FEETHOE (1993)
$4l% 15 47-59

H AB] 2> & B 7z Craig « IJTD
EHDIRBORESR

nawy —KESEHE /N I B &k BR*
(19931 8 =)

&L A&

TOoDREHRENRERINT, Cralg - WTOEBEDOFERDOELICOWTHENT 2. &7,
Driscoll and Gundberg (1986) 2%k D X 5 e EH L CIEE 5,

“Craig’s theorem on the independence of quadratic forms in normal variates is traced
from its first form, for iid standard normal variates, to the form for variates following an
arbitrary nonsingular joint normal distribution. This article gives the main thrust of the
development and makes recommendations on coverage of the theorem in courses and
textbooks. The history of Craig’s theorem is not a happy one. The authors of the earlier
articles in the literature tended to make errors of a linear algebraic nature. Authors of
more recently published textbooks have given incorrect or misleadingly incomplete cover-
age of Craig’s theorem and its proof.”

Craig (1943) 2134 < MLt (1944), Sakamoto (1949) 23&< M UEEAY FEL Ty
te ¢ “Craig - TTOTEE” L A TIIHRATEL = &ic$ %, Driscoll and Gundberg
(1986) i central case @ %) #f @ FF B iz *> \~» T 1% Matusita - (1949) & Ogasawara and
Takahashi (1951) w4 < EX LTk fair ©7\ s, non-central case iX central case
i reduce T B, FihizouC Laha (1956) &I A5EL ¢, Driscollik Driscoll’s
Supplement (Driscoll and Gundberg (1986), Subsection 3.2) #fnx 7.

w3 Reid and Driscoll (1988) =, # @ Section 2, p. 140 iz = <

“We have since discovered that Laha’s proof and Driscoll’s supplement to it were both
given by Ogawa (1950), Ogawa’s article deserves to be better known than as it is, since
he was apparently the first to give a correct and complete proof of the non-central case of
Craig’s theorem.”

Reid and Driscoll (ZBI# 4% 2% X137 “An Accessible Proof” # 5 2 T\~ 5, ZhidiZE
EThHS.

1992 4F 6 A iz Mathai and Provost (1992) & Quadratic Forms in Random Variable &\~
5AMNHIR I, BLINEZ LIz, TOARTH non-central case 75 central case Iz
reduce SN BEEAN W, BEEZIIZ DAL OWTEKRLEBELY L TWDHDO TV E 8D
1%, Driscoll and Gundberg 3 1986 4512 03B L 7 0REEIT 1992 SR E 5 HTE - T i dr» 72
Rep s,

* T 215 BEEFWAAAR3-18-5.
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Craig + HEDTEE &\ 5 DIEEBEFHTHWLR LD, FOEEELELTHAVWLRLEE
DL, MESENTH I LT, HetFEoAB 3l idinnn, TEHFrsT
BELVEHO—DRDT, TORBWTEILEE LV, ZOBBROFERICRboc—ALL
T, FOROBEEEXELL — BARUPSRT —RFLTRELW, B AZEDOR ST
CEEREKDY DI = —= L TR,

®
non-central case 3T

| I1—2EA||[—29B |
| I—2EA—27B |
=exp [0 {(I —26A) ' +(I—27B) ' —(I—26A—29B)'—1I}lp], V&1 (NC)

central case O MESEM

| 1—28A—29B | =|1—28A||1—29B|, VE n (C)
| I—26A+2EB|=|1-2EA||I+2£B], 43 (c*)
| I—28A—2EB|=|1—2EA||I—2&B|, V& (c**)

AB=0 (0)

6=x"Ax, .=x'Bx £ LT
cov(%, 04 )=0, 2<j+5<4. (K)

(i) (O)==(NC) (Ogawa (1950))
(ii) (0)==(C) (Craig (1943), 7t (1944), Sakamoto (1949))
(iii) (NC)==(C) (Ogawa (1950), Laha (1956), Driscoll and Gundberg (1986), Reid and
Driscoll (1988)) '

Incorrect or misleadingly imperfect proof : Carpenter (1950), Ogasawara and Takahashi
(1951), Kendall and Stuart (1969), Johnson and Kotz (1970), Searle (1971), Mathai and
Provost (1992)

(iv) (C*)==(0) (X%)
(v) (C*)==(0) (Ogawa (1949), &%)

Incorrect reasoning . /N)I| (1946), Zielinski AB=0

(1985) (K) <——(—Vi> (0) (i)
(vi) (C)==(0) Comjectured by Craig \
(1943), T (1944), Sakamoto (1949). o) (NC)
Proved by : Matusita (1949 ), Ogasawara and (ii) //
Takahashi (1951), Lancaster (1954), Mathai (vi) (iif)
and Provost (1992). (C™) Gv) Yﬁ

Incorvect proof : Craig (1943), Hotelling
(1944), Aitken (1950)

