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Population size index.
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Pop. A | Pop. B | Pop. C

v T, vTy, T, vTy, T, vy,
1 23 23 14 14 1 1
2 11 22 10 20 2 4
3 8 24 10 30 2 6
4 6 24 9 36 2 8
5 4 20 6 30 3 15
6 4 24 4 24 3 18
7 3 21 3 21 4 28
8 3 24 2 16 6 48
9 2 18 1 9 8 72
64 200 59 200 31 200

0 2. Sample size index S, (3 samples of size 50 from 3 populations).

v Pop. A Pop. B Pop. C
0 | 37 32 35 | 27 27 33 |8 8 6
1 14 18 16 | 21 20 10 | 7 7 12
2 6 11 7 6 7 11 |9 9 5
3 4 2 5 3 4 215 4 5
4 3 1 0 2 1 310 2 2
5 0 0 1 0 0 0] 2 1 1
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3.1.1 ZipfOO
000000000000000-.00000000000000000

T(1) 2 T(2) = 1 2 T(n),
godobo0oo0o0dOnb0O0O000O0O00O00O
(3.1) r® () = constant, o >0,

000000000000 100000000000000000000

000000000000000000000000000000000 2000000
0 f(z), [°f(z)dz=1,0000000000000 «000000000000 N(z) O
000

Mmzn/ fwdu=000 0000000000000

0000@B1)00 N@)=K/z*000
(3.2) f@)=—-n"'N'(z)= Az~ 1+

goobogooobooboooobooboobogoo
gooboobo0obboobbOobooobboboboobDoobDUooooooDbUoboboOoo
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ooooog (S.,S.,...)0000000000C0000D0OO0000DODO DOOOOooOoOO
Xy<Xyp<---,0000000000000000000000000000O0O000O00
goobooboobuooboobooobobbbobbo™ooobobmooboo
U0DOrandom spacingl DO OO 0OO0OO0O0OODOO0OO0OOOO0OOOOODOOOODOOO
gobobooobbooobbOdl random spacing OO OO
N=(1,2,...)000000000000 zipfOODOO

[e')

(3.3) f(x):atf(lJr“)/A7 r=1,2,...;a>0, A=C(1+a)=2r7(l+a),
r=1
¢(0000Mzeta I DOOODOO0OOO0OO0OOOOOOOOOO zipfOOOOODOO OOOOO
O0ddUdUoddO0OPareto D0O0OO0OOCOOOOO
000Uouoooooo BMHINIOOOOOO zipfUOOOODOOOOQOOOQOooQ
J000000000000000000000Bose-Einstein 0 M O00000000OOI
00oUduooooooooooooooUUUUUoUoooooooDoOoOoOoOoUOOOOg

0 AHIIO 19740
NOOOOODO KOOOOOOoOoOOoOoooOoobOooooo k00000 boooob X,0o0
[0 0 Bose-Einstein 0 0 O 0O

N-1

-1
, Y(x1,...,2Mm), 2 >0, 1<k <K,
K—l) (21 M), Tk

P{(Xl,...,XM):(1'1,...,1'1\/1)}2<
O000K,NOOOOOOOFN(y)=P{K/N<y|N}ON — oo(inP)0000 proper O
00 F(y) 000D0O000000000000000 »O0000D00O S,/M0O 6(1-6)" !
goooDoO0o00oOoO0dde FOOOOOOOODOOOODO FOOOOOO Be(a,b) O
ooood

E(©(1-0)") ~ al(a+b) (T(b))~" v~ 1+,
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(i) 000 Y K,0000000000000000000 Zipt0OOO0ODO
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0000000000F(y) ~ey® (y — 0),a>0,000
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MggEXK_%thJﬁ==A h(v; 3,0) dF(0) = ¢(v),

d(v)=Av= 0y . 0. 000

. Tw+p8-1) 03 s 1—-0 \" ! B
h@ﬁﬁ%‘mm@fn!@fo+w) Q70+w> » V=02,

gogo s, 0ob0obooboobooo

U CHill and Woodroofd] 197501
0AM0000D0OD00000ooO00ooDooooooooon0 S,/M0O ZipfOODODOOOO
oopooooog

