Wt (1999) YR (e ERE R
BT H B 15 91-104 (#F5e/ — ]

EReNaT7EHICBITS
BERER IO\ T

sietpompzem N H 13 Z
(B2 1998 F 10 H5 H ; &%ET 1998 £ 11 B 18 H)

= B

Xomi1, Xomezyoor, Xo, X1, Xo,... ZH5E—487% {0, 1}-fE D m-th order Markov chain &3 3,
=N 7RI X, Xo,... CBI BRI SHEA—F— LKA MERDSL, £/2, <
Na 7R X, Xo,..., Xn B AZHEMMEEA — 5 — k DZHSAEOEL 2175, 22
T, A—F—kOZHSHIZIRD A DOEORZA T 2HMAT S, 20, RSk OBFIHEE
F=N—F LR THZIIEZH, BEEULORIhER2$ 2 282 H, B kF OFIhE
A —N—T 9 L LTHZBEZH, TLTHr I ERSEDORITERERZ 282 HFTH 5.
Z2IC, FOABEORZF L4 —F—FOZHEBSRIINL T, F—HieREE2E52, &
S, ZTHEMEEA -5 — kOB OBMR RIS I T B,

F¥—7— N D &[@05E, ZHIE, 4—5— k OB, A —5F— k 054,
HERRIEAR, ~ v o 7EEH,

. LI

BOISAPLADTIHES A, KTV VA, BRSO, THES AR OB HEE 20
— RO EDOREE T, SHETHLERCHMEI NG T3 (cf. Johnson et al. (1992,
1997)). BEOEMIAO—MLE LT, B TR—SHICH S VX —A RITICB T 2Hh
EOHEZ 2 F CORLEEOSHICET 2HEBH Y, DeMoivre OB E T#2 < S nEH»
SHFELITRb LT Wiz, Feller (1968) i Z ORIE2HREROEROICHELTES 2, B
BEDERNESBUD TR 2 £ TORLRMOSHAOEEIREE (pgf) ZHEMNL .
Philippou et al. (1983) X% D434 % order k DM L LS, ZDODAORERBEH%ERD
7z. order k ORMASAAVEH SN TLR, @E OBEOMEOBFREHE - % %, order £ D
BOTIESER order k£ DR T Y 434, order k OSBRI AF, order k O IHA AR ED
order k DBEBUSIAAIR & Z D—ALOMFELEA T RbO TS, Zhs OMFEOFRIC,
start-up demonstration test & X iEh % BR7E A NDORIRE (Viveros and Balakrishnan (1993))
X, consecutive-f-out-of-n:F Y X7 A & X iIZN B T¥EY A7 ADEEHORME (Chao et al.
(1995), Hirano (1994)) % ¥ OICHAH 3,

BEEEOMBEIGAI NS order £ DZHMG L X nBIOFEITD I IR E & OFRINEDE
CEBDOAMDIETHEH, REndD {0, }HEORFEHE 2 78, RS ED“1” OEEHZ
ZRZFRI’ADD, I fELNBDIZ

I. R3 kD 1" OFEXZEELZOTHELIBZA,
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II. Rk ED “1” OFEREZ 282 A,
I, RS kD “1” OFEEZEEL THRZHZH,
V. 5b35ER3ED “1” OBEEZEI28ZS

DADOEZFTH2, MZIEROE I 2 {0, 1-EDORTHI%E 2 3.
11110111000111111000011,

k=3, LK, CZORIiZ Typel OFZ /F T, B2 3D “1” 04D, Typell D
ZATIE, RE3ID“1I"D#EMN3 D, Typelll D2 HTIX, EX3D“1" DEH 7D, Type
VIO¥z AT, B230 “1” OFER1DOTH 3.

B AR O—RLOBEE LTI, RNk o, B0 AR, OA—F— kD
B EIRCHRE T 2 2 L b —DOMETH 30, EBORRISAL IS L5385 th
W, ISLFE—AFCRE D HEEERINC B 1 5 BRI R AR R 2 SR AR 12 B 1) 2 BESRER A
BICHET 2 2L EERMETH 5.

