkE:. 0<z<0.8 nEFETH
EDO—FIIRE.

Results of the Monte-Carlo experiments and the interpolation of ¢-functions: (a)
The ¢-functions for the Soft-core models. Curves are the fitted polynomials for
respective models n=4, 6, 8, 12, 16 and 24, where the coefficients are related to Table 5
by the relation (5.4). Plots along each curve are the results (5.8) of the Monte-Carlo
simulations. (b) Comparison of the estimated ¢-function of S-C (12) (solid curve)
with the ¢-values (open squares) obtained independently by Swol, Woodcock and
Cape (1980) through molecular dynamics simulations. The fit in the range 0< 7 <0.8
is excellent.

267



268

sk

afe

e, )

METHE 3% H25 1987

0 * % 1
(a

114

10

eonn.

&7.

Fig. 7.

0.00  0.12  0.24 0.3
(b)

Soft-core #F v+ L EFAD 245 2 & (a, 1)

BT ARRHEE: @ 7 22T (q, 1)

FAERE(OEKBIVRT T4 VEUDIDHDK
H GX4rz&EFEhic/ER. () B (e,
Dt DAFSAVvEM e, 1)cBsFs, H7aD
BEABIICB s Te cB~DT v 7 4 — AV (FH) EE
Bl (OHD. © B# (e, 0)cDAFF4 VI
L ha, ) wRir 5, X 7a OEREFICH -7 o
~NDF e 74— (R LERME (HED.

Fitted i(a, r) function to ¢(a, r)/r in the inte-
grand in (5.4) for extended Soft-core potential
(5.11) : (a) Sample points (dets in the figure) for
¢-values in the parameter space [0, 1)? of (e, )
which is divided into 3 x4 identical rectangles for
the definition of spline function (5.12). (b)
Profiles of the spline surface along sample points
for fixed 7’s (solid lines) and related experimen-
tal values (symbol ). (c) Profiles of the spline
surface along sample points for fixed a’s (solid
lines) and related experimental values (sym-
bol +).

hia, )
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(5.9) log Z(r, ®,; N)=N(dit+dar?+ - +dsr®)

OWTE L LN AEEAED Q& T8, £5KIU0R6ER). ZhoOELUIRE T
0< <08 DEFHTEINTH S, r 0.8 %B2 5 LEMERD X 5 RAKRELE ~ DR
BOBENMEA T ADT, SvALARARBLE LT3R B LS 2 5.

Soft-core D LI X RTMHE n OFRICIT AICERHE T A LI L, 2D L35I LTy
Tal—raVTHERINEALT 22BN L CHRBE L, FEALDBELRVTEDET
AHRBIRENED AT 2 ZEICEVWHEEEIEOA S Z LRI TWS (0&T (1984),
5 X ZHEEOBESML Fisher 0FHEBIC L - THRHCEOh S, Zhik

(5.10)  _E[6%log L/aoﬂ:z(l\’v—){nm)/z—w'(z)}

DE5E QB TREIN, HEHEOED T A X2 nLOThO /N 3B GH I EHE
BT > T B2 ENBETERSD (Hard-core io o\ Tit VN 2Tk NETHD).

ChEAEIERE I8 T Soft-core 5 Qs(r)=(0/7)", n>2 D 5 2 & n A BEHEHITE
2Bl a=2/n 0Sa<], EE&

(5.11) o(r; 0=(2)", 6=(0, @)

EZS, Tk zifa=00 & 3 Hard-coreicic s, ot &logZ% r & a DB ELT
FRTHEBTES, st oRred()crkrbaD2&TTAT 71 VEK
hla, ) THRETEHERY E o, CDAT 54 VEBRKRDL S ICEREIND : BATFHHE
[0, 11%[0, 1] %, B 7a Rtk 51c, 3X4 85 L& xoBaEs [i/3, (i+1)/3]x[4/4,
G+D/4le(a, ) DBLTWDH L E

(5.12) ha, ©)= 3 3 clit+h, j+m)Beir)Ban(re)

LVWBERELS. o TB AT 54 (Bur): k=1, 2, 3, 4} 1% [0, 1] TO 3 KEER,

31(7):7’3/ 6,
Bo(7)=(—37%37*+37+1)/86,
Bs(7)=(37*—67>+4)/6,
By(»)=(—7r*+372—37+1)/6

(5.13)

% 6. Soft-core = F AKX T 5 2RTEA T 714 v hla, ) (6.12) OHt
EREATI C={c(p, a)}.

