
✦ Optimal transport (OT)

Some drawbacks:
      (i) same mass 
      (ii) high complexity
      (iii) indefiniteness
✦ Tree-(sliced) Wasserstein: OT for measures on a tree [1] 
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✦ Several objects of interest are represented as distributions

in

cv1 cv3 cv3

cv3

out
out

in

cv3 cv1

mp3

mp3

(1, 1, 1 )

( ௟ longest path length to root, ି indegree, ା outdegree )

(1, 1, 1 ) (1, 1, 1 )

(2, 2, 1 )

(3, 2, 0 )

(0, 0, 2 )

(1, 1, 1 )

(2, 1, 1 )

(3, 2, 1 )

(4, 2, 0 )

(1, 1, 2 )

(0, 0, 3 )
𝛿ଵ
ହ

Chain Tree

𝛿ଶ
ହ

𝛿ଷ
ହ

𝛿ସ
ହ

𝛿ହ
ହ

𝛿ସ
ସ

𝛿ଵ
ସ

𝛿ଶ
ସ

𝛿ଷ
ସ

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

⇠=<latexit sha1_base64="AvG+lCm6GyaxCVXcCkvJmYGAlm8=">AAAB8XicbVA9T8MwEL2UrxK+CowsFg0SU5V2AbYKFsYiEaiURpXjOq1Vx45sB6mK+jNYGACx8m/Y+De4bQZoedJJT+/d6e5enHGmje9/O5W19Y3Nreq2u7O7t39QOzx60DJXhAZEcqm6MdaUM0EDwwyn3UxRnMacPsbjm5n/+ESVZlLcm0lGoxQPBUsYwcZKoee5PSLF0PW8fq3uN/w50CpplqQOJTr92ldvIEmeUmEIx1qHTT8zUYGVYYTTqdvLNc0wGeMhDS0VOKU6KuYnT9GZVQYokcqWMGiu/p4ocKr1JI1tZ4rNSC97M/E/L8xNchkVTGS5oYIsFiU5R0ai2f9owBQlhk8swUQxeysiI6wwMTYl14bQXH55lQStxlXDv2vV29dlGlU4gVM4hyZcQBtuoQMBEJDwDK/w5hjnxXl3PhatFaecOYY/cD5/AB9fj2A=</latexit><latexit sha1_base64="AvG+lCm6GyaxCVXcCkvJmYGAlm8=">AAAB8XicbVA9T8MwEL2UrxK+CowsFg0SU5V2AbYKFsYiEaiURpXjOq1Vx45sB6mK+jNYGACx8m/Y+De4bQZoedJJT+/d6e5enHGmje9/O5W19Y3Nreq2u7O7t39QOzx60DJXhAZEcqm6MdaUM0EDwwyn3UxRnMacPsbjm5n/+ESVZlLcm0lGoxQPBUsYwcZKoee5PSLF0PW8fq3uN/w50CpplqQOJTr92ldvIEmeUmEIx1qHTT8zUYGVYYTTqdvLNc0wGeMhDS0VOKU6KuYnT9GZVQYokcqWMGiu/p4ocKr1JI1tZ4rNSC97M/E/L8xNchkVTGS5oYIsFiU5R0ai2f9owBQlhk8swUQxeysiI6wwMTYl14bQXH55lQStxlXDv2vV29dlGlU4gVM4hyZcQBtuoQMBEJDwDK/w5hjnxXl3PhatFaecOYY/cD5/AB9fj2A=</latexit><latexit sha1_base64="AvG+lCm6GyaxCVXcCkvJmYGAlm8=">AAAB8XicbVA9T8MwEL2UrxK+CowsFg0SU5V2AbYKFsYiEaiURpXjOq1Vx45sB6mK+jNYGACx8m/Y+De4bQZoedJJT+/d6e5enHGmje9/O5W19Y3Nreq2u7O7t39QOzx60DJXhAZEcqm6MdaUM0EDwwyn3UxRnMacPsbjm5n/+ESVZlLcm0lGoxQPBUsYwcZKoee5PSLF0PW8fq3uN/w50CpplqQOJTr92ldvIEmeUmEIx1qHTT8zUYGVYYTTqdvLNc0wGeMhDS0VOKU6KuYnT9GZVQYokcqWMGiu/p4ocKr1JI1tZ4rNSC97M/E/L8xNchkVTGS5oYIsFiU5R0ai2f9owBQlhk8swUQxeysiI6wwMTYl14bQXH55lQStxlXDv2vV29dlGlU4gVM4hyZcQBtuoQMBEJDwDK/w5hjnxXl3PhatFaecOYY/cD5/AB9fj2A=</latexit>