Aki and Hirano (1993) i first-order {0, 1}-{& Markov chain 28} % 4 — %" — k O &5
MOBFESH KD, 2512, first-order {0, 1}-{& Markov chain 28152 Type | O¥ 25
k54— —F OHEHSHOBESH 2 KD 2, Hirano and Aki (1993) i first-order {0,
1}-{ Markov chain i3 % Type Il & Type Il D2 Ko & 24— — k O B DR
EomrBEH LT,

ZIT, KHXTR, BEOBEOMLEA -5 —LOBESmEEFREFh, UTOX%E
ROV 7 EHE BT 2HREOmC—RILETRS.

Xomet, Xomizyeees Xo, Xu, Xo,... %2 BEfE—HE72 {0, 1)-fE m-th order Markov chain & %, Hl
b, T, tn=0171=1 2,... LT,

Ty tm P(X‘m-H =11, X ni2 = Zo,..., Xo= Im),
Drivntn = P(X = HXz m =21, Xi—m+1 = Xzyuu., Xic1 = .I'm),

ZZT2, Zn=0,1 L TO0< pryyin <1 53,

% 2 §iTl¥, waiting time distributions DXERILZFEERSI M & LT, O m-th order Mar-
kov chain Xi, Xa,... B2 &0 ME A — 55—k ORMIFOREIF 2 pefOERTEH
92, B 3HTIE, binomial-type distributions DRBILFERSI A L L T m-th order
Markov chain Xi, X5,..., Xx 28 5 oA & Typel, II, III, IVOEZ HFic X 54 —5—
k DB A DBE S % Z 2 p.g L. OFEES (double generating function) O TK
HD, TIT, AEEADKF—F—k OTHEMERA—HNICRD B LB TE D, IS THS
A —F—kD_BIMOBEREHES LTS,

ZOWMXEBELTC, UTE2EHEL TBL.

a> Bl T,

[ g(1) =1,

2 9() =0,

i Mn, lem

22T, g()3H5BBTH .
&%, AFHSCi1x Uchida (1998a, 1998b) ICHE DWW TWB D TH B M, BG4 —F —
k UDQIﬁﬁ};ﬁf@E@%E%gbfzgﬁﬁi’ﬁt buﬁﬂ%bf;’ ZEiZED ’ 5'60) 2 umikkl_’/\f, IE%
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DEERAT & A — 5 — k OB MOBRBRELRS Z->Twa LBbh 3, S§EI%, FiC
BEOBMBAAEERONL I 7EEO L TIEL, 361, ThE2EOSHC—RILEIT
Kotz EORD Ic—D Y — >R T 5 & (Uchida (1998¢)) i oh iz o722
LEIBRATHL., FRLCBOTEICERELZWV I LIE, FRXOBERITANT, HALES
B X ABUER L O Y YR Y v 7 RHENAIRRTH L E VI I ETHD, 251, Stanley
(1986) ORI H> TV BT LTV X L% ERFERT L, pgf* double generating function
OFRD SHEREH P BRUBEEICL > THEET 52 L b YUR, WRETH S, D% D, BE
REERSFOBRIE [ ATSH explicit 1I2KD 3] LW ISERIZIKRYD, [0
BIRZ2FRTKDoNED] EWIBRIECE>TWwEEIRFBLTRLRYL, Zhid,
BERDSMBTIILVEBWD 2ZT 50 LAV, Z0OXI RANBFOWRELFERE K
BRNESE) OFKELLHRICBI 32— OBRSAROMETIE L B> Tns,

2. Waiting time distributions

Z O TIE, m-th order Markov chain I2 38V} % #fT 50 & 4 — 5 — k O % ST
HERRBRIC L 2 FE=ERL C8HT 5,

% 4, m-th order Markov chain #LLF® & 5 12 U T first-order Markov chain iZ# A T,
E3mo (0, 1}-EORTIOEG X 2" HOEE» SR, TN DERRIEROME AT
ZENTES, 3512, FOEROHE2HERKERT 2, ZOFRIZ LD, KREZE/MIZ Na
={0,1,2,..,2"=1} %3, HlziL, HEERZ, m=3D ot D, m=4 0K
oo i po £ B, K70, FEATRBEISEEERT 27201 Na b5 No ~OBSK /(1 =0,1) %

filxy=2x+i (mod 2™
ELTHELTBY.

