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We have developed a technique for estimating the temporal evolution of the plasmaspheric
helium ion density based on a sequence of extreme ultraviolet (EUV) data obtained from the IMAGE
satellite. In the proposed technique, the estimation is obtained by incorporating EUV images from IMAGE
into a two-dimensional ﬂuid model of the plasmasphere using a data assimilation approach based on the
ensemble transform Kalman ﬁlter. Since the motion and the spatial structure of the helium plasmasphere
is strongly controlled by the electric ﬁeld in the inner magnetosphere, the electric ﬁeld around the
plasmapause can also be estimated using the ensemble transform Kalman ﬁlter. We performed an
experiment using synthetic images that were generated from the same numerical model under a certain
condition. It was conﬁrmed that the condition that generated the synthetic images was successfully
reproduced. We also present some results obtained using real EUV imaging data. Finally, we discuss the
possibility of estimating the density proﬁle along a magnetic ﬁeld line. Since each EUV image was taken
from a diﬀerent direction due to the motion of the IMAGE satellite, we could obtain the information on the
density proﬁle along a ﬁeld line by combining multiple images.

1. Introduction
The plasmasphere basically corresponds to the region in which the corotation electric ﬁeld is dominant over
the convection ﬁeld and an E × B drift path forms a closed loop. In this closed drift path region, high plasma
density can be maintained because the plasma supplied from the ionosphere follows closed drift trajectories around the Earth and thus passes through the dayside ionospheric outﬂow region multiple times. In
contrast, the plasma outside the closed drift path region would rapidly be lost due to the convection electric
ﬁeld. Hence, under a stationary condition, a sharp gradient in plasma density would be formed between the
closed drift path region and the open drift path region. The outer boundary of the plasmasphere is deﬁned
by this sharp density gradient, which is referred to as the plasmapause [e.g., Nishida, 1966].
Since the motion of plasmaspheric ions is determined by the E × B drift, the structure of the plasmasphere
is highly variable due to the variation of the electric ﬁeld in the inner magnetosphere [e.g., Liemohn et al.,
2004; Pierrard et al., 2008]. Moreover, since the timescale for the response to the storm-time electric ﬁeld
is typically much shorter than the timescale of the reﬁlling from the ionosphere [e.g., Park, 1974; Obana
et al., 2010], the time history of the electric ﬁeld would also control the structures of the plasmasphere. The
electric ﬁeld in the inner magnetosphere is inﬂuenced by the interaction between the ionosphere and the
magnetosphere [e.g., Vasyliunas, 1970, 1972; Jaggi and Wolf, 1973; Fok et al., 2001; Liemohn et al., 2005].
In order to understand the dynamics of the plasmasphere as a result of the coupling processes between
the ionosphere, the magnetosphere, and the plasmasphere, it is crucial to grasp the global picture of the
electric ﬁeld. There are eﬀorts to provide averaged maps of the electric potential distribution [Matsui et al.,
2004, 2013]. However, it is diﬃcult to obtain global, time-dependent information on the electric ﬁeld in the
inner magnetosphere.
The extreme ultraviolet (EUV) imager on board the IMAGE satellite [Sandel et al., 2000], which observes
extreme ultraviolet radiation scattered by helium ions in the plasmasphere, provides information on
global motion of the helium ion plasmasphere. As pointed out by Burch et al. [2001b], this information
could be used to estimate the electric ﬁeld in the inner magnetosphere. Indeed, a number of studies have
addressed the properties of the inner-magnetospheric electric ﬁeld based on IMAGE/EUV data. For example,
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Goldstein et al. [2002] inferred the overshielding electric ﬁeld from the property of the shoulder structure.
Goldstein et al. [2004] demonstrated that the azimuthal
electric ﬁeld might be estimated from the motion of
the plasmapause location identiﬁed from the EUV
data. A similar approach was taken by Murakami et al.
[2007] to discuss the response of the plasmapause to
the interplanetary magnetic ﬁeld (IMF). Goldstein et al.
[2005] investigated the radial electric ﬁeld as well as the
azimuthal ﬁeld by tracking the azimuthal motion of an
undulated structure of the plasmasphere. Galvan et al.
[2010] also investigated the azimuthal motion of the
plasmasphere from the EUV images. Gallagher and Adrian
[2007] discussed the two-dimensional plasma ﬂow
based on the optical ﬂow and the correlation analysis of
EUV images.

