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gobobooooooooboobobooboobobooobooboobobobooooboobooo
goobooboobuoobodob 200boobooboobooobbobobooboo
goboooboobooboobbobboo 2boobobbooboobobboboon
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1. Jogoo—goood
goobooobbooobbooobbooobbooooboo

T

min 90(z(T),T) + ; fo(z(t),u(t),t)dt

(1.1) subj. to @(t) = f(x(t),u(t).t),
g(z(t),t) <0, 0<t

00000000 Oue Ly([0,7),R)0 x(t) € R*D go : R x R — RO fo : R® x R" x R — R
fiR"xR"xR—ROg:R"xR—R"0000000000000000000 70000
00000 m=10000000000000000000000000000000000
0000000 Ito and Shimizu, 1990b; Liu et al., 2001 000 00M 000000 g0 fo0
f000 ¢0000000000000000000000000000MMO00 Ito and
Shimizu, 1990b; Shimizu and Tto, 1994 0 00 M O00000000000000000000
00 uweLy(0,7),R) 0000000000000000000 »(;) 000000000
ooooooo
000000000000000000000000000000000000

(1.2) Yo (u) := go(z(T;u)) —I—/O Jo(z(t;u),u(t),t)dt

(1.3) W(u,t):zg(x(t;u),t)

0000000 D0106-8569 0O0OOOOODO 4-6-7
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gbooooooooooomia™moon
min 7o(u)
(1.4) v

subj. to  y(u,t) <0 Vte|[0,T)

0ooooooogpnuoooooon {t,t,....,y 0000000000001 0000
gooo

(1.5) vi(u) :=v(u,t;) <0, i=1,2,...,1

oooooooooooon

min o (u)

(1.6) u
subj. to  yi(u) <0, i=1,2,...,1

gooo

2. U0OoOO 2000

gooob4b00bb000b0bbO0O00LbbOoOelobbbooobbooon b
gboobodobo200000b00b0obob0obobokrkbOoboobooboon
min (Vyo(u*), s) + %<S,Bks>
subj. to  yi(u®) + (Vyi(u®),s) <0, i=1,2,...,1

(2.1)

goboobooOomASNOPO OO, 1991; OO ODOO, 1999; Gruver and Sachs, 1980 0 O O
00MO000«*00000000B*0 Lagrange 0100

L(u, A) :==0(u) + Z i i (u)

0000 Ly([0,7),R") 0000000000000000 20000 V2,L(u*, AF) 00 Newton
000000000000XeR 0000MM21MO000000000000 Lagrange 0
00000000000(.,-)0 Ly(0,7),R") 000000000000000000000
0210 000000000000 s+ 0000000000000000000 o*0000

(2.2) W =0 4 o SF

goooooo
goo00d0m@21M000000000DO000O00DLOO0D0DO0ODOO0ODO0O0ODOODO0O

00 20LQMIOD0O0O0OD00O0O0O0ODOODOODO0ODO0ODO0OO0ODODODODDOODOO 20

000000 Shimizu et al., 1986; Ito and Shimizu, 1990b; Shimizu and Ito, 199411

max —2ATAFA — ¢ Ty = Lk
(2.3) AeRrl 2 2
subj. to A>0
0ooooo A*0g* 000 6 0
(2.4a) AL = (Vi (W), (BY) 'V (), d,5=1,2,...,1
(2.4b) BE = (Vyi(u®),(B¥) ' Vo (u®)) —vi(u®), i=1,2,...,1
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(24c) "= (Vo (u®), (BY) ™ Vo (uh))

00000000000 2300 A0000
l
(2.5) ' =—(B") T 'Vro(u") = YN (BF) T V()
=1
00000210 000000000000000000

3. oood
gobobd pbooboooooo
(3.1) i(t;u) = f(z(t;u),ult),t), =(0;u)=1x0

oobobobodi12o0000oooboo0o0o0ooono0onb00 O Hamilton 00 Ho: R™ x R™ x
R"xR—RO

H0($7U7¢07t) :=fo(a:,u,t) + ¢gf(m,u,t)

gogobooobbooob wobboobboobbooobobo

OO0 1. 000 v 000 Vyo(u) € L2([0,T],R") O
(3.2) Voo () (t) = VauHo ((t;u), u(t), o(t), t)
=Vaufo(z(tyu),ut),t) + Vuf(z(t;u),ut), t)ho(t), 0<t<T

0o0oooooooo ¢:[0,T]—R*O000CODO
%(t) :—VxHo(x(t;u),u(t),wo(t),t)