OO0 extreme process U U Zipf DO OOOOOOOOOO

U DKhmaladze et all] 19970

oono

(X)), NiOO iid, M, := 111<5LXX1-7 T =inf{t : Xy = M,},
i<n

M, OOO 0000000000 0D00000 recordddd00Or, OO0 00000
ooooooood

Sn= Y Mmoo <Xi < M,]
T <i<n
oooo
1 1

PASw =k} = gy + k=11

Yo Xe =M, 0000000 ., I[M.—e<X; <M, 00000000000
oono

3.2 Karlin-Rouault 00O

gooooooooooooooooooooboooCoCoOoOoboOoOoooooooggogoo
goooooooooOooopboogooobo0oooOoOoooooOooooDooOogoDboOoag
U00000Karlidl 19670 00 0000000000000 0O0O00O0O0ODOO regular varying
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gobbooobooboooooobobooooooooooobooooooooDboOooooDboo
gobbooobooogoooooobooooooooboooooooobobooooobooDboo
U000 KarlinOOOOOOO

Rouvault] 19780 00 000O0O0COO0OOOOOOOOOOOOOCOOOOOOOOOCOO
UbboboO0@Msyntax OO0 O0000O0O0O0O0CCCOCOOOO0O0OODOODOOCOCOOOOO0O0
goboooooOooooobooooooboooobocOobooobc0o0oboOo0oO00bOn0O0Od Karlin
obobObooobOoOoobooc00O0OO00DKarlinOOOOODOO 1020...00000000
goboocobooooobobooooboocoooOooOoOboOoOoOoOoOobooOooooOoo

3.2.1 0O0O
D000 N ={1,2...} 0000000 p=(pa)iZs, Pn = pat1 >0, X0 po =1, 000
oa

oo

(3.4) a(z) := max{j|p; > 1/z} = Zl[pn >1/z], 1<z<oo,

n=1

0000000 p0ddO0 1/200000 o(z)D0D0ODOOCOODOO

(3.5) Condition 1: alz) =2"L(z), 0<~v<1,

000 L:(0,00) =Ry 000000 (slowly varying function) 0 0 00O 00O
xlgr;o L(ex)/L(x) =1, Ve>0.

O0000000000L(x) 0000 LO)<ooOODODO
Condition 1 000000 B(x):==> " Ip, >2],0<e<100000

Blz)=2""L(z), 0<vy<1, L(cx)/L(z)=1 x—0,
00000000000000

(Xy)%., 0 p00000000000000000000000000000 (X5)%,0
(ZN)N=10 (Z3)F=1 O

N
Xy =Y IXm=klk=12.., 000 k00000D0000000000000000
m=1
N
Zy =Y IXy=rlir=12..., r00000000000000
k=1
N
Zy:=Y Z,; 000000000

Oo0O0000o0ODO0Ob0C0O000 10000000 {N1),0<t<oo}y0000O00O0O0ODO
0000000 pan,n=1,2,..., 00000000 (Xny)F=, 00

Xk, 0<t<oo: OD0DDO (0,)0000000 KOD0ODD,
0000000 Zyg, Zhe, 00000000

Condition 1 0O 00O

00 38.1. 00000 P¢)=Y2,p 000000 100000 Condition 20h(z)
000000MO00 =00
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Remark 3.1. Tim,—oopnti/pn =p< 10000 P(¢) 000000 1/p00000000
0 Condition 20000000000 (pa), 000000 F(u)=3,.,p. 1000 A(z) O
1-F(A(z)) <1/z <1- F(A(z)-)

oopDoOdn A(z) ~a(z),z — o0, 0000

0100000 pa=XA1-XN)""1"0<A<l,n=12..00000y=0:

a(z) ~logz / (—log(l— X)), x— .

020000000 pa=e A" (n—1),n=1,2..00000y=0:

a(z) ~logz /log(logz), x— oo.

0 30Condition 20 o(x) DO0O0O0O0O0OOOOCOOOOOOOO0O0O0OO
pn=02’"ﬁ, 0<B<1,
0000 P 000000 10 Condition 300 O O
a(z) ~ (logz/log 2)"/?

00000~ =0.

0 4D|:|D|]D|]D:pn~cn_ﬁ,ﬂ>1,n—>ooDDDDO<’y=1/ﬁ<1:

o(z) ~ c/Pat/P,

O 50p,=b/(n+1)(log(n+1)°*, 3>000000~=1:

a(e) ~ ¢/(b(log z)'+7).