The present study attempts to exploit the global EUV
imaging data for estimating the temporal evolution of
the plasmasphere which is controlled by the electric ﬁeld.
We use a data assimilation method [e.g., Kalnay, 2003]
1105UT to attain this purpose. Data assimilation is an approach
which incorporates observations into a simulation model
to obtain a realistic estimate of the temporal evolution of a system. Simulation models in geophysics are
typically based on many untested assumptions regarding the initial condition, model parameters, and so on.
Data assimilation methods make use of real observations of the system in order to reduce the errors arising
1207UT from these assumptions. The initial condition, unknown
model parameters, and the simulation variables at each
time step are improved so that the simulation outputs
well agree with the observations. Recently, data assimilation has been applied to a number of targets of the
magnetosphere. In particular, many studies performed
data assimilation for modeling of the radiation belt [e.g.,
Naehr and Toﬀoletto, 2005; Koller et al., 2007; Kondrashov
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et al., 2007; Boudarie and Maget, 2012]. Nakano et al.
Figure 1. Modeled evolution of helium ion density
[2008] used a data assimilation approach to model the
for generating the synthetic EUV images. The color
dynamics of the ring current using the data of the enercontours indicate the ion density, and the white lines
getic neutral atom (ENA) from the IMAGE satellite. For the
indicate the electric potential contours with intervals
plasmasphere, Jorgensen et al. [2011] demonstrated the
of 5 kV.
capabilities of data assimilation using a synthetic data
set of satellite in situ observations. The present study attempts to demonstrate the eﬀectiveness of data
assimilation of global EUV imaging data for the modeling of the plasmasphere.
The EUV images provide the information on the spatial structure of the helium plasmasphere. Combining
a sequence of the EUV images with the dynamical model of the plasmasphere, we can also estimate the
spatial distribution of the electric potential around the plasmasphere because the temporal evolution of
the helium plasmasphere is controlled by the electric ﬁeld. The estimate of the helium ion distribution is
also improved by considering the temporal evolution of the plasmasphere. This is a similar approach to that
reported by Nakano et al. [2008] who modeled the ring current using the ENA data. The proposed approach
consists of two steps. First, we estimate the helium ion density distribution at the initial time step of an event
using a linear inversion. Second, we incorporate a sequence of IMAGE/EUV data into a dynamic model in
order to estimate the electric potential distribution and the evolution of the plasmasphere controlled by the
electric ﬁeld.
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The dynamic model of the plasmasphere used in the
present study is explained in section 2. The method by
which to estimate the evolution of helium ion density
distribution and electric ﬁeld estimation is described
in section 3 and is validated using a synthetic data set
in section 4. The results of the estimation for two real
events are presented in section 5. Finally, a conclusion is
presented in section 6.

2. Plasmasphere Model
We use a two-dimensional plasmasphere model based
on the model developed by Ober et al. [1997] to describe
the temporal evolution of the plasmaspheric helium
ion distribution. In this model, the evolution of the ion
distribution is described by the following advection
equation:
𝜕N ∇Φ × B
−
⋅ ∇N = f ,
𝜕t
B2

(1)

where N denotes the total ion content per unit ﬂux tube,
Φ denotes the electric potential, B denotes the magnetic
ﬁeld, and f represents the reﬁlling process on the dayside and diﬀusive process on the nightside. Since only
helium ions are considered in the present study, we hereinafter denote the helium ion content per unit ﬂux tube
by N. The helium ions were assumed to be distributed in
the region 1.1 < L < 8. In the present study, we consider phenomena with a relatively short time period of
less than 6 h, and the reﬁlling and diﬀusive processes
are assumed to be ineﬀective; that is, we assume f = 0.
Indeed, even if f was set to be 107 ∕(cm2 ⋅ s), which is
the typical value of the upward helium ion ﬂux from the
ionosphere [Hoﬀman and Dodson, 1980], the results did
not show any visible changes for the cases shown in
the present paper. The reﬁlling rate would be less than
the upward ion ﬂux from the ionosphere. Therefore, it
would be reasonable to assume the reﬁlling process to
be ineﬀective.

Figure 2. Synthetic EUV images used in the
experiment.

In order to estimate the density distribution of helium
ions from an EUV image, the helium ion density proﬁle
along a ﬁeld line must be given. According to a number
of preceding studies [e.g., Menk et al., 1999; Denton et
al., 2006], we assume that the proﬁle of the helium ion
density n along a ﬁeld line can be written in the following
power law form:
( )𝛼
req
n(r) = neq (𝝆)
,
(2)
r

where neq is the helium ion density at the equatorial plane and 𝝆 is the projection of r along the ﬁeld line
on the equatorial plane. The total ion content per unit ﬂux tube, N, can then be obtained by integrating the
density along the magnetic ﬁeld line m as follows:
( )
neq (𝝆) req 𝛼
N=
ds.
(3)
∫m B(r)
r
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This relationship allows us to convert between N in
equation (1) and the equatorial helium ion density neq .
Thus, in the following, we do not consider N but consider
the equatorial helium ion density neq .
We assume the magnetospheric magnetic ﬁeld B to be a
dipole ﬁeld. On the other hand, the spatial distribution of
the electric potential Φ is assumed to be unknown, and
it is estimated in the data assimilation process. In order
to make the estimation easier, the spatial distribution
of the electric ﬁeld potential at the equatorial plane is
expressed as:
( )2
(
)
∑
)
𝜌 (
𝜌
Φ = Φ0
sin 𝜙+
i 𝜉ij
aij cos i𝜙 + bij sin i𝜙 ,
R0
R
0
0≤i≤3
0≤j≤3