21 #T2%H

n1 % m-th order Markov chain X1, Xz,... @B WT “1” & I % F TO waiting time & 3
5, EFED 2 E Ny LT, 9 % Xomer = 21, Xemrz = Toyen., Xo = Tn BEZ S NTEF
D n DEHEIIHED pgf 5,

FED x € Np 2t LT,

2.1) $ (1) = pat + gt (8) .
Rz, FED x € Np LT,
bzu(t) = 1{x = y} — qzt1 {/i(x) = y}
LB, ZZT,

1, fx=y,
0, ifx+y.

1{x=y}={
2, ROLIREEEBL.

& = (¢0(1),..., 2"V ()7,
p = (pot,..., pemrt)’,
B = (br,y(t))r,yeNm ,

B™'= (Cl,y)x,yeNm,
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4
e =5

22T, (A BADEBRERL, 4o BITFIBO (2, »)-RRTFTH 3.
ZORK, (2.1) &

Bg=p
gD, IhZ goVWTHEL
¢""(t)~ P ZMZIA,Ipt
IBI 18]
ERANDG, &5,
¢(t) =|B|,

om_
¢(x)(t) = gol Aixpit
EBTIE, ROBENPESNS,

Bl EEDx € N lTHLT,

47

QS(I)(t) ¢ (t)

22 F—45— kORAXT

7 % m-th order Markov chain Xj, Xo,... CBWTER £ D “1” OEHHE 2 2 £ TO waiting
time £ 5%, FED r <€ Na KL T, ¢“’(t) B X i =2y Xopmaz = Zpyerr, Xo = Tp B85 2
SNIZED 1, DEHFNSHD pgl T35,

(=01, k—1CZRLTAZ2EEX{D “1” OENPEIYD, Z0%KIZ “0” BRI 2HRL
L, C%Eé kD I"DEPRI 2BRETZ, xE N, LT, ¢°(HA) & ¢“’(tlc
ENENANA{X i1 =21, Xz = Tperr, Xo =2} £ C N A{X i1 = 2ty Xomsz = Tayeery Xo
=z, 5L S5NIEED 7, @%{fiﬁﬁﬁﬁﬁm pgft¥ 5,

Ay, 1=0, L., k-1 CREAEMZSET 20T, BLERD LS & 2" EORMAEN &
p.gf. @%%ﬁ/ﬁ%f% 2RO,

FED € N, KL T,

(2.2) ¢ (1) = Z‘.P(A)qﬁ"’(tlAi)ﬂLP(C) ¢ (tlC)

= qzt¢5(fo(z)) (t)
m=2 [i-1 ,
T 0t 2 [H (pfl’(x)t)] Q/;(z)l¢5cf°°f‘(x))(t)

m-2
+ 0 [ T o) 40t (1)

+ p.t [”1:_[ (p/’,f(x)t)] ig’]’l (pz"'—lty;mng_1t¢§fm_2’(t)

1

+ut | 11 G| oncaty ™.

J=1

AR

_
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IZT, FBEDx,yEN, i€ L,={1,2,... m—2IZNLT, UTFDX>RESXHAR

LTBL.
ri-1
a;,i(t) = pid _11:11 (pf,’(z)t)] drwt,
[m—2
B (t) = pyt jl;ll (Pf;(z)f)] 4t

m-—1 k-1 .
+ it []1;[1 (p/{(z)t)] ig}n (pz’"—lt)l_m(IZ'"—lt ,

[m—1
7ut) = et | 1T (g | (on ),

apy(t) = @11 {fo(z) = )} + ie%ya’z,i(t) +B8.(H)1{y =2" -2},

Ly ={i € L fo fi(x) =},
bry = 1{x =y} — ay, ().
iz, ROEI>RESTEBAL.
&= (3V(t),.., g "(1),
P = (8)eey Yoma (D),
B = (b14(#))z.yetim»
(B,)_l = (C;,y)x.yeN,,, »
;s
CI,]! - |B| ’
IIT, 4y E T B D (x, y)-FRAFTHS.
ZOF, (2.2) BUToOERH IR 3,

Bg=p.
oz,
(X) — 5! Agvl ’ — ]- &! r ;
b (t) ?::) |B,I 7’i(t) |B'| ig() Ai,z?’i(t)-
251,
¢k(t) = |B/| ’