Table 6. Coefficients matrix C={c(p, ¢)} of the 2-dimensional spline function

in (5.12)
é 1 2 3 4 5 6
q .
1 —6.2628 3.1550 0.41372 3.4324 8.5895 11.245
2 3.3230 0.93849 2.1801 3.0206 9.5866 10.733
3 1.0112 2.2701 2.6552 4.7195 9.1765 13.105
4 2.7570 3.1222 4.4722 5.1175 9.8713 10.652
5 —3.2697 8.1699 5.7940 6.2979 8.7423 11.957
6 —7.8934 21.519 6.1032 7.8280 8.8784 12.984
7 69.293 4.8399 19.569 4.1605 13.848 1.1280
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THY, re=3(a—i/3) BXVO r:=4(r—j/4) TH B, FLT C={c(p, q)} 12 6XT7 DELSFT
FITHOR 6L EZDEERXFE 2 TD (ZOFRBEEE - HELO&T (1986b) £fR). = 5
LTELhIEARAT S 4 */Bé%z@%ﬁ@ﬁj%ﬁﬂﬂﬁ%@ ThRIOcrRER LK, (5.12) % (5.4) 0%
BOBEBIRAL, Q)& -T, viav—va v EREAET -2 0 LTHRETS &
0=a<1/2, 0= <08 TCERTH S Z L1301z,

COfinE LD L, Soft-core RF Vv AD n ¥l a KWREBOZOLHEY, o BAD
HEEROIEN Y %, MEEE c=No®/V PRFROERS D%, 7 LT ¢(z) a7
VYBhHLD TSR IO TFROKBOBMIAERELCW5, ChbixElbE (BWER
HAIO BRI LI > CEBNCBELRAZ Lithd, ChbDELLEDESF — 4
~DBERAFNZONTIE O & T (1986b) BB I\,

6. v—2ft S PEEERBOEBLE (0&T (1985))

COMTRELERDT— 23 VOoFDEORE X={(x, v:), i=1,... N}ic=—7 &=
{6i; i=1,.. N} 2EMENTWBHEETH S, WF i & jCBHEEER Oolry: &, &)
DRDOERE 75 12T, FhFRDO=—7 & ECEKEL VDD ET S, SO N
EEBAMEhe= =27 E oW TE&HMD S & To Gibbs 447i%

(6.1) f(le)zeXD {—ZZ_LJZ @s(f’ij; &, &)}/Z(@; &)
L oTE2bRE, &2 CHIBLRTIZ 2N BEES
(6.2) Z(6; S)ZLN €xXp {_EKJE_ Qo(7:5; &, &)dxdyy -+ dxndyn

TEZbN5, ft- CREER—S T
(6.3) 1ogL(9|X):—g:<§t @s(7i;; &, E)—log Z(0: &)

Lleh, TheRBKEaPicT s~ — 2 1cKETERT v v VR A BBRAMCE 2 20
ERb 5,

ET2REOMNREL CWHEENE 2 b5, WHE 2EED SERE, X'={(x}, v}); i
=1, 2,..., N} BXOX?*={(x}, 3); i=1, 2,..., N2} XA — D4 V WICHEER L
BHOBEELTVS EE, A7 vy v VERBEECE < OF(r)=0:(r; 1, 1), 0Z(r)=0,(r :
2,2) £ LTRERICE< 0F(r)=0(r; 1,2)=0(r; 2,1) D 32o8E 2 5h5 (K8).
FRTRAER7 AL, g, e OB ERBRES DM TEWIZERMGR R H1F, FESMAEL