(33) - _foO (x(t§u)7u(t)7t) - vacf(x(t§u)7u(t)7t) ¢o(t)
Yo(T) = Vgo(x(T;u))

gooooooo

gobobooon yO0e:=1,2,...,d0b0oooboooom3imooga
(3.4) Yi(w) =y (u,ti) = g (x(ti;u),t:)
goooooooooobobooo
H(w,u, i, t) =] f(x,u,t)
000000 Halmilton OO H:R"xR"xR"xR—RUOUOODODOOOOODO I Shimizu and
Ito, 1994[1]
00 2. 000 %000 Vyi(u) € La([0,T),R") O

(3.5) V7i(u)(t) = VuH(m(t; w),u(t), ¥i(t), t)
=Vuf(z(t;u),ut),t)i(t), 0<t<T
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oopDoOoDooOogn ¢:0,7T)—R*O0D0OODO
Yi(t) =—VaoH (x(t;u),u(t),¥i(t),t)
=V f(z(tiu),ut),t)pi(t), 0<t<t;
¥i(ti) = Vag(z(ti;u), ti)
Yi(t) =0, ti<t<T

(3.6)

gooooooo

0000 2000000000000000000000000000000000000
0000000000 MO01 0000000000000 «*eL(0,7,R) 000000
00000310 0000000000000000000 2*:=2(-,«*) 00000000
000000 v(u®),i=0,1,...,1 00000000« 0 2*00000!4+10000000
M33M0M3.6M0000000000000000 ¢f0i=0,1,...,000000«* 00
00000 2*000 ¢f0i=0,1,...,1 003200035 00000000000000
Vyi(u*)04i=0,1,...,0 000000000

0000000 Hamilton 000 s 0000000000000 O0OOOOODO fO000yg
0:0000000000000

f0 z0ult0= Az + F u0tO
O z0=c"2 + 7 ¢0

uk
@)
x (33) o
‘ (3.6) {w,’-‘, i=1,2,...,l}
(12)] (3.4) (32)](3.)
o (u¥) Vo(u*)
{vxﬁy1=1aP”J} {wa5:2=L2qu}
01 0000000000
i
l‘ I .
0 ti T

02 0O00O0O0OO0O0OO0OOo
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000000 22000000000000 vw=9(-,t;) 00000000 ¢, 000 ~(-,7)0
gobooooooob r-y 00000000000 0OO0O0O00OO0O0O0O00DbO0OO0

4. [0 Newton 0

000000000 B*00000D0000000000 20000000000000
024M00000000000000000000000 (BY™'Vvy(«®0i=0,1,...,1 00
0000000000 B°=0000000M000000 Newton 0OOOO0O0O000DOO
o0 BrGSOOOOOOOOOOOODOOOOCOOOOOOOO

e ()
I 0 I I (02 1 I A
(p*,q") (p*,q*)
gog
[
(4.3) ¢" =V LW \F) — VuL(uk,l)\k)

= Vro(u") = Vyo(u®) + YA V() — Vi (uh)}

i=1
00000000, [0 L(0,T,R") 0O

Ju,v[d:=(v,d)u for each d€ L2([0,T],R")
000000000000 00000000000000000O0000000O0RB*000
goobbooobobboOodol Powel DD OOODOOOOOMM Gruver and Sachs, 1980 U O

ooom
M41M 00000 deLy([0,T),R) 0000

(4.4) (B¥)'d=(B")'d+ kz_:l{ (1+ <(Bj)—1qj7qj>> (p’,d) v

(v, q¢%) (P, q¢7)

B 5w (Bj)lqj}

(p7,¢%) (p7,q7)

0000000000000000 (BY~'00000 BFGSOM 410000000000
000000000Lasdond 1970000000000 p?, (B)) ¢, j=0,1,...,k—1 000
oo0g @,¢), (B)'¢,¢),j=0,1,..,k—10000000000000000 240
000000 00 (BY 'Vy(@"Oi=0,1,...,000000000000000000000
0000000000000 BFGSOOOOODOOOBroyden 00000000000 OO0O
ooooo

100000000000000000000000000

Q) :=90(u) +7 ) _max{0,%(u)} (r>0)

i=1

goobdAmijodd

(4.5) Quf + as®) <Q*) — wa(s®, B¥s*)  (we (0,0.5), 7€ (0,1))
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000000000 a€(0,1]0 of 000000000000000M 250000000
0450000 (s*,B*s*) O

(", B"s") = (Vo (u"), (B'“l)_lv“ro(uk»
+2 A (Vi(u®), (BY) T Vo (u))

i=1 [
FI S TN (V) (BF) T ()
i=1j=1
00000000000000 (BY 'vy () 000000000000
gdoooobooooooooooooboomeboboooon 2000000000
gooooooobooao

gooooo 1.

