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A Bayesian non-parametric method of estimating the
background intensity of ETAS model

Yuanyuan Niu

1 Introduction

The spatio-temporal epidemic type aftershock sequence (ETAS) model,
which 1s an example of a self-exciting, spatio-temporal, marked Hawkes pro-
cess model, 1s widely used In statistical seismology. The background intensity
Is Important for assessing seismic hazard and forecasting seismic activities
(Molkenthin et al., 2022). This poster shows a Bayesian non-parametric way
of estimating the background intensity.

Conditional intensity function

The ETAS model is characterized by its conditional intensity function,

At @ | He 04, 00) =u(x | 0)+ Y o(t—t,x—ax;| mj0y).
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Latent branching structure
Each event / has a non observable latent random variable z; € {0, 1,--- , /1 —
1}, where
0 event 11s a background event
Z] = : . : . (1)
J > 0 event 1 1s triggered by event |
u(z; | 6y)
I / )\(t,,w, | Htl-,elu,,e(p) (2)
- p(Z :_/) _ QO(tl- —_ tj’ Tj— & | mj' 9(/))
Y ’ At x| He, O, Op)
with pjo + ZJI;% pij=1.
2 Methodology
. N
All the observations are D = Dy U Dy, where Dy = {(t;, xj, mj, z; = O)}/-:Df

are background events according to a Poisson process with intensity wu(x),

N .
and Dy = {(t;, x;, mj, z; # O)}I.:Df are offspring events.

Priori

The background intensity I1s defined by

_ _ 1

() = Xo(f(@) = X (3)
where o(-) is the logistic sigmoid function.
e \ ~ Gamma distribution.
o f(x) ~ GP prior with zero mean and a covariance function

2 /)2
(X — x;)
k(z,z' | v) =y exp (— ). 4
@.a'|v)=w[[er(—555) (4)

e v ~ Exponential distribution.
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Likelihood

e Likelihood of the latent branching structure is

Np
A(D.2 | t2).05) = [ [ uta) = (<171 [ utase)

A\ . J/

p(DolZ, ()
x p(D | Z,0,) x p(2).

e Given a branching structure Z, the background intensity i1s a Poisson like-
lihood with (3).
Np
(00| Z @) N = [ Ret@)en (-I7] [ Rof(e)a)
/:1,2/20

e [0 reduce the Intractable integral inside the exponential term to a con-

stant, an independent latent Poisson process [1 = {m/};\/jk/';'jﬂ with rate
Ax)=A(1—0(f(x))) is introduced.
) Np Npun
p(Do. M| Z f(x),X)= ]] Xolf(@)) [ Xo(-rf(zp)
- (5)
I=1,z=0 [=Np+1
exp (—|T|X|N) .

e To obtain a likelihood which has a Gaussian form and is conditionally conju-
gate to the GP prior denoted by p( f), the Pélya—Gamma random variables
are introduced (Polson et al., 2013).

Np

_ A oh 2
p(Do. Nwp wn | Z.f(x), X)) = || Se2 2%ppg(w;|1,0)
1=1,z=0
Npun s >
A 6
I1 5¢ 2 2¥ppg(w | 1,0)
I=Np+1
exp (—|T|X|N) .

Conditional posteriors for the kth Gibbs iteration

o Z,-(k) | D, w(zx,) kD), 0((pk_1) ~ Categorical (p;)

o N | Xk=1) pk=1) L PP(X(c(—F())))

oviiz=0, W F*D 700 < ppg(w; | 1 IA))

oV Np+1 -+ Npon w | F5D 1k < pogw | 1,16

o XK | ZU) Mk~ Gamma(Npyp + o, | T X| + Bo)

° f(k) | D, wg(), wl(-lk), Mk z(k) ~ Gaussian distribution
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