OO0 3.2. pat1/p— 1000000 P)OOODOO 100 Condition 30

a((l+c¢)z) — a(z) - 00, z—o00, Ve>0.
Condition 1 0 «(z) D000 O00O0O0OO0O00O0OOOO0OOOOOOOODOOOOO

00 3.3. afz) 0 a(@)/z—0(z—o00) 000 [F(a(z)/z*)de<1 00000

3.22 JOOOOO
oo Oot

Al@)::EXZL@Q::E:(l—e_mk):téukl—e_ﬁwﬁﬂﬂm)zmé e a(a) da

n=1
< 1 0o,y
= / Eefl/ya(ty) dy ~ a(t)/ %671/y dy=at)I'(1—7), 0<y<1, t— 0.
0 0

a0000000000O0 regular varying 0 U O 0 Karamata D00 0OOOOOOO Bingham
et all 198000000 0OOOOOMHM
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=100000000000000000000000 3300 L(t)—0(t—o00)0O0O
ooo0oooo+«0000 Lk OOoOooooo

ogd 3.4.

oo 671/y
(3.6) wa:A L(ty) dy

Ut—ooOOOOOOO

00 8.1. a(z) O Condition 1 DO OOOONM(t) = E(Zyy) U

v o [ro-vrme o<y <
tL*(t)7 y=1 t — o0,

ooooorLybh oos3400000000000

Corollaryl]

™ o — Itr
M@@:Ewmm:—/ e“;ﬁmm
0

goboooboooobooooooo

Llr—v) 4~ _
t"L(t), 0<vy<1l, r>1 or =1, r>2,
(3.7) M(t;r) o~ T ®) 7 7
tL*(t), y=1,r=1; t — oo.

y=0000 3.7)000000000M(:1) 0000 erratic 000 M OO0 Tmapnis/pn <
1000 y=00000 Remark 3.3 000000000000M(1) 0000000000
0000000000000000

Remark 3.2. 000 L*(t)/L(t)—-000000000000CCCOOO
L) ~ ogh), p>1 = L) ~ 1/((r—1logty"), t— oo,
L(t) ~ 1/((logt)(loglogt)?),p>1 = L*(t) ~ 1/((p—1)(loglogt)p71), t — oo.
00 310¢«0 NOOODOOOMy=E(Zy)ODOUOODOODO

3.23 0O0O0OOO
Zyw oo 20ooboooobooood

V(t) = Var(Zxw) = ¥ Var(Zye) = Y (e P — e 2P = M(2t) — M(t).

r=1

3
—

goood
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Mt) 00000000000 ~=000000 afz)=L(x)0000000000000000
00000000000pdf000000 10000000 V(£)~ L(2t) — L(t) — oo(t — o)
000000000000000000000000000

1. Remark 3.3. Remark 3.1 DO 0O0O0O0OO0O0O0O0O
mnﬁoopnﬁ.l/pn <1 = V(t) bounded.

2. 00000000V OOOOOOOO0OO0O0OO0000000OO0OO0O0O0ONOnonoO
DDDpn:OTyZn:LZ“wDDDDm:?%l:LZ“.DDDDDVm)20>0
000 n=22*00000 V() —0(—o00). 0000 V(t)0DOODO

3. 00 V() 0DODODODOOO 400000000000
000p, =C272, (r—D)r/24+1<n<r(r+1)/2,r=1,2,...0000 t, =2* 00
000 V() >le—e2) —oo(l—o0),n=22"00000 V(n) — 0(l — o).

4 0000000000
00 3.2

Tncpis/pe <1 Jim = [ fa(26) — a@)]d =20, 0 <0< oc,

r—00 T

= lim V() =o.

t—oo

5, DOOoooboooboooboboooo
Uel01000obooobood

r—00 I

lim 1 /Ox(a(Zu) —a(u))du =log2/(—log(l — p)).

gobboooooobooooboboooonn

—i—ﬂLt(rr— -—Qﬁﬁtﬂ),o< <1, r>1 or y=1, r>2,
wwmmw{wm ® (L =) = 2= Toe) v z v z

tL*(t), y=1,r=1; t — oo.

I(1—~) (2" —1)N'L(N), 0<~<1,

Var(ZI*\,(t)) ~ .
NL*(N), v =1 t — 0.