⇠=<latexit sha1_base64="AvG+lCm6GyaxCVXcCkvJmYGAlm8=">AAAB8XicbVA9T8MwEL2UrxK+CowsFg0SU5V2AbYKFsYiEaiURpXjOq1Vx45sB6mK+jNYGACx8m/Y+De4bQZoedJJT+/d6e5enHGmje9/O5W19Y3Nreq2u7O7t39QOzx60DJXhAZEcqm6MdaUM0EDwwyn3UxRnMacPsbjm5n/+ESVZlLcm0lGoxQPBUsYwcZKoee5PSLF0PW8fq3uN/w50CpplqQOJTr92ldvIEmeUmEIx1qHTT8zUYGVYYTTqdvLNc0wGeMhDS0VOKU6KuYnT9GZVQYokcqWMGiu/p4ocKr1JI1tZ4rNSC97M/E/L8xNchkVTGS5oYIsFiU5R0ai2f9owBQlhk8swUQxeysiI6wwMTYl14bQXH55lQStxlXDv2vV29dlGlU4gVM4hyZcQBtuoQMBEJDwDK/w5hjnxXl3PhatFaecOYY/cD5/AB9fj2A=</latexit><latexit sha1_base64="AvG+lCm6GyaxCVXcCkvJmYGAlm8=">AAAB8XicbVA9T8MwEL2UrxK+CowsFg0SU5V2AbYKFsYiEaiURpXjOq1Vx45sB6mK+jNYGACx8m/Y+De4bQZoedJJT+/d6e5enHGmje9/O5W19Y3Nreq2u7O7t39QOzx60DJXhAZEcqm6MdaUM0EDwwyn3UxRnMacPsbjm5n/+ESVZlLcm0lGoxQPBUsYwcZKoee5PSLF0PW8fq3uN/w50CpplqQOJTr92ldvIEmeUmEIx1qHTT8zUYGVYYTTqdvLNc0wGeMhDS0VOKU6KuYnT9GZVQYokcqWMGiu/p4ocKr1JI1tZ4rNSC97M/E/L8xNchkVTGS5oYIsFiU5R0ai2f9owBQlhk8swUQxeysiI6wwMTYl14bQXH55lQStxlXDv2vV29dlGlU4gVM4hyZcQBtuoQMBEJDwDK/w5hjnxXl3PhatFaecOYY/cD5/AB9fj2A=</latexit><latexit sha1_base64="AvG+lCm6GyaxCVXcCkvJmYGAlm8=">AAAB8XicbVA9T8MwEL2UrxK+CowsFg0SU5V2AbYKFsYiEaiURpXjOq1Vx45sB6mK+jNYGACx8m/Y+De4bQZoedJJT+/d6e5enHGmje9/O5W19Y3Nreq2u7O7t39QOzx60DJXhAZEcqm6MdaUM0EDwwyn3UxRnMacPsbjm5n/+ESVZlLcm0lGoxQPBUsYwcZKoee5PSLF0PW8fq3uN/w50CpplqQOJTr92ldvIEmeUmEIx1qHTT8zUYGVYYTTqdvLNc0wGeMhDS0VOKU6KuYnT9GZVQYokcqWMGiu/p4ocKr1JI1tZ4rNSC97M/E/L8xNchkVTGS5oYIsFiU5R0ai2f9owBQlhk8swUQxeysiI6wwMTYl14bQXH55lQStxlXDv2vV29dlGlU4gVM4hyZcQBtuoQMBEJDwDK/w5hjnxXl3PhatFaecOYY/cD5/AB9fj2A=</latexit>

✦ Entropy partial transport (EPT): unbalanced OT on a tree [2] 

Dual formulation:

✦ Regularized EPT:
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✦ OT for measures supported on a graph metric space

                                     + Min-cost flow problem [Beckmann form.] 
                                     + Complexity:                     [Orlin’s alg.]
                                     + Indefiniteness

✦ Graph-based Sobolev space

✦ Graph metric: length of shortest path between nodes on graph

[Q1?] How to leverage graph structure to develop scalable 
approach for optimal transport between measures?
[Q2?] Extend the approach for measures on a graph, but having 
different total mass?

✦ Sobolev transport (ST) for probability measures on a graph [3]

✦ Closed-form expression

Discrete case: for measures supported on graph vertices

✦ Assumptions:
      (i) graph is given 
      (ii) it exist a root node     , i.e., unique shortest path from      to     
other nodes.

✦ Special case: if the given graph is a tree, then Sobolev 
transport is equivalent to tree-Wasserstein.