1105UT

(4)
where 𝜌 is the radial distance from the Earth’s center, 𝜙
is the magnetic local time in radians, R0 is the equatorial
radius of the outer boundary of the simulation domain,
i is the ith order Bessel function, and 𝜉ij are the positive roots of i (𝜉ij ) = 0 such that 0 < 𝜉i1 < 𝜉i2 < · · ·.
Here, the equatorial radius of the outer boundary R0 is
assumed to be 8 earth radii. By assuming equipotentiality along a magnetic ﬁeld line, the electric potential at
any point in the inner magnetosphere is given by that at
the equatorial plane represented by equation (4).

The parameter Φ0 , which corresponds to the potential
drop imposed across the polar cap, is set at the potential
drop calculated from the model by Weimer [2001] with
1207UT
solar wind data obtained by the ACE as an input. The ﬁrst
term on the right-hand side of equation (4) corresponds
to the Volland-Stern-type electric ﬁeld with a shielding
factor of 2. The second term is the deviation from the
Volland-Stern-type electric ﬁeld, which is represented by
a linear combination of the basis functions i (𝜉ij R𝜌 ) cos i𝜙
0
and i (𝜉ij R𝜌 ) sin i𝜙 for 0 ≤ i ≤ 3 and 0 ≤ j ≤ 3. The
0
second term can represent various potential patterns
100
101
102
103 (/cc)
by changing the coeﬃcients aij and bij . In the proposed
technique, aij and bij are treated as unknown parameters.
Figure 3. Evolution of the helium ion distribution
(color code) and the electric potential distribution
The electric potential distribution is then be estimated by
(white lines) estimated from the synthetic data set
seeking optimal values for the coeﬃcients aij and bij . This
using the ETKF.
is a similar approach to that in our previous study Nakano
et al. [2008], although the equation of the electric potential distribution was slightly modiﬁed. At the outer
boundary of the simulation domain, where r = R0 , the second term becomes zero. The outer boundary
condition of the electric potential is thus determined by the Volland-Stern-type electric ﬁeld model.

3. Method
3.1. State Space Representation
For convenience in explaining the proposed technique, the relationship between the variables considered
herein is described in the form of the state space representation. We deﬁne a state vector x k by gathering
all the unknown variables in the plasmasphere model, which includes the equatorial helium ion density for
each cell neq,j , and coeﬃcients aij and bij representing the electric potential distribution. Subscript k of x k
represents the time tk . The temporal evolution of x k from tk−1 to tk is then described as follows:
x k = k (x k−1 ) + v k ,
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where k denotes the dynamic model, which describes
the temporal evolution of x k , and the vector v k is the system noise, which represents the uncertain processes that
are not described by the dynamical model k . The state
vector x k consists of the helium ion density neq,j and the
coeﬃcients representing the electric potential aij and
bij . Accordingly, the function k consists of the temporal evolution of N, which corresponds to equation (1),
and the evolution of aij and bij . In the present study, we
assume that the evolution of each of coeﬃcients aij and
bij is described by the following model:
aij,k = Aaij,k−1 ,

1004UT

bij,k = Abij,k−1 ,

(6)

where A is ﬁxed for all of {aij } and {bij }. The coeﬃcient A
is a kind of forgetting factor and is set to 0.8 herein.

1105UT

The EUV observation used in the present study is related
to the helium ion density. Since the helium ion density
is given by equation (2), the measured EUV intensity of
each pixel, yi , can be obtained by the line of sight integral
of the helium ion density
( )𝛼
req
yi =
c(r) neq (𝝆)
ds + 𝜀i
∫ 𝓁i
r
=

∫ 𝓁i

𝜂(r) neq (𝝆) ds + 𝜀i ,

where we deﬁne 𝜂 as

(

𝜂(r) = c(r)

1207UT

req

(7)

)𝛼

r

,

(8)

and 𝜀i denotes the observation noise for each pixel. In
the sunlit plasmasphere, c is given according to Gallagher
et al. [2005]:
c=

100

101

102

103 (/cc)

Figure 4. Absolute values of the diﬀerences in the
helium ion density between the estimate in Figure 3
and the truth in Figure 1.

F
,
1.89 × 1019

(9)

where F is the 30.4 nm solar irradiance in units of photons per cm2 ⋅ s. In the umbra of the Earth, EUV scattering
is assumed to be negligible, and c is assumed to be
zero. We then approximate equation (7) in the following
discretized form:
∑
yi =
𝜂ij neq,j + 𝜀i .
(10)
j

This equation can be rewritten in the following vector form:
y = Hneq + 𝜺.