00001 e0000000000000000 «°0000RB°=M000000Mk=0
oooog

00002 010000 v@®),Vy(u®),i=0,1,...,000000

0000 3. 4400 (B*) 'Vy@)Odi=0,1,...,10 000 24200240 000
OA*O000 000000

00004 000020000230 000000 AMOi=1,2,...,i 000000 2.5
000000 00000

0o000s. |sf|l<e000*00M1.600000000000

0000 6. v =u"+s*"00000 Amijo00M45M 00000000 «* 0000
=y +aFsF 0000

00007 010000 @), Vy(ubt),i=0,1,...,0 0000042004300 00 pFOg"
00000M44000 (B Y¢* 000000

0000 8. p* (BY1¢*, 0*,¢%), (B¥) '¢*,¢") 0000 0k:=k+10000000 30
000

5. gOoood

gooooobbooobobobbooooobboodooobbhi4amoogoooo
gobooboooboooboobobooobboon

goooog 2.
oodo1l. 000000000000 DOOOO0O0O0OO0OLODOOOOOO0O [0,T]
goooo

Li={t,...,t,}

obobObOkrk=10000
goooz2. 0000

min o(u)

subj. to  y(ullt) <0 Vte[k:{t’f,...,tfk}
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000000010000000 «"000000 MOi=1,...,, 000000000000
k>10000000000000«*' 00000000000
ooods. 0oooooooooooogoo

5(u*) = b= ")t
(u”) tg[l%v(u it) tg[l%g(w( ju”),t)

gogobooobobooobooga

k k
b1 :=argtr€rﬁ>;]v(u )

gooo
0000 4. §(uf)<eD00 *00M1400000000000
gooa s.

lhpr1:=1p +1

k k41 k41
I =L U{th y = {60t )

UO00Ok=k+10000000 20000

ooooi1gooooopooo p=00000 =000000000000000 k=1
gobobooboobuooboooboobooboobbobbooboobbhiboo
goooob o, ogbooboobobooboggbboboobLy ,ooobooboo
gobDimoob 2000boobogooobooboobobobob4000booboo
gbobooooobobbobobooboboboibbUdLal and Wu, 1992; Wu and Fang,
900 MiMboboboboobobobgn 50

gooo s.
L= {th, ... t5, [ \F >0}
ley1:=|Ir| +1
Tita :IllcU{tfk+1}:{t§+lv~~~vtf£ﬂ}
O00k=k+10000000 20000

IZIDIZIDDDDthkHGI{CHDVkD]DDDDDDDDDDDDDDDDDDDDDDDD

6. DOOooOO

00000000000 000omi1a00 000 Karush-Kuhn-Tuckeld KKTOO 0 O
Jo0o000DO000O000O00oO00o0ObO00DOO00OD0DDbOOo0DDOO0oOoDbDOoOoDDOoOooDOOn
O Girsanov, 1972; Ito and Shimizu, 1990all]

(6.1a) Vaufo(z(t),u(t),t) + Vuf(z(t),ut),t)p(t)=0
(6.1b) V) =Vao(e(D) + [ {Tafo(a(r).ulr).7)
+ fo(m(r),u(r),r) (1)} dr + /t ng(m(r),r) dA(T)
(6.1c) /0 g(z(t),t) dA(t)=0
(6.1d) x0O0000
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9(x,t) A(t)

o It

o~
<>--H

03 0000ooooOooooooOo aboooo

A(t)

)
)\2 )
)
Ao
& t } ¢
0 i1 ta T

04, 00 NDOOOOOOOOOOODOO

0000y 000 NODOODODODOODOODO0OO0OO0OO0O0OO0O0O0O0D0O0DO Lagrange 00O
goobgo3sgobodbo axobboobobomooobboobboobbooboboo
gbodoboobobooobooobooo™eb@oD o 0oobooooooo
JoddobobbObO0O000UDn Berkovitz, 1961; Jacobson et al., 1971; 00 O, 1980; O O,
870000 uobodb0 sgob0 Ao oobooboobooobooboboooboo
gooopoooooo 00000 M) Ooboooooooboooooome.1ma
Oo0o0o00 XM&u+0)—-XAt—-—0000000000000 AX0+4+0)—=X0)OXNT)—-XT-0)0
goooooooo

00 AN00O0D0O0O0O0O0DO0O0ODbOoOOn stieltjes 00000000 Ooooobooboon
gooooooo@isMmobooonooonDog A0 MX({th=Xx0:=1,2,...,0 00000
J0000o0oo0ooooooooooogo aD

l
(6.2) A N
i=1

ooboboobooooboboOooobooobonon x. g

0, 0<t<ty
Xi(t)=
1, t:;<t<T

oooooo w,ryoooboooobOol=20000040000
gbobboMe200O00O0OO0OO0O0mMembObO00DmubOodOyooooon
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l
(6.3) b=to+ Y Aithi

=1
gboooboooboboooboobobbD « 000 Nye=1,2,...,l00000000000M033.10
00000000M3300360 00000000 ¢,i=0,1,....000000M63M00
ooooooboy00o0bodelbmobooooooobooboboboboboboonog
oM32d3sbbodbobb@e2e3 00000 ™emonogon
gooogoogo