[?] The definition of Sobolev transport is based on dual 
formulation of OT. So, how to extend it for measures supported 
on a graph, but having different total mass?

✦ Entropy partial transport on a graph

✦ Dual formulation:

• Challenge to compute EPT efficiently 
• Unknown how to extend p-order (           ) even on a tree.
✦ Regularized set        for the critic function
For                  and                                                ,      is a set of 
functions:     

✦ Unbalanced Sobolev Transport [4]:

✦ Closed-form expression
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Experimental Results

✦ Balanced setting: for probability measures on a graph (having the same mass)

                        Document classification                                                  Topological Data Analysis
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✦ Unbalanced setting: for measures on a graph and having different total mass

                        Document classification                                                  Topological Data Analysis
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✦ Code: https://tamle-ml.github.io/code.html
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7775 Figure 1: We advocate the use of sliced Wasserstein distance for training 3D point cloud autoencoders. In this example,
we try to morph a sphere into a chair by optimizing two different loss functions: Chamfer discrepancy (top, red) and sliced
Wasserstein distance (bottom, blue). The proposed sliced Wasserstein distance only takes 1000 iterations to converge, while it
takes 50000 iterations for Chamfer discrepancy.

• A new algorithm named Adaptive-sliced Wasserstein
to evaluate sliced Wasserstein distance that guarantees
that the evaluated value is close enough to the true one
(Section 4).

• An extensive evaluation of point cloud learning tasks
including point cloud reconstruction, transfer learning,
point cloud registration and generation based on Cham-
fer discrepancy, EMD, sliced Wasserstein distance and
its variants (Section 5).

2. Related Work

Set similarity. 3D point clouds autoencoders are useful
in a wide range of applications, such as denoising [19], 3D
matching [55, 10, 12, 31], and generative models [16, 1].
Many autoencoder architectures have been proposed in re-
cent few years [1, 52, 10]. To train these autoencoders, there
are two popular choices of losses: the Chamfer discrep-
ancy (CD) and Earth Mover’s distance (EMD). The Chamfer
discrepancy has been widely used in point cloud deep learn-
ing [16, 1, 52].

It is known that Chamfer discrepancy (CD) is not a dis-
tance that means there are two different point clouds with its
CD almost equals zero. While earlier works [16, 1] showed
that EMD is better than Chamfer in 3D point clouds recon-
struction task, recent works [42] still favor Chamfer discrep-
ancy due to its fast computation.

Wasserstein distance. In 2D computer vision, the family of
Wasserstein distances and their sliced-based versions have
been considered in the previous works [2, 20, 48, 14, 13, 49,
29, 23]. In particular, Arjovsky et al. [2] proposed using
Wasserstein as the loss function in generative adversarial
networks (GANs) while Tolstikhin et al. [48] proposed using
that distance for the autoencoder framework. Nevertheless,
Wasserstein distances, including the EMD, have expensive

computational cost and can suffer from the curse of dimen-
sionality, namely, the number of data required to train the
model will grow exponentially with the dimension. To deal
with these issues of Wasserstein distances, a line of works
has utilized the slicing approach to reduce the dimension
of the target probability measures. The notable slicing dis-
tance is sliced Wasserstein distance [5]. Later, the idea of
sliced Wasserstein distance had been adapted to the autoen-
coder setting [25] and domain adaptation [30]. Deshpande
et al. [14] proposed to use the max-sliced Wasserstein dis-
tance, a version of sliced Wasserstein distance when we only
choose the best direction to project the probability measures,
to formulate the training loss for a generative adversarial
network. The follow-up work [13, 49] has an improved
projection complexity compared to the sliced Wasserstein
distance. In the recent work, Nguyen et al. [37, 38] proposed
a probabilistic approach to chooses a number of important
directions via finding an optimal measure over the projec-
tions. Another direction with sliced-based distances is by
replacing the linear projections with non-linear projections
to capture more complex geometric structures of the proba-
bility measures [24]. However, to the best of our knowledge,
none of such works have considered the problem of learning
with 3D point clouds yet.
Notation. Let Sn�1 be the unit sphere in the n-dimensional
space. For a metric space (⌦, d) and two probability mea-
sures µ and ⌫ on ⌦, let ⇧(µ, ⌫) be the set of all joint distri-
butions � such that its marginal distributions are µ and ⌫,
respectively. For any ✓ 2 Sn�1 and any measure µ, ⇡✓]µ

denotes the pushforward measure of µ through the mapping
R✓ where R✓(x) = ✓

>
x for all x.

3. Background

To study the performance of different metrics for point
cloud learning, we briefly review the mathematical founda-
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