(11)

In order to represent the relationship between the state vector x k and the observation y k , we deﬁne a matrix
̂ k = Hneq,k . Equation (11) can then be rewritten as follows:
Ĥ so as to satisfy Hx
̂ k + 𝜺k .
y = Hx

(12)

The observation noise 𝜺k is assumed to obey the Gaussian distribution with the mean vector b and
the covariance matrix R. The values of b and R are given in the same way as in a companion paper [Nakano
et al., 2014].
NAKANO ET AL.
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3.2. Ensemble Transform Kalman Filter
The goal of the present study is to estimate the
temporal evolution of the helium ion density distribution of the plasmasphere and the electric
potential distribution using a sequence of EUV
imaging data obtained from the IMAGE satellite. In
order to accomplish this goal, we use the ensemble transform Kalman ﬁlter (ETKF) [Bishop et al.,
2001; Wang et al., 2004], which is a sequential data
assimilation algorithm for combining a dynamic
model with a sequence of observations. In the
ETKF, as in other ensemble-based methods such as
0
24
6
12
18
the ensemble Kalman ﬁlter [Evensen, 1994, 2003],
MLT
the probability distribution of the state x k is repFigure 5. Eastward electric ﬁeld distribution at L = 3.5 at
resented by a set of instances called an ensemble.
1004 UT estimated from the synthetic data set (red line) and The evolution of uncertainty of the system is repthe “true” eastward electric ﬁeld (blue line).
resented by applying the dynamic model  for
each member of the ensemble.
For example, if}the
{
, … , x (N)
,
probability distribution at the previous time step is represented by the ensemble x (1)
k−1|k−1
k−1|k−1
we can obtain the ensemble representing the forecast distribution as follows:
(
)
x (i)
=  x (i)
(13)
k|k−1
k−1|k−1
for all i. Here the subscript k|k − 1 of x (i)
indicates that x (i)
represents the probability distribution for
k|k−1
k|k−1
{
}
(N)
time tk conditioned on the observations until time tk−1 . Similarly, the ensemble x (1)
,
…
,
x
repk−1|k−1
k−1|k−1
resents the probability distribution for time tk−1 conditioned on the observations until time tk−1 . The form of
equation (13) does not consider the error or uncertainty in the dynamical model, which corresponds to v k
in equation (5). In order to cope with the possible errors and uncertainties due to the processes which are
not accurately described in the model, we apply the multiplicative covariance inﬂation [e.g., Anderson and
Anderson, 1999] as follows:
[ (
]
)
(i)
x (i)
=
(1
+
𝛿)

x
(x
)
(14)
−
k−1|k−1
k|k−1
k−1|k−1
for all i where (1 + 𝛿) is the inﬂation factor. In the present paper, we set 𝛿 = 0.1. The mean vector and the
covariance matrix of the forecast distribution can then be obtained as follows:
N
1 ∑ (i)
x
,
N i=1 k|k−1
N (
)(
)T
1 ∑ (i)
̄
=
−
x
.
x k|k−1 − x̄ k|k−1 x (i)
k|k−1
k|k−1
N i=1

x̄ k|k−1 =

Pk|k−1

-487820

Log likelihood

(16)

where x̄ k|k and Pk|k denote the mean vector and the
covariance matrix, respectively, of the forecast. The
superscript T indicates the transpose of the matrix.

-487800

For convenience, we deﬁne the following matrix:
(
)
1
(N)
Xk|k−1 = √
·
·
·
𝛿x
(17)
𝛿x (1)
,
k|k−1
k|k−1
N

-487840
-487860
-487880

where 𝛿x (i)
is the deviation from the mean x̄ k|k−1 :
k|k−1

-487900

𝛿x (i)
= x (i)
− x̄ k|k−1 .
k|k−1
k|k−1

-487920
1.5

2

alpha

2.5

(18)

Using the matrix Xk|k−1 , the ensemble covariance
matrix Pk|k−1 is represented as

Figure 6. Log likelihood with respect to 𝛼 for the
synthetic data set.
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This means that Xk|k−1 is the square root of the covariance matrix Pk|k−1 . In order for the mean of the particles
{
}
(N)
,
…
,
x
to be equal to x̄ k|k−1 as in equation
x (1)
k|k−1
k|k−1
(15), the matrix Xk|k−1 also satisﬁes the following
condition:
Xk|k−1 1 = 0,

(20)

where 1 = (1 · · · 1)T and 0 = (0 · · · 0)T .
The ETKF incorporates the information of the observation
y k into the estimate based on the conventional Kalman
ﬁlter algorithm [Kalman, 1960]. The mean vector is thus
updated as follows:
(
)
x̄ k|k = x̄ k|k−1 + Kk y k − Hk x̄ k|k−1 − b ,
(21)
where x̄ k|k denotes the mean vector of the analysis (ﬁltered) distribution and Kk is the Kalman gain matrix. The
ETKF does not explicitly compute the covariance matrix
of the analysis. Instead, the ETKF updates the square root
of Pk|k as follows:
Xk|k = Xk|k−1 Tk ,

(22)

where the transform matrix Tk is deﬁned such that the
matrix Xk|k satisﬁes
Pk|k = Xk|k XTk|k .