E(Zny — M(1)*™ ~ dym(M(£)™, m=1,2,...
3.24 O0O0OOO
0oooooooooo Zy,02Zy, 0000000000

ooooo
00 3.3. Condition 1D0<y <1000

(Zx — E(Zx)/BN? 2

. :{Fu—w@V—UNUMW,O<7<L

N(0,1),

NL*(N), vy=1 N — oc.
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00 3.4. Condition IU0<~y<100O0OO0OOO m<---<r, DOOOOO

(Zy —B(ZQ))/ (N'L(N)Y?, j=1,...,v
000000 N(0,Y) 00000000 000000000000

o ’Yr(ri +rj— 7) y—ri—T; . .
045 = — T'i!rj! 2 J? 17&.77
2 oy g2y L2ri—7) _
o; T 1) (F(n ) —2 Tt ) i=1,...,v.
y=10000
(Z = B(ZN))/(NL*(N))'* 2 N(0,1),
(Zx — B(ZR))/(b-NL(N))'*> B N(0,1),
F('f’ — 1) 1—2r F(2T’ — 1)
= —= L r>2
T(r+1) Tr+n2 "

3.2.5 O00OO
OQd 3.5. (pn)nIZIDIZIIZIDIZIDIZIDIZIDEI

Z;;/E(Z]*V) e 1, N — oo,

ZNJE(ZY) 1, N — .
oo Zy 0ooooooooooooo
00 3.6. Condition 1ID0<~y< 10000

Zv/E(Zy) 51, N — .
Condition 1 DO OOUOUOOORouvauld 197830 00 OOOOOO

_ _ AN [r—1]
VANV 7 L=y _21-7) r=1,2,..., N—oo.

P1—~)I(r+1) 7! ’
U 00 Karlin-Rouault-Sibuya O 0O 0O 0O 0O O
Rouault] 197811 Markov U 0 O OO OO Condition 1 00O OO

3.3 U00bU0doobd LNRE

3.3.1 LNRE

c0000000000000 pr= Pin,--»pea) 0000000000000 Mn (n,pn),
00000000 Xo=Xin,...; Xen), 50, Xin =n, 0000000 e=c(n) O n 000
00000 300000000

(&

un(m) =FE <Z [ Xin =m]> , m=1,...,¢ pn= an(m),

i=1
0000ps(m)0 X, 0000000000k, 000000000p, 0 n0000000
0000000 Xim — ocofas) 00000

lim pun(m) =0, m<oo; lim p, = o0,

n— oo n— oo
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gobooboooobbooooooooooooooooooooooooon

oo.
(d.1) linrr_lyi(gf E(pn(1))/n >0,
(d.2) lim E(un) =oco0 and lim Epn()) >0,

n—oo n—oe E(un)

0didooco1gooob0ooogooo0booDoooo0boobDOooboOond22maoo
gooooooooooo0ooboooooboboOoooboobo01ooobooOogobooDooo
0000000000000 0D00OKhmaladze 00 M d1Md20000000 (pn)pz; O
a sequence with large number of rare eventd] LNRELD [0 0 0 O 0O 0O O 0O O Khmaladzd] 198711
Khmaladze and Chitashvil{] 198911 [0 [
Odi=0d2Mmo000goooooooooooooooooodp.demybooooO
gobomdimd4d20000000000000DOOO0O00ODOOOODODOOOObODObO
gopboooooooooo

b 2000000000000D00D00 GhOobeeUuboobon

c

(3.8) Gn(2) =) Ilpin > 2, Qu(2) =D pinllpin < 2],
i=1 i=1

Gn O Gn(0) = ¢,Gn(1) =0,0000000000p, 0000000000000 DOOO

000 Karllin 000 o« 00000 Qu(z) = a(l/z) D000Q.(z) 0000D000 2, O

P{Z,=piny=pm, i=1,2,... 000000000000000000000000000OO

00Mdl0d2l0 000000000000

00 3.7. () 0Md1O000000000O(e.1) 00 2<o000000
liminf Qn(z/n) > 0,
O@G)0M@d20000000fdgddd(e2) 00 z<c0o000ggd
Gn(z/n)

lim nQn.(z/n) =00 and limsup ————~ =

Jim nQun(z/n) s )
3.3.2 U000 OO
ooooooooooooooonD p, 00O0O0O0O0OOOOOOOO

pn(t):ZpinI[i—1§t<i], 0<t<e,
i—1

fn(t):aninl[(i—l)/n§t<i/n]znpn(nt), 0<t<e/n.
i=1
p(t)0 p, 0000000000000 O0OOOOODOOOOOf)00DOO0O0O0ODOOO