@ ! @
¢ (t) = ,§) 4.7t (=¢85,
EBITIE, ROBERVBEONG,

EE1. FED x € N, ixL T,

¢ (8)

(x) —

3. Binomial-type distributions

Xomitr Xopizgeen, X0, X4, X,..., X, ZHRE—4E72 {0, 1}-1ED m-th order Markov chain & §
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%, ZOFETIE, IO m-thorder Markov chain 8 2 "HAH L 4 — 5 — k O ZIBS G %
2 8 & FERR W SR TTHERBEEIC L 2 AEEHHL CEE Y 2 2 L 217525, 2L, ZOf
PBLTC, m<k<nt35,

3.1 —ESH

8% X, Xopoo, X, CBOT VDRI Z2HET 2 MFED 2 € N, LT, 07 (2) % X po
=1, Xopiz = Zoyeur, Xo = Ty BWEZ HNTEED 6 OFEMNDHD pglf T3,

FED xE N, It LT,

2 (2) =1,

0 (2) = @057 (2) + po20 7 (2), i m=1.

Kz 5, LK 3.1 2MFIELDOTHEH, 53— kF OZIEHAG L OB EITR I 12
B, UTD X5 Z@bRicL Tu<.

o (2) =1,
on (2) = .97 (2)
n—1ri-1 ,
T he2 121 []H:l (pf,‘(r)z)] Qﬁ'(z)¢£zji.;{‘:x)) (z)
.
to.2| 1] (1’/«1)2)], if 1<n<k,

m—=2[i=1 "
3.2 ¢n (2) = @0 (2) + bz 2 [I:Il (Pf:u)Z)} 2 @27 (2)

(3.1

[ m—2
+ P22 JI=I1 (pf;'(z)z):| Qf,”'"(z)?gzz—;m(z)

rm=1 n-1 ) -
+ bz H (p/{(x)z)] ig}" (l)zm_pz)!_m (12"1—-190;2—1‘-21) (Z)

J=1
li[ (pf,"(x)z)] (ﬁszlz)n_m, if n=>k.

1

-

+ p.2

J

(3.1), B2 CHEBLTEZLAILTH2H, 2H L OWENTENIE, LUFTHERRELK
CEBHECE ST, 2HTREHMNERBEKOBREABRXRLIRE 20 LT, 3T
W RTRERRER O [HiER] OBBHFBERREKEZ L TH 3,

ZITC, UTOLkdEnicouwToOREHREHAET 5.

09z 1) = 3 (21"
T3k, 09 )ik (3.1), 3.2 BHVTRDL>cEINS,
(3.3) 09 (2, 1) = G0 (5, )+ T ala, 1) 09 (5, 1)
+ B.(2, 1) 0" (2, ) + 7.(3, D),
ZZT, FBEDx,yEN, i L,={1,2.., m—2} LT,
-1 .
ax.i(za t) = P22 [JI;II (pf,f(z)z)] Qf,"(z)t”ly

m—2
BI(Z: t) = Pe2 [.El (p/',j(x)z)] (Ifl"'"(x)tm
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m—1 L .
+ p:z LI:II (pf,’(x)z):l l;ﬂ (pZM~1Z)l Qom— 1tlJr1
m—1 o
(3.4) 7’1(2, t) = P22 [ H (ﬁf{(z)z)] 2 (pzqu)nimtn
+ Z ¢(x) (Z t)f _ qxt 2 ¢(fo(1)) (z)t"

— P2z 2 [H (pf;(x,z)] qﬁmf 2 ¢m, @) ()4

=0
m—1 m_
2 PP ()"

n=0

k—

— D22 [ H (» ,(1)2)} aot”

=1

1 — i m_
— Dz [l;[ (pf((x)z)] i=2m (ﬂzm—lz)t_m(bm 1l‘lJrl ngo (2 2)(Z)t .

a5, FED 2, y €E N, KL T,

(2, 1) = q:t1 {fi(x) = y} + ie%yyax,i(z, 1)+ B(z, ) 1{y =2" -2},

Ly,={i € L, fofi(x) = 4},
(3.5) bey(z, 1) = 1z =y} — a,, (2, 1)