(23)

In order to compute the Kalman gain matrix Kk and
the transform matrix Tk , the following eigenvalue
decomposition is performed:
XTk|k−1 HTk R−1 Hk Xk|k−1 = Uk k UTk .

(24)

We then obtain
Kk = Xk|k−1 Uk (IN + k )−1 UTk XTk|k−1 HTk R−1 ,
1

Tk = Uk (IN + k )− 2 UTk .

(25)
(26)

The right-hand side of equation (26) must be multiplied by the matrix UTk in order to obtain an unbiased
ensemble that satisﬁes the following condition:
Xk|k 1 = Xk|k−1 Tk 1 = 0,
T

Figure 7. Sequence of EUV images for the event of
20 June 2001.

(27)
T

where 1 = (1 · · · 1) and 0 = (0 · · · 0) [Wang et al.,
2004; Livings et al., 2008; Sakov and Oke, 2008]. Finally, we
decompose the matrix Xk|k :
(
) √
· · · 𝛿x (N)
(28)
𝛿x (1)
= N Xk|k .
k|k
k|k
Using the mean vector x̄ k|k , which was obtained in
equation (21), we obtain the new ensemble representing
the ﬁltered distribution as follows:

x (i)
= x̄ k|k + 𝛿x (i)
.
k|k
k|k

(29)

From this ensemble, we can again obtain an ensemble representing the forecast distribution according to
equation (13). The temporal evolution of the helium ion density can be estimated by applying the above
procedures recursively.
NAKANO ET AL.
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Figure 8. SYM-H index and the north-south component of the IMF from 0 UT on 18 June 2001 to 0 UT on 21 June 2001.
The times at which the EUV images in Figure 7 were taken are indicated with vertical dashed lines.

3.3. Fixed-Lag Smoother
The above algorithm provides an estimate for x k at each time step tk based on the current and past observations. However, we can consider subsequent observations for the estimation of x k using a procedure
referred to as a smoother [e.g., Evensen and van Leeuwen, 2000]. We use a ﬁxed-lag smoother, which can
be obtained as an extension of a ﬁltering algorithm [e.g., Cohn et al., 1994]. In the ﬁxed-lag smoother, an
augmented state vector which includes the current and past states as follows:

x ∗k

⎛ xk ⎞
⎜
⎟
x
= ⎜ k−1 ⎟ .
⎜ ⋮ ⎟
⎜x
⎟
⎝ k−𝜆 ⎠

(30)

The system and observation models for the augmented state vector are then deﬁned as
(
)
x ∗k = ∗k x ∗k−1 + v ∗k ,
y∗ = Ĥ ∗ x ∗ + 𝜺∗ .
k

k k

(31)
(32)

k

Here ∗k and Ĥ ∗k are deﬁned as follows:
(
∗

k x ∗k−1

)

⎛ k (x k−1 ) ⎞
⎜
⎟
x k−1 ⎟
=⎜
,
⎜
⎟
⋮
⎜ x
⎟
k−𝜆
⎝
⎠

(33)

Ĥ ∗k x ∗k = Ĥ k x k .

(34)

If we apply the same algorithm as the ETKF described above to the model with the augmented state vector
up to 𝜆 time steps ahead, we can obtain estimates that consider the observations at subsequent 𝜆 time
steps. In the present study, we estimate the state after considering two subsequent time steps by using this
ﬁxed-lag smoother.
3.4. Initial Condition
In order to apply the ETKF, the initial condition must be given in advance. We then obtain the initial
state with the linear inversion of a single EUV image. The method of linear inversion is the same as that
in a companion paper [Nakano et al., 2014], in which we estimate the equatorial helium ion density
neq using the Bayesian approach. Assuming that the prior distribution and the likelihood function
NAKANO ET AL.
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are Gaussian, the posterior density is maximized at the
mean of the posterior distribution n̄ eq , which is given as
n̄ eq = (P−1
+ HT R−1 H)−1 HT R−1 (y − b),
b

0902UT

1004UT

1105UT

1207UT

100

101

102

103

(/cc)

Figure 9. Estimated evolution of the helium ion
distribution (color code) and the electric potential
distribution (white lines) on 20 June 2001.

