AR TOHEK & ZRICEDELE

HEHRER T K B A
(1984 7 H =D

1. & C &

EVFALBRER Y ialb—va v TR, LELEXEDSEAT—HIABLALELINS,
SRTCBIUISFETOLEEE VT H e BEHP, BEEEMEO—FELEN LD BHEOFTMIT
SEABERLCERTIHES BEOE Walker (1974) o JFiE, Niki (1979) 7 &) 3,
FORBFTHL, Fl, BREEKRTORZ rAELTHELADZIDTIRAEL &), FRT—
BEEAMEEI ATV AEEFIcow TR, XV EVWKRTTORIEADLBERTIEIR TS
ik,

BUOEABOREEL L TRED I FbATVW2RESHER, EHLA-BEOILESIY 1HE
DERTEHBE ZfeLic b &, FEEY S F{HBRE, HPHBEFVKTE TCORV—HMELE
B s (—FEHEoFE >V Tt Niederreiter (1978a, 1978b) #£MR). L»L, EFEAA
BB A EEIE S B LTRBWEHoXE ZUT), ¥ BRAMOMEBYZE TS, X
BOSKTEHBE L THAVAZ L3 BECR L e TERLETHA S,

REGREOKRAYHERT HHDCEEIRAMRATICESS REE (B, KRR - F§
(1981 2R) 3, AL X R L 2wit, BLALERNAEIEFI2RET A0, TOWs
FIOFHHIHBEILT LR v Lo » %\ (Lindholm (1968), 1=K (1983), ZEH
(1983) 7 &), TOHB DD, MRIIOHELEREAL SEALL5HANUELETHIREL D
BhS, REEEOKIEREM RS |, Lewis and Payne (1973) Mo A5 EI% T 5 Bk
B EREOMBEIERS 5.

CITERTHOR, BRE—HFRBRLUIKYEERETIFBELLOFBRETH D, BEE
B, REAREEMARTIBEELYZOEBEy -2 L LTS, — BB FHEE V2 L5, R
BRie—MOFBELR L LT, BEES X 5HE Kouth (1981), 3.2.2) 23 %2, ARMEOHE
WICESSCRIIALTY, EAWARBLAGHRRET AT ) XaANR S,

2. ZRTBUEBOREIRE
WE n RTBEAEIL B (n2]) EOBRPE 2 —HRELEF

U={uo, ur, uz,..}
PREIBDBEELELD, Thbdb, HuilnkRT~<7 AT,
uc(0,1)"
ETh, oD, LDERESHECIGUTCESAEVER p 2H, p it T5F K8
734
Z,={0, 1, ..., p—1}= GF(p)
I -
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(Z,)"=~GF(p™)
T—REDHTE (BAVE—BEFHCSHEWFAETE) <27 ATl
V=A{vo, 1, vz, ...}
wHERL,
u=(1/p)v
&?mi;umbfa 5.
E2HEABR Z,(x) DD 5 n KEHEER (n21)
g(x)=x"—an1x" " —ao
=x"+(p—an1)x" '+ +(p—a0) € Z,( x)
LT, Z,(x) D gx)RELTHENEG F=Z,(x)/(gx)2E25HL, (Z,)' % F
KRB TH Y, FIBEBTEBERAORE SRS n KT~<7 A (FFRBUL Z, 0ER) 0KS
ELTEREATES, Thbb,
(Z,)" 3 (bo, by, =+, bn-1) = bpaax™ ' 4+ b €F
eARMEEEZRIEI V. W E,
T=p"—-1
tL, FOEEORBTY E=f(x) T3 &
F=F-{0}
={f(x), (f(x))? ..., (f(x)T=1}
THHEMD, HEA E=f(x)DREFIRCHILL T (Z,) BB 7 b ARRVWERES LT
—ROMTH n RIT2 P AFIRERTHZENTE, TORPI T Lis5,
IoT, bL Zy(x) B3 n kEHEARX gx) X R2W, »o
F=2Z,(x]/(g(x))
OH5 1 EORET
£=f(x)
PRHIRIE F LOXEHE, H350i3, #YR0 TROCHHIE b€ F 225
hisi(x)=f(x) hi(x) [mod p and g(x))
e B8R T AT h(x)i=0,1,2, ...) DFREE LB LT3
V={vo, U1, U2, }
PERTHIENTES,
EEp B L THIRESRER
n=1, glx)=x, E=ce Z,
DBELEZRTI W, EL, c R Z,0FEBRTH B,
Ft, Z, LoOFHBEH 3ER
" x"+1 (n>m)
ZHE S M RFIFEE D
p=2 glx)=x"+x"""+1, £=x
ERIGLTWABZ &, REBRIRTZENTESL, L, p VNI VO TUELEYDHCT
A Bl7e Tk (Tausworthe (1965), Lewis and Payne (1973)) B UETH 5,