O1/poo0o0o00ooogg
ooooooooo o000 GoooUO0O B8 LoOoOoOO

(3.9) Gy(z) = / /() > 2ldt, Qs(z) = / 1f(t) < A f(t)dt,
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0000 fO00000000 GpOODOCOCOO0O0O00ODDODODODOOO 2Gy(2) <100
gboboboonD 0 fOUODLODLO z:000D00D00DODODODOOODOO

Q) = — / " 4Gy (dr)

oooocooo
oooooo p, 0 GOOOQODO (38 0O

Gr,(2) =0 Gp,(2/n), Gp,(2) = Gn(2), Qs,(2) = Qn(z/n),
gobobooobboobbmel@e2lddbogonboon
Uidz,...,.z, 0 pdf fO00 idODODOOO
Pm=/(l/c)/ f@ydt, falt) =cpin (E—1)/c<t<2/c, 1 <i<e,
i—1)/c
OO000O0c¢(n) oo 000 fu(t)— f(t)ae. 00000 ¢c=¢(n) 0o OO000OGy, O Gy O

Qs 0 Q,0000000c00000¢e(n)=an 0000 Qn(z/n)=Qy,(az), 00Mc.10
ogoooooo

020p000000000 p=G,'0000%,...,%Z,0 p000#d000000

pon=pi= [ PO X =Dl 122, <)
i—1

=1

0000ooooooonD p00000 (Xin,...,Xs) Md1O0O0o0oo0O
g 30

(c.3) p(t)=t""L(t), 0 <y <1, L(te)/L(t) — 1, t — oo, Yc >0,

0000000 L(t) O slowly varying 000 0Op:, X, 00 10000000000Md.20
goood

3.3.3 0Oo0o
goboboooboobob quobouubooooo

Pa(t) = n ' X Ili— 1<t <il, falt }:anz—lwn<t<um
i=1
0000000000000 0D0O000O0O0Oo
(3.10) G (2 *Zx@» Q;, (1) = *Z&m&<4

i=1

gobbGcUiobOob 00000000 bb0Uibb p oboobodnb 0000
goobooobooboboobobuoobboooboo

b 3.8 DUO0OD0OMMclbditoooooog

(c.4) liminf || pn — pn ||> 0.
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gdb LNREOODOODODOODDOOODDOO

Ul Qs U Q,U00000000 G5 O

C(z) = /000 Az, 2)z ' Qy(dx) = 7/000 A(z,2)Gy(dx), A(z,z)= Zefzxk/k!,

k>z

ooboooobooooboocooboocobooooobooooon

E(Gr,(2) _ 1 E(un(2)) 1

E(Gy, (0+)) # E(un)  z(z+1)’
gooooooooboobooboboOp, ff00d00d00d000d0Oooog
Gy, (2)/Gy, (04) = 1/z,

gooocooocooo
gobbooboooobooobooobobooooo

00 3.9. E(un) — oo 00O

L, (z) == Gn(z/n) /000(1 —e %)dGn(z/n),

limsup/ zdLn(z) =0,
0

e—0

goboooooa

E(un(m) 1 S [T
Em)  mmin o @ / e

040000 e>000000 z01<i<e O

L(zf)=¢, L(2{)—L(z.1)=¢, 1<i<ec;

Ce = min{c : i(lfefzf) > 1/6}

i=1
gobooobooooDob:000». 00000, OCO0D0OO0Op, O000ODOOC

3.4 OOOOOOO

goboobooooob «cobooboooboobooobobo"bboboobobooobo
oo «cbgrogobooobooobuoobbooobbooobooonoo

goboooboobobobboboobuoobbobboobooboobobobobbooo
goobooboooboobobooboobboboboobooboobbobobooboo
U0 corpus U0 “ODOO0ODODOO0ODODODOODODOOODOD"OOO0ODOOODDOOO
goobooooboooboobobuooboo«cboobbobobb»boobbg

gogbooooboobuooboobuooboobbooobooboobboobbobbo
gooboobooobooboobboboobooboobobooboobobbooboo
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dependent, Zj X =n.