1

VAel ull+ D A VAR ul=0

i=1
l

> Al ub=0

=1

Ai>0, i=1,2,...,1

gobooboobobbobobooboobooboomIe™ KKTOODOODOO
goooooo

7. 0O0OO

oobOOoO0booOoobOboOoobOoOo0Dn0 LQ OO Jacobson and Lele, 19690011 0 0O O O

1
min /(x% + 23 4 0.005u”) dt
0

(7.1) subj. to @1 =2, z1(0)=0
:'CQZ*:EQ+’U,, 1’2(0):*1
1 —8(t—0.5)2+0.5<0

obooooocooooooboboOobo 200b0b0c0b0ooooobooboboc0«wb0OobOooonoa
gb20000000000000000C000O000O0000 t=047000D0CODOCOO
oobOooboooooboocoobOocobOaxCOoOobOboOobOobOooobooooon

ooomrimoooooooob 1000 20000000000000000000
000000MO0000002000000L=0000")=1000000000000
e=10""0000

k k ~10
= M 1
o(u”) t]ér[l&);]g(x(t,u ),t) <10

000000000000005000000000 5000000000000 20000
000000@MO00000 IMO00000000000 «f=100000000000
00000000 RungeKutta-Gill 100000000 Simpson 000000000000
e=10"0000 |s*<107° 000000000000000

0000000 1000000000000000 20 k00000000007 0000
0L, O0O0OOD ¢ 00000001000000000 A 000000000000 §(u)
000000 I, 0000 #,,0000000500000@4&=900000000 4
00000000MM62N000000000000000 A’000000000000
0t=0470000200 A00D0000D00O0O000OO0O0000O0000000000O00
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01 000710000000000
kb (t8, 2) 3(u*) thr1
1 0 4.456e-01 5.016e-01
2 1 (5.016e-01, 2.890e+00) 1.449e-02 4.472e-01
3 2 (4.472e-01,2.233e+00) 3.340e-03 4.753e-01
(5.016e-01, 8.487e-01)
4 3 (4.472e-01,4.473e-03) 7.339e-04 4.628e-01
(4.753e-01, 3.029e+00)
(5.016e-01, 0.000e+00)
5 3 (4.472e-01, 0.000e+00) 1.148e-04 4.666e-01
(4.628e-01, 1.691e+00)
(4.753e-01, 1.370e+00)
6 3 (4.628e-01,0.000e+00) 3.284e-05 4.734e-01
(4.666e-01, 2.932e+00)
(4.753e-01, 1.336e-01)
7 3 (4.666e-01,2.651e+00) 1.426e-06 4.672e-01
(4.734e-01, 4.135e-01)
(4.753e-01, 0.000e+00)
8 3 (4.666e-01,0.000e+00) 1.130e-06 4.728e-01
(4.672e-01, 2.925e+00)
(4.734e-01, 1.390e-01)
9 3 (4.672e-01, 2.897e+00) 3.218e-14
(4.728e-01, 1.671e-01)
(4.734e-01, 0.000e+00)
1.5 35
\\ /” 3
1 N ,/
\\\ // 25
05 //
N = 2
g . i
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N =45
1
0.5
'10 Of‘ 0‘2 013 0.4 1_0:5( 076 07 0:8 09 1 0 0.‘! ofz 0?3 0.4 (0.5' 0.‘6 0‘7 ofa OTS
05 000000000000 29000 X°0

000000000006 <107 00000000000000000000O0O00DO0O0
oM riooooooooodoionD «»n 02 00000000000000000
gobooobodbobboboboboboobobboobooboobboobboboon
googbooooooooboo yooogobobbooooobobbooooobboooo
goobmriooboooobboobbooobobooobo xbbooobbooo
00000000000 2000005 00000000000D000000OOOO0Od

g23ldobooogooogn
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A Numerical Solution of State-constrained Optimal Control Problems by
Dual Sequential Quadratic Programming with Cutting Plane Strategy

Satoshi Ito

The Institute of Statistical Mathematics

An approach based on dual sequential quadratic programming (SQP) coupled with
a cutting plane strategy is proposed as a numerical method for solving optimal control
problems with state trajectory inequality constraints. This method applies the dual SQP
to a sequence of relaxed problems with a finite number of pointwise state inequality
constraints generated in a cutting plane sense, and thus converts the original optimal
control problem into a series of finite-dimensional quadratic programs. The approach
can also be viewed as a sequential estimation procedure of the multiplier for the state
trajectory constraints by nondecreasing step functions and is hence expected to perform
well on high-order state constraints.

Key words: Optimal control problem, state constraint, sequential quadratic programming, cutting
plane method.