x! o
[ J
"ilkz \\7',-1)‘1
‘o X! 8. 2@oO~—7s7[AEAEBLLIRCHETSIBORT v+ L
x? B
N OFl: fE1l; OF: & 2.
S Fig.8. Pattern of points with two species 1 (sign ®) and 2 (sign 0),
N where three types of potentials (see (6.4)) defined on the
x 2 o following three kinds of distances: 7!} and %} are distances
_. between points of the same species, respectively ; and r}? is
a distance between points ; and % of the different species.
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X o THEBLE (6.3) RO L 5 Iefiep s h, ThZ W MBCRAEZETTE 5
(6.4) log L'(& | X')+log L*(7] X?)+1log L**(e | X', X*)
il ‘
log L == 5152 0P ()~ {N:(Ni—1)/ 2} og [1+ aa(£)/ V],
(6.5) log L7 =— 3151 0F(+3)— {Na(Na—1)/ 2} log [1+ aaa(n)/ V],

NiNg
log L= =331 @¥(7ri})— N1N: log [1+ ana(e)/ V],

ol @ akt='/:° 277 exp {— @*(»)}—1ldr (&, I=1,2) TH 5. Hiz (6.5) DEEDOIS XK

FER2ERCHEEERLAD A0EPEHETIOREFRTH S, ThZThoRT v+ L5
Rk AIC TR« SEFTTE 5,

ReAHD 7 —BE~—2 T 5R0RBNE2LbNS, HWHELARE X O&&S (2, vi) M
=27 ERDBANT T b o T\WBHEE, HAFRART v+l Oury/zy) L5 E L
TWAEEZXD, ZZTzy= (& &) IR Tr2~—270@SBAKTHS, B LT
i, 7o & X Zij:(ffi'i‘é}i)/Z Rz, =(EE)PNREZBN, FLTdDIX5k A 2%BEA
TWTHRV, BIERFTEORER, FEKMAELIZL T

(6.6) log L= =315 0,22 )~ 55 log [1- 2 a(0)/ V']

PELNSE, 22T a(@)id Quly) DE2 7 53252 —H U.7) THAH., CORNBELEITLE
Wicd o, BE S DT 22 ELTENTESD,

L EDORBLERELBERTH LB, ThTho 5 2 21283 % Fisher-score ;%
FI(4.12) R0 DR - T E S THETT 5, L LA 7 AR D & &, BRI
BEle D, XV EKRDOEER virial BRI AR L CRAMEN S D. e 2 EA DT —<=— 27 DHET
VY e AT (44) BX U (4.5) Tk 3k virial BEiE CEE LR, = oLl 5 Fisher-
score D A4 T AN B IS REF - 2508 0& TAB) BT T W5, L LER
TiE, X 0 EKD virial BEIIEEETH Y, FiIfi0X 3 ce v Fhinic Xk 5 5Ed (6.1)
5% EDHHT EICAEEDIDORYERT B DIXEEMN T, Penttinen (1984) (1R
(5.3) BN D LEHEOTERFE ST, =a— FVEDEAT » Y TRELED 1 E#S7EG
ThL 2HEBED ST THARIETHEL, WRTAHETEIELT AT A2EHETETH LW
SHEXBREL TS, ZOFARBETOLIAAT A2 1ENRE LT, WEHRELE
WEWSRIEIED D, TO L ZOFETIE G LEOCELZOLOEHETCERVWAE
FTAOEEEDE N TE R, 23 LW HESBLEE IR T W5,
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Likelihood Analysis for Gibbsian Point Patterns

Yosihiko Ogata and Masaharu Tanemura
(The Institute of Statistical Mathematics)

This paper reviews some progress in the likelihood analysis of spatial point patterns
made by the present authors. Suppose a map of planar pattern of points is given. Since
the data have no time axis, a natural statistical model describing the configuration of the
point pattern is the Gibbs equilibrium distribution (2.1) with (2.2) which is characterized by
the pairwise potential function between points. The potential function describes the
interaction between points, and by this we can simulate the series of the equilibrium point
patterns as is described in Section 3.