independent, n: mean of sum

multivariate hypergeometric

independent binomial

absolute

MvHg(c,n, M), X € [N,
J
E[X;] = nM;/M =: n§;,

(&3
& =M;/M, M =Y M,.
j=1

c

H Bn(M]7p)7 X e HNMJ
Jj=1 J
E[X;] = M;jp=:né&;, n=pM,

(&
& =M;/M, M =Y M;.
j=1

multinomial

independent Poisson

Mn(cv nvg)v X € A(C,TL)
E[X;] =n¢;.

[ Pohy), X e NS

Jj=1

relative E[X;] = A = ngj,

c
n=> "X, & =2\/n.
j=1

¢ categories: ¢ < oo, N}, = {0,1,...,k}; A(e,n): lattice simplex.

O00000D0 “0O000 structural zero” 00000000 ODOCOCOOOOOODODODOO
gopbooooooboooopbooOoboUobboO0oDboOoooOooboOoUoDoOooDo
goooooooooobooOoooooooobDO00obOoOobDoobOoOoboboOoooooo
goboOoboooobooobpoooo
gooooooooocOooooOoOoooOooOoooOoooDoOogboDbDooooooooo
gobooooooooooooooboOoooOoogobooboboOogoDboOooboooo
gopbooooOoobo0oopboooooobooooooo
U0oboooo0oooooooooOgodnOd Bunge and Fitzpatrick] 199300 O O

4. O00O0OOO0OO
4.1 O000O0O0OO0OO0OO0OOOOO0O0OO0

4.1.1 000000

0o000oooooooooooooooooooooooonoooooooooooon
000000000000 000D000 super population 0000000000 OODOOOO
JooodoobooooooooobO 10000 boObObo0o0o0ooo spooooooo
ood

000200000000 0000000000000000D000000000DO0O00OA0O
0ddo0ooooo0odo0o0d.000D0O00D0OO0O0OO00OO0DOOOOODODOOODOOOODOOO
JooooooDodoooooooooooDoooooooooooooooooooooon
0000000 “absolute abundance” I “relative abundance” [ Enged] 197811 0 0 OO OO

Jo00o00DO00O000O0obOO00D0DOO0DOOoO0O0DOD0ODO0ODOOobO0OOoDOoDOooo
Jo0o0D0o0oOooOoooooooooooooooonog

400000000000000000e,n —o0o00000D0ODOO0ODOODOODOODOO
gooboOoooooooooon

Jo00o00oDbO0o0bO0o0DOOO0O0DbO0oDO0O0ODOO0O0DODO0o0oDO0oOoDOoOoDDbOODOOn
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d0ddo0oooopoooooObObOb0d0o0o0ooooooOoOobOOoo0o0oooooon
Lévy 00 0O0O0OOODODODOOO residual allocation model] RAMIII OO OOOOOOOOONO
gooo

4.1.2 0000
4000000000000000O000OO0C0O0O0DOO

1. absolute and dependent

M=n¢O00000O0O0OD0OODOOO0ODOODODO0OOD0ODODOODODODODOODDODODOODDODO
go0oOOoC000DOoOo00OoOoOo0ooDooO0oOoDOoOoOoOOooOg S=(s1,82,--4)
gooboooboooobooooo

2. relative and dependent

E(ec=0c0)0 MOOOOOOOOMO GEMOOO200000 ceMOOOOOODOO
Ewens UOOO0OPitman OO0 OO00OUOOOEwens-Pitman D 00000000 OCOOOOCOO
ooooooooooooooooO nODOOOOCCDOO

£(c < o0) O Dirichlet 0O Dir (¢,a) 00000 X OOOOOOOOOOO MvNgHg
(e,n,) DO OOODO Dirichlet OO Dir (1) OOOO0OQO Pitman 0000 (0 = ¢y, a =
—y< 00000600000 y—0,c—oc0c0000 EwensOOOOOOOO

00Oooooooooon0 MvNgHg (e,n,a) ~X OO0y O0O0O0D0OO0OCOOOOODOO
OO0 MvNgHg (c,v,a) ~Y O0OOOX —-Y|Y =y~ MvNgHg (c,n—rv,a+y) 000000
goooooooo