ELTHBL.
i,
bx.szz (Z, t) = EI(Z, t) - Fx(z) Ign (pzM—lz)i_m (12M—1ti+ly
22T,

m—1
Fx(z) = Pz2 [;131 (pf{(x)z)] ,
Ezg t)=1{x=2"-2} - qt1 {/(x) =2"—2} — 2 afrz(z 1)
m—2 m I
D2z [JI}1 (pf;(z)Z)} apt’
T/, ROLIETEEEEBL.
g =(09(z t),..., 0" (2 1),
P= (2 )y Voma(z, D)7,
B = (b.r,y(zy t))z,yeNm ’
371 = (Cz,y)x,yeva
4y, (2 1)
o Bl
2T, 4, (2 t) BITHIBO (z, y)-REATTH 3,
ZOR, (3.3) BUToFRKICK S,
Bg = p.
®z Iz,

14,.(2, t)

07 (2, 1) = _0——|B—|—7i(z, 1) = |B| Ed,x(z, )7z t).

97
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ZL7T,
v, 0)=|Bl,
U2, 1) = B dielz, 1) 7.0z, 1)

EBFE, ROBRBBOND,

SHE2. FEDODxE N, LT,

z o (2 ¢
09z, )= L)

32 F—=5—LknHSH

w v, & pERFEhETN, Typel, II, I, IV Oz FiZ & 3 m-th order Markov chain @
TC, nBHOFETETCERIZRELD “I” OFEOH LT 3,

EFED xE N, Iz LT, ED(I) (2), ¢(1) (2), V’(x) (2), ¢n4)(z) 2ENEN, Xy =2, X pe
= Zyyerr, Xo = I BEZ6NIEED 1, v, & 7 OFRMEMNIHED pgl T3,

DK, EEDXEN, EEs=1, 2, 3, 4L TUTO LS bRk 3,

oa(z) =1, f0<n<k,

Pr(2) = g0 (2)

m—
+ ﬁzlz:l [H (pf,(;r))] Qfl(x)qoizfczﬂgls))(z)
[m-2 7 _2)
+ b l—[l (pf,(z)) q s ‘(1)¢n m,s s(2)
m—1 (2m_2)

k— .
+ Px I;Il (pf,(x)) Zm (pZ'n—l)l_m [12m—1¢n—i_—l,s(z)
+ bz Hl (pf,(z)) Zk (pzmgl)l_m QZm—léi,s(D(nz—z'—zl).s(Z)

+0.| T (pf,m) | (pom )" " Ens,  Um=k,

| =1
ZZT,
ik ifs=1,
z, ifs=2,
Tio = | ge, if s =3,
21{i =k} +1{i + &}, ifs=4.
351,

0P (2, 1) = 3¢ (2) 1"
L¥5E, EED € N, CHLT, UTORBHBRALKE 5.

m—2 .
(3.6) 0.7 (2, 1) = gt @ (2, ) + Z di, (1) O (2, 1)
Bi(z, 1) @ 2 (2, t) + 71 (2, B),



BR= N3 7HE BT 2BEREEMHICOVT
ZZTC, FBOzEN, i€ L, LT,
&ei0) = pe| T peo) | aent™,
x@n=mﬁﬂmmhwwm
+pI[H (pf,m)] 2 (Pom)™" Gomyt™

+ bx [ I;I (1’/,’(;))] Fz;c (p2m71)l_m ‘IZM—ltiHEi,s ,

3.7 7 (2 1) = b, [JI:II (p,;(r))] 1" 2 (bon )" " s
k—1 k—2
+ 2 t"— qth "
m— i—1 k—i-2
12 [JH (17/,(1))] (I/,u)f - EO t"
[ (1’/,<z>)} 4 t” E o
_ L k—i-2
—m@ﬂmﬂ;%mwamgﬂ
aty(z, ) = g1 {f(x) = y} + 2 a/z,(z‘)-hé’ (2, ) 1{y =2"—
Ly ={i € Lul foo i(x) = y},
(3.8) bziy(z, t) = 1{x = y} — diy(z, t)
EBL.
27z, ROLI>EEE2BL.
& =(09(z, t),..., %" V(g )7,
p=(%(z, D),..., im1(2, 1))7,
B = (b;,y(z, t))x,yeNm,
(B”)_l = (C;y)zyeNm ,
Az
(/Iy |B//| ’
T T B D (x, y)-FRFTH 5.
ZOKE, (3.6) WU ToOXRBIzR 3,