3. BIZER L RIETORRE

S TRARICREERER T A DY, FORBRCLEARBEHLER g(x) B IO F 0
BT E=f(x) B RO ihidiebinus,
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(1) Bk T.] Wi ETHS,
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PHET S, BATTRIFIE BEBRTHBEIL E TR ERF-THET S Z L iREe
X,
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HBEEXIT, 2T DPy, Do, = DN,
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PRI TAHEETHD (FBTOEEIDHALD), COHEL, ERAE A5 2T
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(£, (£, -, {F (0}, -
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KEFTTED (B, o5 27=y708BAKLy, FHSEIEHIZTLAZE2HELT
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BL, ERANBERUELEOREERE L VIEELDIE, RECETAHENLENEYE H 5
DERDSH D, TDIdIT, BT f(x) & LTERDESARN RO EITFREch s, E
B, €281 %RK

f(x)=cx+d
ThHhE BEHEER o) B ETHEEYT O LI,
X" Anax T F @n2x i+ a0
e ABHBAINBEINRT VDI EERAETHEND,
Ri(x)=bin1 X" F binax? 2+t bio

&R,

hs+1(x)=f(x) h,-(x)
i,
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bi+1.j:Cdjbi,n—l+cbi,j—l+dbi,j (1§]§ 71—1)
biv1,0=Caobin-1+dbip
PEPODETHET AL LLLORDBZENTES, DML LDERca; 05;=n—1)%
KDTENT, jORKECHND b ZEETHI S AFHE LTI, 1EOEK (kT
EEE n@rbRHEABFIE R TE) B3EOREL 2HOMERSIVOLIE GBGRIKL-T
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1AREVIHOTOESCBELIL L 2Icd, LEEOERMLEBTERLETLTARS
L, Y ORVWHEETIRADEBRIENREBEIRD Z &0, BROEMDLE > LXTES,
RECETAIHEYBROTEVIBANDE, f(x)RBERIKRRLEVIELY TRk,
c=1HBird=0%7ciz1TchhE, RE-MEOBELNELIBEAZ Licid, Lil, &t
BoOMBAYRS - EH, ERENBEFIOUBATFELEPEYRETRALLY, LTL
LBETHH LIWMETE R,
ek, 1RKADEWRT f(x)=x OBEXROBRE221E, Thxdb i e LT, glx) st
D nKEHSERDO O EORBRIREOB B ENTES, Z, DIEAE L ickF5 g(x)=0
DB%atl, BEREGFO)DEREBT () D Z, LORNEHKX%Y &1 (x) & T HIE,
GF(p™) 2 Z,(x) ] (&n(x)) CRAM LB Z ERTFPTEB D, g1(x) XED (n KDHED 0
ThW) nRATHB, LT, LET f(a)BELTED n kK
gi(x)=g(f(x)) (mod p)
Xy, LY n ROFEHEFEANE LIS,

4. £ :]]

BlE/ N E (B 232y b (HE0LH»D 1Yy b &) THRETS IBM Roit
BET, REkBEKp ELTR
231 —1=2,147,483,647
F ok
215—19=132,749
el BAVDEONREREELLBRD,

TITIR, 12K (Thbdb n=12) BLEE Y, HEp=327490% L TRETDHV0LDOD
TAT) X ahBENTAHRE S, 12KRT—&kE (FCBET 52—, UTRE MRIEIH T
WhHEWSZ LR, 20ERYL VDR VERENTHVIHEID, 120808 TH B, 2,
3,4, 6} DERTC—HFEIFABRCRIEZIR D LS,

¥9, A T °H 50, ZTofEix

T=32749"—1
=1,521,866,364,883,767,922,745,072,354,026,397,261,801,111,691,569,982,000
=24-32-5%-7-11-13-19+131-1,279- 2,729 - 19,501 - 279,523 - 1,625,461