3. absolute and independent
00000000oooooooo0oooooooooooooooooooooooon
oopooooooooooo

00 4.1. (M;)5-; 0 iid OO0 pmf] probability mass function = pfl] pa(z) = pum(;6), © =
0,1,...,0000(M,)5., 0 D0000 (T4, Ts,...) D000 EM;) = m(0) = X2, p(x3 0)
L 0(0—0)00000000000¢000000000000¢0 epu(a;6(c)) — ) (¢ —
0o,/ —0)000OD00ODO0ODOODO

(T1,..., 7)) 5 T Po(A(3)), ¢ — co.

i=1
ooorn. 000000
Ty ~ Bn(c,pM(k)), k:O,l,...,
oooooooono «coogooooooooooooooron

(o] N7 (o]
(4.1) Pr{(To,Tl,...):(to,tl,...)}:c!H%, Sti=c
i=0 v i=0

0000 T=Y¢ ,M;=Y" ;000000000 pgf O G°(z) 000 E(T) = cE(M;)
gooo

00000000000000000:(Ty,...,T) ~ Mn (l,¢ (par(l),...,pam(1)). 00 pgfO
(1+Zi:1pkj(i)(zi71))c|:|DDDDDDDD (Tl/C,...,Tl/C) E>(p]u(l),...,pju(l))|:|c—>OOD
oo iz 000b0ob0ob0Oobodo
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00 41000000000000000000000000000000 (M;);, 00
000 (X;)5-, 00000 X, ~ Bn(M;,pdp 0000000

f¥)%==w}=:§:pM(D<;>sz»pf¢

00000 (X:)e, 00000 (S1,5.,...) 00000000 (4,T%,...) 00000000
oogQ

4. relative and independent

ooooooooooo yOOOOO00oOoOooDOoo0ooOb00o00OeeADdDnOO
P{Z=¢}=¢, 7=1,2,...,000 “characteristic random variable” Z =2, 0000000
000000000000000000 (%)%=, 00¢ 00000004 000000000
oo P{ijgj}:éjDDDD{}&&(c—>oo)DDDXiZ(c%oo).DDDDDDDD
ooooooooooooooooooooooooooooooo

Xj~Po(An),j=1...,¢3,;m,=10000A000000000A~ Ga(y,e)0000
X ~ NgMn (7,€),6=((1+a) "a(l+e) '9). 00000000000 mixingDODOOODO
ood

né 0 Gamma 0000000000000 0000000O0O0O00O0OOabs. ind.né; O
oooooooooooopoooooooOoo

0000000000000 @rel. ind 00000000000 »00000000000
00 mixture 0000000000000 200000000 X ~ NgBn(&, k), Y ~ Bn(X, p)
000

Y ~ NgBn(§/(1—(1=&)(1—p)),k), EY)=pEX),
X-Y[Y =y~ NgBn(1—-(1-&)(1—-p),k+y)

00O00000o0ooooOOoO0O0OC0cO0000000oooooDoOb0b0O0X ~ Po(v)y0ODOOO
vO000000 v~ Ga(k,ao) DOO0O0O00000 Guwland OOOOOOODOO

Po (v) /\ Ga (k,a)~ NgBn (1/(1+ a),k),

0000&6=1/(1+a)0 1/(1+pa)=¢/(6+(1-€p) 0000000000
000000000 20000000000000000000

000000000000.00000000000000000000000000000
00000000000000000000000000000000000000 0 Orel.dep.
0000 .0000000000 Po(pbM)0000000 Po((1—p)M)00000000
000

00000000000000000000000000000000000000000
000000000000000000000000000000000 410000000
000000000000000000000000000000000000000000
000000000000000
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00 42. 00000000 pmf f(z),2=0,1,..., 00000000 X = (X1,...,Xe) 0
000000000 S=(5,5,...),8 =5¢_ I[X, =/ 0000X 000 pmf

X~ ] ),
k=1

goobooosodn pmfdd

S~ [ /st s =c,3 vs, =3 a.

sSsgoobooboboooobod

E (HS;_V> N {Cﬁny(f(V))mv r=>,<¢ = [L(cf(v)™, ¢ — ooc.