B'g=p.
wZZ,
o L 1 2zt
()(Z t)b |Bz/| Yi = |B,, IZAII 7
EFED re N it L T,
U (z, t)—lB”

—1
VO, 1) = 5 Dyt = U

2},
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EBLk,

boo(z, t) - boz-1(z t) 7 (2, 1) biza(z, 1) - Boama(z, )
yP = : : : : :
b§;n-1,0(2, f) bzzn—l,x—l(Z, f) 72’;"—1(2, t) bzl;"—l,z+l(z, f) oo bim_yam_1 (Z, f)

ThH5,
Bz, UTcERET 5,
k=1 ) )
(3.9) biam-a(2, 1) = B2 (8) = IZ 2, (pon-)™" Gomat™
— P;g( (Pom_y)' ™™ gom_1t ' Eis
k—1 . .
=51, t)— Fz(l)lgn (pam-1)™™ goma 11
- Fz(l)éx« (sz—l)ifm lIZWl—ll‘iHEi,s ,
ZZT,

17 = [ T ()| = RO,

W =1{r=2"-2)—qtl{ff(x) =2" -2} = X (1)

i€ m g

m—2
— s [,1;11 (Pff(z))} aot”,

y+2" 20K, (3.5) &£ (3.8) 5

(310) b‘;,,y(z, t) = b,r,y(]., t)-

(3.9) & (3.10) »5

b&)(Z, t) bﬁl(Z, t) béfzm—z(Z, 1) bD’:Z”‘Al(Z, t)

(3.11) Us(z, t) = : : : :
bim_10(2, ) - m_ (2, 1) - bomr,om-2(2, t) bim_1,gm-1(2, t)

= W1, D+ 3 (o) " gt (1 - 1)

bo(l, t) - (1, t) - Q) boam_1(1, 1)
X : : : : .
bam_1o(1, 1) =+ bena (1, 1) o+ Domy (1) bom_yomoi (1, £)
(3.4) £ (3.7) 5
(312) }’J,:,(Z, t) - Az = En,s(?’x(l, t) - At) 5

ZZIT,

k-1 n k=2 n
A, =21 —q it 2t
n=0 n=0
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2

tn

m-2[i-1 in
— s 2 [ (17/;(1))] Qrnt
k

— Px [ I:II ( /,m)] qf,"'"(z)t ,,2 t"
m—1 k=1 i-m +1%2 0
— b, [ I:] pf(z))] ign (ﬁzmﬂ) Gom_1 1t EO t.

i—
n=0
—1

—2 DK, (3.10) & (3.12) 25
b&;(z, i) b(;:zms(z, L‘) 76’(27, t) b(;:zml(z, l‘)

xr=2"

(3.13) P2 = : : : :
bim10(2, 8) =+ bam_rom_s(2, 1) 7imo1(z, 1) bgm_romoi(z, t)

= £ U, 1)
boo(L, £) - bozm‘s(l 1) A (1,0
-8 : :
b2M—1,0(1, t) - bom_1om- 3(1 If) Azm 1 ber—l,2M—1(Z, t)
— 60l (L, D+ (L= End) B diama(L, 1) Ar.

—7%, x+2"—-20K, (3.9), (3.10) 2L T (3.12) 5

bio(z, 1) - %(z t) biom-2(2, t) biom-1(2, t)

(3.14) PP = : : : :
bZ,;"—l.()(Z, i) 72,;"—1(2, f) bé;n—l.sz—z(Z, t) bZ,;"—l,Z’"—l(Zy t)

boo(l, t) vz, t) - 5,8 bozn-1(1, t)

Yom1(2, t) =+ Bpmoy(1, 1) bamoromoi(1, 8)

bzm_m(l’ t)

k-1 . X
. i:Zm (pz’"—‘lt)l—m 42m71lu+1

bo(1, t) % (z t) - (1) bozm-1(1, t)

bz'"fl,O(l, t) 72';n—1(2, t) Fzm—l(l) bZ"'—l,Z'"—l(]-, t)