Our naive idea was to estimate the shape of potential function, given coordinates of a
point pattern. That is to say, parameterizing the function and substituting the coordinates
of the points to the Gibbs distribution (2.1), we have the likelihood function with respect
to the parameter, in principle. The difficulty, however, is in the normalizing factor (2.2)
for carrying out the computation of the log likelihood (2.3). To avoid such difficulty we
have suggested several approximation methods for the normalizing factor.

First, when the point pattern is supposed to be sparse, a dilute gas approximation (4.6)
is made using the second cluster integral (4.7), which leads to the approximated log
likelihood (4.8). A variety of examples of potentials (4.1)-(4.5) is provided together with
their second cluster integrals in Table 1. Similar approximation is extended to the case
where the pattern is not homogeneous : besides the pairwise interaction the external field
of the location is assumed to get the approximated log likelihood (4.10) for the total
potential (4.9) of a pattern. The time series of the Fisher score statistics of every
simulated point patterns is useful to check the validity of the approximation of the log
likelihood. If the average of time series deviates from zero, the approximation of the
normalizing factor is not close enough to the true one. Nevertheless, it should be stressed
that the present approximations works quite well, and are the most sensitive, to test the
homogeneous or non-homogeneous Poisson point patterns, respectively, against a point
pattern which is suspected to have an interaction.

For the useful approximation of the log normalizing factor for higher density point
patterns, the role of the function ¢(7), called by the name of the compressibility factor in
statistical mechanics, is important. This is defined here to be equal to the both hand sides
of the equality (5.3) which is derived from a certain basic equality in likelihood theory.
The relation of the normalizing factor to the ¢ function is given in (5.4). Since the density
of point patterns is related to the scale parameter ¢ of the potential function as well as to
the number N of points in the area V, potential functions are standardized as in (5.1), and
the reduced density r=(N/V )o? is considered. If a number of virial coefficients is
calculated, the Padé approximation (5.5) is useful up to considerable high density, which
lead to the normalizing factor (5.6). The coefficients of the Padé are given in Table 3 for
the Hard-core (4.2) and Very-soft-core (¢ =0 in (4.3)), respectively. The more general
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and useful approximation can be implemented by the Monte-Carlo experiments in simulat-
ing the large number of equilibrium point patterns, so that estimates of ¢(z) (5.7) for some
7, instead of the right hand side of the equality (5.3), are computed. An example of the
results of the experiments for the Soft-core potential @ ()= (¢/7)" with =12 is shown in
Table 4, together with standard error of the sample mean (5.8). By the interpolation of
these values, polynomials are obtained for every » as ¢-functions, which are shown in
Figure 6. This leads (5.9) whose parameters are listed in Table 5. To estimate 7 as well
as ¢, the Soft-core potentials are extended to the form (5.11), and the 2-dimensional spline
function (5.12) with the base functions in (5.13) is fitted to the experimental data for ¢(z)/
7 in (5.4). The coefficients of the spline in (5.12) are listed in Table 6, and the spline
surface is shown in Figure7. By the maximum likelihood estimation of ¢ and ¢ =2/#%
(softness), we have another useful indicators 7 (reduced density) and ¢(7) (deviation from
the Poisson pattern).

Finally, patterns of points accompanying their marks are considered. In this case a
pairwise potential function of distance between two points and their marks is assumed for
the model. The Gibbs distribution (6.1) with the normalizing factor (6.2), conditional on
the marks, is used for the likelihood function. Two types of situations are implemented :
that is, patterns of points with two species, and with scalar marks relating to the scale
factor of the potential function. In the former case, three potentials are assumed: two
potentials works between points of the same species, respectively, and the rest works
between points of the different species. If the sparseness of the pattern is assumed, then
the second order approximation similar to the above described case is available, and the log
likelihood is decomposed into three components (6.5), each of which can be maximized
independently to get the estimates. In the latter case, the second order cluster approxima-
tion leads to (5.6) where ¢(8) is the second cluster integral in (4.7), and z.; is the specified
function of two scalar marks &, and £&; which can include another parameter like 4 given
in the text.