(35)

where the matrix R is the covariance matrix of the observation noise 𝜺, and the matrix Pb is the covariance matrix
of the prior distribution. We adopt n̄ eq as the estimate.
A detailed explanation of the linear inversion technique
is provided in a companion paper [Nakano et al., 2014].
The matrix R is assumed to be diagonal, and each of the
diagonal elements is determined by the variance among
the neighbor pixels. The covariance matrix of the prior
distribution Pb is designed so as to satisfy the following
relationship:
[ (
)
(
) ]2
2
𝜕 2 neq
1 T −1
1 ∑ 2 2 𝜕 neq
2
− neq Pb neq = −
L 𝜉
+𝜉𝜙
,
2
2 i i L
𝜕L2
𝜕𝜙2
i
i
(36)
where L = |𝝆| and 𝜙 is the longitude. The subscript i
denotes one of the cells discretizing the equatorial plane.
3.5. Parameter Estimation
In section 2, the value of the power law exponent in
equation (2), 𝛼 , was not speciﬁed. A number of studies
have estimated 𝛼 in the plasmasphere mainly for the
electron density or mass density. However, the estimates
in the literature vary [Reinisch et al., 2009]. In particular,
no reliable estimate is available regarding 𝛼 for helium
ion density.
In the present paper, we attempt to estimate the value
of 𝛼 from a sequence of EUV images. Each of the EUV
images was taken from a diﬀerent direction because of
the motion of the IMAGE satellite. Therefore, we might
be able to obtain information on the three-dimensional
structure by referring to multiple images. When we estimate the helium ion density using the ETKF, we can also
evaluate the ﬁtness to the EUV observations. If the estimation is performed using various values of 𝛼 , the ﬁtness
to the observations can be evaluated for each value of 𝛼 .
This provides a rough estimate for 𝛼 . In order to measure
the ﬁtness, we introduce the likelihood of the parameter
𝛼 , p(y1∶K |𝛼), where y 1∶K = {y1 , y 2 , … , yK }. The likelihood
can be decomposed as follows:
p(y 1∶K |𝛼) = p(yK |y1∶K−1 , 𝛼) · · · p(y 2 |y 1 , 𝛼) p(y1 |𝛼). (37)

The likelihood indicates the probability that the sequence of the observed data are yielded from the given
probability density function with the parameter 𝛼 . If we assume or approximate that all the probability distribution is Gaussian, we can compute the logarithm of the likelihood p(y 1∶K |𝛼) using the equation for the
Kalman ﬁlter [Kitagawa, 2010]:
1∑ T
1∑
𝜺k|k−1 (Hk Xk|k−1 XTk|k−1 HTk + R)−1 𝜺k|k−1 −
log |Hk Xk|k−1 XTk|k−1 HTk + R|,
2 k=1
2 k=1
K

log p(y1∶K |𝛼) ∝ −

K

(38)

where 𝜺k|k−1 = y k − Hk x̄ k|k−1 − b. We seek the value of 𝛼 that maximizes the logarithm of the likelihood
log p(y1∶K |𝛼) in equation (38). The optimal value of 𝛼 would yield the sequence of the observations y 1∶K with
a higher plausibility than any other possible values of 𝛼 .
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4. Validation Using Synthetic Data
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We evaluate the proposed technique experimentally using a data set of synthetic EUV images. The
synthetic EUV images were generated from a modeled plasmasphere obtained using a numerical
model of the plasmasphere by Ober et al. [1997].
Figure 1 shows the evolution of the helium ion
distribution obtained using this model under a
certain electric potential pattern which is assumed
to be the truth in this experiment. The polar cap
potential drop Φ0 was assumed to be the same
as those on 20 June 2001, which will be exam0
6
12
18
24
ined in the next section. The color codes indicate
MLT
the helium ion density distribution, and the white
Figure 10. Estimated azimuthal proﬁle of the eastward
lines indicate the electric potential contours with
electric ﬁeld at L = 3.5 at 1004 UT on 20 June 2001.
intervals of 5 kV. Figure 2 shows the synthetic
EUV image obtained from the ion distribution in
Figure 1. This synthetic EUV image was generated according to equation (7) except that we added weak
background noise and Poisson noises as the observation noises. The power law exponent in equation (2),
𝛼 , was assumed to be 2. The orbit of the satellite was assumed to be the same as those on 20 June 2001.
Although Figure 2 shows images taken at intervals of approximately 1 h, we used a sequence of synthetic
EUV images taken at intervals of approximately 30 min from 0832 UT. Although the IMAGE satellite actually
acquired EUV images at intervals of about 10 min, the use of the EUV images of every 10 min did not make
a signiﬁcant improvement on the result. We thus used the EUV images of every 30 min in the present paper.
The model was initialized at 0832 UT using the estimate of the ion density obtained by linear inversion, as
described in section 3.4. The synthetic images were then incorporated into the model at intervals of approximately 30 min. Since we did not use pixels for which the lines of sight pass below an altitude of 1500 km, as
described above, we did not calculate the line of sight integral for such pixels in the synthetic data. For this
reason, the pixels around the Earth are blank in Figure 2.