- 2,791,357 - 8,063,614 - 536,248,501
EVI IO ERESBETES, RRT—HEELSOTRIZBEL T, A T ST/ eeE
ATHE 12 RIG— RGN LD b, BETXREEROLEOBER I T HHLEBRED
KEXEE zh
(1/T)~10"*
LRALEERTEDLA—FTH S,
Wi, & p=32,749 1BIL TBERI 72 12 RETEA g(x) DBFERITS. 2HOFRERL 7 v & &
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e, FhAEAVWTTEL T =y 7 HEADBELHLE I 2DHEXT > TFIE L 2o T,
CDEE, BERTLTO—EENEL LWL 5 RERRUEELYH V501, BEORE % —
VELOEFERDEADAYBLIABRAD D, WEENENADS, WEACHEE LI
AFHTE RIEBANTH AN, BRI, FTEdEAEE GIEEOTIHTL IV) »
b, bEVEEBERFHEIEBDLERL, L 13 EOK (€ Z,) ¥RV, —Bict="y
7 TV 2 REFRZF->TH LIV ERS, Z0BENMNHEIhIcDD, AFDE=y 7
BERACEMTHEFLZ L TH D, ok, 1ERIRFCESDIR, [BELFHRE] v#
W tOMEOOLHTH S,

KEMEDI-%D REDUCE © 25 4 (Hearn (1983)) ik, Berlekamp 7L =Y X &4
(Knuth (1981), 4.6.2) »PFACTORIZE & 5B LTt CikilZriEhTcwb0T (2
2L, 32,749 LT o REK 2>\, BHHOHEL TR 4 b ooz unh, ERES =
ENRTED, TOKR, BEOBAIFEECL 4 BHORAT,

g(x)=x'2+9593x'1 +6890x'°+19751x°+ 7371x° +3677x" +7642x°
+9404x°+8034x* +4431x* + 962712+ 15802x + 22208
=x"2—23156x"'' —25859x'° — 12998 x° — 25378x° — 29072x7 — 25107x°
—23345x°—24715x* —28318x° — 2312212 — 16947 x — 10541
e DS ERNYEL - L TR, BIB PFACTORIZE 1, RELHEA L LTE=v 2%
DORERLELTGETHS, POLEdTREEROEREY 1 BB TILENEVO L EFLAT
»5b,

BHLER g(x) PERH IR DT, KT F ORRTOREERITS. EXUBE L =5 2%

FOEEIY, FIB2BE T TELLI RBERELXT Db,
p1=2, p2=3, ps=5, -, p16=536,248,501
oW, FIBRGEME f(x) LT
{f(x)}TP=%1 (i=1, 2 -, 16)

PHEMDIUTE IV, BAREHEFERNE AN EY TH 5, ik REDUCE # v %53
5, BERGETOBRERER

LET XxxN=Gl; ({RARlOFRE. AL, Gl=x"—gx) &T3)

SETMOD P; (Tl o&E)

ON MODULAR; (HBMEI&RTEDORLE
THRHBICREIh, BRIEROEELAROBRS S THERETOBENTL A, T, XX
oKy b ootz —viRDBEE, REDUCE o algebraic mode T3 B HBRE I X OUFI&B K
REZEI N T T, symbolic mode (F7ci>H LISP v <) oBi# QUOTIENT &
REMAINDER (% 7-13 DIVIDE & CAR X 0'CDR) %\ 3. ZDldiciy,

SYMBOLIC OPERATOR QUOTIENT, REMAINDER ;
EThuE, LItk algebraic mode (BABEHE X Str) Th oo oBKEF o toiTtE s, Y
RO i, Ev b o 22— voitER
OFF MODULAR; (HEHBEIKRHEOEL)
EL, BRABETTOEBECMLIT, BREYEIICRAEL THLER D5,
ZZoflTR, HRE FCEThbFEEATOlREIR
r(T)=7r(32749'*—1)=0.198-
THLS5THA, O3B 1KANCHIETHIRET XL TLDLE, BUEERI LT
F(x)=733x+2353