— sz (pzm-ll‘)i-m qu’klti-ﬂgi,s

bo(1, t) = %(zt) - Fo(l) bozm_l(l t)

bom_10(1, t) = yimo1(z, £) + Dome 1(1 t)  bom_ygm- 1(1 t)

= En,squ(l, f)
bo(l, )y - Ao

boam-2(1, 1) boom-1(1, t)

+ (1 - En,s) H : :
bz'"—l,o(l, t) o Agmoy e bZ'"—l.Z'"—Z(l, f) bZ'"—l,Z'"—l(l, t)

+ g}: (Dom )™ Gem ™1 (1 — Eis)
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bo(1,8) - %w(zt) - Ll 1) boan-1(1, t)
X : : : :
bom_10(1, 1) =+ ymoa(z, £) - Tema(1, 1) bom_1om1 (1, t)

= &L D+ (1 &) 2 dixll, D A,
+ li (Pom1)"™ gemat™ (1 — &is)

boo(l, 8) =+ Ao - L(1)  boema(1, 1)
X : : : : .
bomoo(1, ) - Agmoy -+ Dmoy(1)  bemoyomoi (1, 8)

51, THDELTOL S KEHRL TBHL.
D= (dz,y(L t))r,yeNm ,
ZZT,

dzy(1, t) = bI,y(L t) ) if y+2"-2,
dx‘gmfz(l, t) - Fz(l) , lf Yy = 2m - 2 .

T5E, (3.14) 5
(3.15) WOz 1) = Gl D+ (1 End) B il 1) A

© om_]
+ [lzzk (pom-1)™™ gamat™ (1 — Ei,s)} % 8:2(1, t) A,

ZIZT, 01, 1) XITHIDD (2, v)-RRFTH 3.
(3.13) £ (3.15) &V, FED x € No XL T,

Vi (2, 1) = Ens T (1, )+ (1 - En,s)zgd,-,z(l, 1) A:
+1{z+2"—2} [ﬁk (Doma) ™" goma (1 = E,-,s)] Zgai,z(l, 1) As.
E72, (3.11) 25
Uz, )= ¥, 0+ 5 (pond) " gunat™ (1~ £:9)1DI.
£oT, ROWREHES.

FIE2 FEOXEN, ERs=1,2 3,4 LT,

PP (2, 1)

(x) —
Os Z, t) (lfs(z, t) s

T, xF2"-2THLT,
om_1 _
wér)(z; t) = En,swu)(ly t) + (1 - En.s) igodi,l’(ly t) A

oo 2m—1
+ [ 5 (b gt (1 5,-,5)] > 5L, D Ar,
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om_
VE"2(2, t) = Ens¥ (2, 1)+ (1 = no) g:di,x(ly t) A:,

Uz, 1) = ¥(1, H+ g‘ (pom-1)""" gomt™ (1 = &i6) | D).
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Discrete Distribution Theory in a Higher-order Markov Chain

Masayuki Uchida
(The Institute of Statistical Mathematics)

Let Xoms1, Xomizyeoy Xo, Xa, Xz,... be a time-homogeneous {0, 1}-valued m-th order
Markov chain. Distribution of the numbers of trials until the first success, i.e., geometric
distribution, in the sequence X, Xz,... is studied. Geometric distribution of order £ in the
sequence Xi, X,... is also obtained. The probability distribution of number of “1”, ie.,
binomial distribution, in the sequence Xi, X,..., X»is studied. The probability distributions
of number of runs of “1” of exact length £ (£ = m) in the sequence Xi, X,..., X, are also
considered. There are some ways of counting numbers of runs with length #. This paper
studies the distributions based on four ways of counting numbers of runs, i.e., the number of
non-overlapping runs of length %, the number of runs with length greater than or equal to £,
the number of overlapping runs of length £ and the number of runs of length exactly k. We
obtain the above four kinds of binomial distributions of order £ by using the unified expres-
sions and make the relation between the binomial distribution and the binomial distributions
of order £ clear.

Key words : Geometric distribution, binomial distribution, geometric distribution of order #, binomial
distribution of order £, probability generating function, Markov chain.