Log likelihood

Figure 3 shows the estimation result. The color codes indicate the estimated equatorial helium ion density distribution. The white lines indicate the estimated electric potential contours with intervals of 5kV.
Figure 4 shows the absolute values of the diﬀerence between the model in Figure 1 and the estimate in
Figure 3. Figure 3 well reproduced the feature of the “true” helium ion density in Figure 1. The electric
potential distribution was also successfully estimated. Since the shape of the plasmasphere observed by
the IMAGE satellite would be sensitive to the electric ﬁeld around the plasmapause, the estimate of the
electric ﬁeld should be most reliable near the plasmapause. Figure 5 shows the azimuthal distribution of
the east-west electric ﬁeld at L = 3.5 near the plasmapause. Positive values indicate an eastward electric
ﬁeld, and negative values indicate a westward electric ﬁeld. The blue line indicates the “true” electric ﬁeld
distribution. The red solid line indicates the estimate,
and the two thin dotted lines indicate the
-772400
2𝜎
range
of the uncertainty. The electric ﬁeld
-772600
was
successfully
estimated by the ETKF. Figure 6
-772800
shows
the
logarithm
of the likelihood deﬁned
-773000
in
equation
(38)
as
a
function
of 𝛼 . As described
-773200
above, the likelihood indicates the probabil-773400
ity that the sequence of the observed data are
-773600
yielded from the given probability density func-773800
tion. Since it is rare that the exact same sequence
-774000
will be observed again, the value of the likeli-774200
2
1.5
2.5
hood typically becomes very small. Accordingly,
alpha
the logarithm of the likelihood takes a large
negative value. The likelihood was maximum at
Figure 11. Log likelihood with respect to 𝛼 for the event of
𝛼 = 2, which means the optimal value of 𝛼 is 2. As
20 June 2001.
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Figure 12. Sequence of EUV images for the event of 11 August 2000.

described above, this synthetic EUV image was generated under the assumption of 𝛼 = 2. The value of 𝛼
was successfully estimated based on the likelihood.

5. Result and Discussion
Next, we demonstrate applications using real IMAGE/EUV data for two real cases as follows.
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Figure 13. SYM-H index and the north-south component of the IMF from 12 UT on 9 August 2000 to 12 UT on 12 August
2000. The times at which the EUV images in Figure 12 were taken are indicated with vertical dashed lines.

5.1. Event on 20 June 2001
Figure 7 shows a sequence of EUV images taken by the IMAGE satellite on 20 June 2001, which is the same
event examined in the companion paper [Nakano et al., 2014]. Figure 8 shows the SYM-H index and the
north-south component of the IMF in GSM coordinates from 0 UT on 18 June 2001 to 0 UT on 21 June 2001.
The images in Figure 7 were taken during the recovery phase of a weak magnetic storm, during which the
Dst index was minimized at −61 nT at 8 UT on 18 June, which was approximately 2 days earlier.
Figure 9 shows the estimated helium ion density distribution on the equatorial plane by means of color
codes. The estimated electric potential distribution is also plotted with white lines with contour intervals
of 5kV. In this event, an azimuthal density jump referred to as a shoulder [e.g., Burch et al., 2001a] appeared
at the dawn in Figure 7. Accordingly, in the estimate of Figure 9, the plasma in the postdawn was eroded,
and the azimuthal density gradient developed around the dawn. Goldstein et al. [2002] suggested that the
shoulder structure can be produced by the shielding electric ﬁeld, which acts to reduce the electric ﬁeld in
the inner magnetosphere. Figure 10 shows the azimuthal proﬁle of the estimated east-west electric ﬁeld at
L = 3.5. Again, positive values indicate an eastward electric ﬁeld, and negative values indicate a westward
electric ﬁeld. A strong westward electric ﬁeld was observed around the dawn. This westward electric ﬁeld
can be formed as a result of the shielding eﬀect [e.g., Jaggi and Wolf, 1973; Ebihara and Fok, 2004]. Figure 11
shows the logarithm of the likelihood in equation (38) with respect to the power law exponent 𝛼 . The likelihood was calculated using the data for the period from 9 UT to 15 UT during this event. The likelihood was
maximized at 𝛼 = 2.1. This value appears to be reasonable in comparison with preceding studies on the
power law exponent 𝛼 [e.g., Denton et al., 2006].
5.2. Event on 11 August 2000
Figure 12 shows a sequence of EUV images obtained from the IMAGE satellite in the event on 11 August
2000, which was also examined in the companion paper. Figure 13 shows the SYM-H index and the
north-south component of the IMF in GSM coordinates from 12 UT on 9 August 2000 to 12 UT on 12 August
2000. The images in Figure 12 were taken approximately 10 h after the main phase of a magnetic storm.
However, the IMF remained mostly southward until 22 UT. Hence, the convection was expected to be
maintained during this period.
Figure 14 shows the result of the estimation. The color codes indicate the spatial distribution of the equatorial helium ion density, and the white lines indicate the electric potential contours. The contour intervals are
5 kV again. The result indicates that the helium ion plasmasphere roughly corotates with the Earth. In addition, the electric ﬁeld tends to be weaker around the premidnight in the estimated electric potential pattern.
This electric potential pattern might also be related to the shielding eﬀect. In Figure 15, the azimuthal proﬁle of the estimated eastward electric ﬁeld at L = 3.5 is shown. The pattern indicates a noon-to-midnight
NAKANO ET AL.
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Figure 14. Estimated evolution of the helium ion distribution (color code) and the electric potential distribution (white
lines) on 11 August 2000.