IBEOEFHELTELZ ETEL, FE,
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{£(x))72=32748 (=—1)
{£(x)}7=28394 (=—4355=4354"")
{f(x)}75=15492x"1 +13200x'°+ 13364x°+ 22557 x* + 2623417 + 294551
+5405x°5+12579x*+30708x°+ 145412 +8300x +11700
{f(x)}7/536248501 = 186645} + 23235x1°+ 2001 2x ° + 32508 ° + 21233 %7
+28367x°+6233x°+13090x + 3023413+ 25962x% + 30391 x + 23197
ThHD, HHOHEEER LY, f(x)=733x+233 BFEBTTH B Lhibhnd, Thbi,
2%, 3%, 53F, -, 536248501 ML T 1 ERBILEXHELDTLEDLF =y 7DVEDE
5.
EERCBRUAEAREETSE T v 75 ARERL TR L S,
b.;<32748
ca; <£32748 G=1,2 -, 12
THHhb, ROEKELXHET 2BPOMHEI,
Cabin-11+733b:;-1+2353h:,<35834 X 32748< 2% —1
oo nnb L5, IBM 24 70HERTRATE 2¥EREOEMALM L2V, Thdx, 7
V7SI BERD DB Ed, 1EDY 1ROFKHAEBE LT THE
., LT 201 FORTRAN X370 75 AfTH 5D,
SUBROUTINE RNDN (U)
INTEGER A(12), B(12), S(12), C, D, P
DATA A/9366, 25725, 30324, 642, 22926, 31242,

& 16907, 5898, 26977, 17193, 10280, 30538/
DATA B/7365, 21936, 4693, 9594, 30474, 16360,
& 19619, 5128, 14280, 21523, 27147, 27633/

DATA C,D, K, N, P, RP/733, 2353, 1, 12, 32749, 32749.0/
IF (K, EQ. N)GO TO 1
B(K)=MOD (A(K)*B(1)+C*xB(K+1)+D*xB(K), P)
U=BK)/RP
K=K+1
RETURN
1 B(N)=MOD(A(N)*B(1)+D*xB(N), P)
U=B(N)/RP
K=1
RETURN
ENTRY SEEDN (S
DO 10 I=1, N
10 BADH=SD
K=1
RETURN
END
LY IN—Fv R 12Ea-ATHEIERID, REKRTE—HTVEA 7 AREBLR
5. bbAA, FOERBEMHILVCEIFET>0EE L THEBALTCLELR, Ty s Ak
DA Bcan; i, BJ) B3 bini; i, TRAEFRRELTVWEREDESHBETHA .
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ENTRY # 1 v + SEEDN %, #LEFIOWMEHEL REHDO DATAXTHEL LA ORE &
TAHBREICHVS,
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b, WAFIOMFHBHEOR LELIZ I T, BENOWTL B Lithed, [ZoBRHEEA
LZDOFRBTOEEhEeTHVIE, HEORVWELHII ELRA] LB D -TEO>C &
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Finite Field Arithmetics and Multi-dimensional
Uniform Pseudo-random Numbers

Naoto Niki
(The Institute of Statistical Mathematics)

The main purpose of this article is to give, from finite field arithmetics, a general
method for generating a sequence of z-dimensional vectors uniformly distributed in the #-
dimensional unit cube with a very long period. In Monte-Carlo simulations we actually
need a huge amount of multi-dimensional uniform random numbers. Furthermome, if a
sequence of vectors uniformally distributed in the n-dimensional unit cube, the sequence of
elements of the vectors may be expected to have good serial “independence”.

For a given prime p and an integer =1, we can find by probabilistic algorithms an
irreducible polynomial g(x) over Z, of degree » and a primitive element f(x) in the finite
field F=Z, [x]/[g(x)]). Each element x;(x) (i=0,1, 2:--, T—1; T=p"—1) except 0 in
F is generated by the recurrence formula

Rii(x)=f(x) hi(x)  (mod p and mod g(x))
with an arbitrary non-zero polynomial %o(x) in F.

The above recurrence formula itself has a period of length T=p"—1 and the n-
dimensional vectors v;(i =0, 1, 2:--) of which components comprise the coeficients in 4;(x)
are uniformly distributed over (Z,)"-{0}. Therefore, if the prime p is large, the sequence
of vectors

((l/b)vo, (l/p)vx, (1/17)02, )
may be usable as a sequence of “random” vectors in the z-dimensional unit cube.

Using a computer algebra system, REDUCE, an experiment was made to find an
irreducible polynomial and a “linear” primitive element for p=32749 and »=12. The
process and the results are shown in Section 4. A prototype of FORTRAN programmes
for our generation method is also exhibited.