0, r>c

ooooooo s.,vy=0,1,... 000 ¢fvy0000O0O0ODODOOOCOOOO

42 O000O0O0O0OOO0OOOOO0

R.A Fishee OO 0O0O0O0O0O0O0O0OO0OO0OO0OOCOOOOOOOOOODOOOODOOO
uboooooobobooooooOoobOoOoboooOoOobOboOo 200b0O0ObOObOOOOO0OnO
gbooobooooooooboooobooOoobboOobOoOobOobOOn0dOFisher et al.
DmoooooooooooooooooooobooooooobooooooooobooOoog
ooboocoooooooo

goboOoob relind. DO00O0O0OO0O0OO0OOCOOOOOOOOOOOOOOOOOO
U0O000MPoisson mixturesD 0D OO 00000000 OO0O0O0O0O0OOO0O0OOOCO
goboobobooobooooooboboobooooboobooooDoog

00 4.3. O Steutel and van HarnJ 197900 0000000 rv X O pgf0 G(2) = E(z%) D
OOP{X=0}=GO)>0000000G(>:)00000000 pgtO0O0DODOOOODOO

G(z) = G(z0) = exp(B(g(z) — 1)), 6 >0

O000000ddddg:)0pgf0000Og(0)=0000000000000O0O0O0OO0OO
ggo

O00 pgf O g(z) D00 v OOOOOOOOOM cluster sizel 100 O0O0O0O0DOOO
O stopped sum[J 0 OO OOOOO

000000 pgfG(z) = exp((g(z) — 1)), Z ~ g(z) = S prz" 0000 P{Z =0} =
pp=g0)=00000000000000000O

G(z) = exp (0 <§:pkzk -(1- po))) =exp((1 —po)0(g”(2) — 1)),

k=1

g (=) = 1—po) ' S pit,
k=1
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0g(x)0 Z|Z>00 pgf 000000 G(2) =exp(0(g(z) —1)),9(2) =S5, pez" 00000
000 p0<p<1)000000

G(z) =exp(p '0(g"(2) = 1)), g"(2) = >_piz", po =1-p, pi = ppr, k > 0,

k=0

0000000000 0000 ppODODO (pe,k>000000000000000O0

00 44. g(0)=p=00000

G(z;0) — G(0;6)

(4.2) 1= G(0:0)

g9(z) (6 — 0).

000000 pgfG(z) 0 000000 O pgfO (G(z)—G(0))/(1-G(O) 0000000
000 Po(9) 0 000000 ZtPo (90 ¢ — 000000 10000000000000
0000000000000 100000000000000000000000

o0 4.5.
X~ G(z) = exp(0g() 1), g(5) =3 pus®,
k=1
gooo
(4.3) PX=a}=c"'3 0" - Z' t:isi,
1 2

000 >y 00y; ,iss=2000000000000 (s1,...,8.) 000000000

O00P{X=2}0 G(:) 00000000 ."0000000
ooo
ang"(z)7 g(z)zzpkzk7
k=0
oooo
Y
P, =y} =n>_ []p/si,
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Number of Categories with a Singleton in Sample and Population

Masaaki Sibuya

(Department of Business Management, Takachiho University)

A classical statistical problem is the study of a population with many categories. The
main concern is not the probabilities of each category but their behavior as a whole when
the sample size is increased. Typical examples are the ecological abundance of species,
vocabularies in statistical linguistics, and patterns in archaeological artifacts. One aspect
of statistical disclosure control (SDC), estimation of individuals who are unique in both
population and sample, is related to the problem.

This review discusses the problem of estimating the number of those categories that
have a unique element in a sample and its population, based on the observed sample.

The motivation to solve the problem in SDC is summarized in the beginning sections.
The problem is shown to be difficult because it has the inverse problem feature. It is related
to some classical problems in statistical abundance models, and the main results in this
field are surveyed. These results are Zipf’s law, the central limit theorem by Karlin, and
the Large Number of Rare Events by a Thilisi school.

New approaches are discussed in other papers of this special issue of the journal, in
particular the use of infinitely divisible probability generating function. Other approaches,
an application of the Ewens-Pitman family of random partitions and a semi-parametric
inference method are related to Poisson mixtures.

Key words: Abundance models, infinitely divisible probability generating functions, large number of
rare events, sample and population uniqueness, statistical disclosure control, Zipf’s law.