electric ﬁeld rather than a dawn-to-dusk electric ﬁeld. This feature might suggest the modulation of the
external electric ﬁeld due to some process in the inner magnetosphere. Figure 16 shows the logarithm of
the likelihood with respect to the power law exponent 𝛼 . The likelihood was calculated using the data for
the period from 18 UT to 21 UT during this event. The likelihood was maximized at 𝛼 = 2.0, which is similar to that in the previous event on 20 June 2001. In Figure 11, the likelihood was multimodal, and the peak
was less sharp. The diﬀerence in the log likelihood between the case of 𝛼 = 2.1 and the case of 𝛼 = 1.6
was approximately 1600. On the other hand, in Figure 16, the likelihood was unimodal and the diﬀerence
in the log likelihood between the case of 𝛼 = 2.0 and the case of 𝛼 = 1.5 was about 3600 even though
the data for shorter period were used for calculating the likelihood. This would suggest that the event of 11
August 2000 was preferable to the event of 20 June 2001 for determining 𝛼 . On 20 June 2001, the satellite
was located around the apogee from 10 UT to 12 UT, and its position moved only slightly during that period.
As described above, the estimation of 𝛼 is based on the change in the position of the satellite. Thus, when
the satellite was near the apogee, the image data for a longer time might be required in order to obtain a
reasonable estimate for 𝛼 .
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6. Concluding Remarks
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We have developed a technique for estimating the temporal evolution of the
helium ion distribution of the plasmasphere using IMAGE/EUV data. In the
proposed technique, the initial state of
the helium ion density distribution of the
plasmasphere is estimated from a single snapshot of the EUV imaging data.
The temporal evolution of the helium
ion density distribution is then estimated
from a sequence of IMAGE/EUV data
using the ETKF. Although averaged fea0
6
12
18
24
MLT
tures of the plasmasphere have been
examined in a number of studies, referFigure 15. Estimated azimuthal proﬁle of the eastward electric ﬁeld at
ence information on the ion density was
L = 3.5 at 1854 UT on 11 August 2000.
not available for each speciﬁc event. The
data assimilation of the global EUV measurement oﬀers the possibility of obtaining the temporal and spatial density distribution of plasmaspheric
helium ions for speciﬁc events.
Assuming that the temporal evolution of the helium ion density distribution is primarily controlled by the
electric ﬁeld in the inner magnetosphere, we can also estimate the electric ﬁeld around the plasmapause.
Since the electric ﬁeld is a crucial factor that controls the dynamics of charged particles, the estimates of the
electric ﬁeld would also provide a signiﬁcant reference for discussing the mechanism of various phenomena
in the inner magnetosphere. In our previous study [Nakano et al., 2008], we demonstrated that the electric
potential can be estimated by assimilating the energetic neutral atoms (ENAs) data into a dynamic model
of the ring current ions. Since the ring current is typically located outside the plasmasphere, the ENA data
and the EUV data are expected to be complementary to each other for the estimation of the electric ﬁeld.
As such, we plan to combine these two data assimilation techniques in the future, which could reinforce the
estimation of the electric potential by each of the two techniques.

Log likelihood

The estimation of the electric ﬁeld has also been done by several previous works [e.g., Goldstein et al.,
2004, 2005; Gallagher and Adrian, 2007]. In contrast with these previous works, the proposed technique
estimates the temporal evolution of the helium ion density distribution and the electric potential distribution simultaneously using the data assimilation approach. It thus provides a comprehensive picture of
the evolution of the helium plasmasphere. The present framework also oﬀers the prospect for determining the parameter for the density proﬁle along the magnetic ﬁeld line. Since the EUV images were taken
from diﬀerent directions due to the motion of the IMAGE satellite, we could obtain the information on the
structure along the ﬁeld line in addition to
the two-dimensional structure on the equatorial plane. The proposed technique enables
-448000
us to estimate the parameter for the density
proﬁle by considering both the motion of the
-448500
spacecraft and the temporal evolution of the
-449000
plasmasphere driven by the electric ﬁeld. Using
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a maximum likelihood approach, we attempted
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to estimate the value of 𝛼 , which is the power
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law exponent of the helium density proﬁle
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along the ﬁeld line. The power law exponent 𝛼
was estimated as approximately 2 for the two
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events examined in the present paper, which
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appears to be consistent with previous studalpha
ies. However, the uncertainty of the estimate
appeared to be larger when the satellite was
Figure 16. Log likelihood with respect to 𝛼 for the event of 11
August 2000.
near apogee.
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