(vii) (K)=(0) (Kawada (1950))
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1. Craig « IRTTOEE

194460 9P, HABRBERETOBRBCELTFEAN ‘OO EOMIHE" (HT
(1944)) V58X EEWK.

xX'=(x1 xn) PEETHRBEFRHODOE/IEAER L LT, 20T A, B CK
AETE

6=x"Ax, 6:=x'Bx
BEB & X, TOMFAMIZIMIERGREE mef ¥ A5 &
| I—26A—27B | 2= |T—28A 2| [—29B |2, VE
22ovh, Zhh b Cochran (1934) o fhsy &k
| I—28A—29B | =|I—28A |- |1—-279B ], VE n (€)

DB, &2 A THERSEM:

AB=0 (0)
BdHhiE (C) 5.

(0)=(C)

TH B (C)==(0) EEMHE R VAR S 5 EFHLA, NI(1946) iz hk
MEREEACTIEBPLI Y ERALLPELL Edrste, oA K EW. Deming, H.
Hotelling o iF &1z X - T Craig (1943) % 0% Hotelling (1944) 033X & AFT 5 2 LD HE
7o, L LZIRNBIZZ oL IELWIEEBHE Tl 1,
ExoFEL (C)==(0) v L&D
(C*)=(0)

TH o1,

2. LLBRENT (C*)==(0) 7 Nabeya MFEFA

Driscoll and Gundberg (1986) kD L 5 X H 5,

“In 1949, Ogawa gave linear algebraic proof of the N (0, 1) and N (0, V') cases of Craig’s
theorem. Ogawa’s proof of the N (0, V') case was less direct than it could have been, but
it also answered related questions about chi-squared distributions.”

N0, V) o8& o Ogawa DFEBIEI  EX T, o EEENLIDAELLEVLI DT
H5,

MiwE <1 (C)==(0) ZEHTHhERV-OLEHR, L LEREL (C*)==(0) ZFEHL &
5LWHERTH B,

252202-%

F:E, (C*) i
(2.1) x| xI—A—B|=|xI—A|-|xI—B|
LT, A+BDO ) ChWEEEOESIL, AD(TChWEEECESE B ThWEA
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EOEEDOFESTH 5.
EHE 2 LD nkRITG~N7 vl e L35, A B, ChesD LD—REHBRLEELZSD, AD
non-zero eigenvalues a, ..., ar, T HIZXILT % eigenvectors ay, ..., a, —— orthonormal

system ; B ® non-zero eigenvalues /i, ..., 8s, = HIZxid % eigenvectors > orthonormal
system %b, ..., bs; C @ non-zero eigenvalues % 7, ..., v ; X3 % eigenvectors @ orth-
onormal system % ¢,, ..., c: £ 75,

(2.2) (1, ooy 7b =@, oy @ JUB, .oy B
2
(2.3) t=r+s.
A, B, C ¥ symmetric 7255
(2.4) ¢ =24+ 23, Li=24
(2.5) =25+ 24, vh=2Y
(2.6) F=%ct+ =g, Fe=2L

BLZ T2k ADrange, £43 £4 D orthoéompliment, Z%1% A © eigenvalue 0 ®
eigenspace TH 5. B, Cle 2T HEEDTEELXH 5,

dimZa=7, dimZg=s, dim&c=7+s
T, C=A+B Th-fhrbd

dim# c<dim< aus=dimZ s +dim <z —dim( L4 < 5).

LT
(2.7) dim(£ 4N 25)=0, ie. 24N Z5=0.
AB=0 &5 Z ki
ABr=0, Vie s
EWVWH T ET, BIEZsTHY, dy=aib; L1 T
(2.8) | Ab;=dimast ot dvarar, =1,
THEND
du o dis
(2.9) D=| : =0
dr = drs
WS EThHB, AB=0 & BA=0 it equivalent TH B0
(2.10) i =dib++ dishs +is, =1 .., 7, f,eed
LR &,
f?fz:&w;gldikdi'k, 81 Kronecker delta

72056 {f4, ..., {-} © Gramian 75ix
(2.11) [— DD’
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L1t 5T, 077k Hadamard RERiIC X - T

<

(2.12) [1-pp|=1(1- 2 at)

1

kB, | [-DD |=17biE

,zld?j:(), Z:1, , ¥
IR
(2.13) D=0.
CozcnEE {} BT 5EEY
/A 0 _ 0’1-. 0] - 31-. 0
H 0 Al =15 “ar | Az"’ O "Bs
L3 %, Els C % operator &% 2T
A O
(2.14) cucl---cmn=||c1---cr+s||-” noo
EL

C “ C1°**Crts " - ” Cer*Ceres "
FeDEE {a b} RV EED C=A+B OfFFFERY Rc &3hiE

Aai:a/z‘ai, Abj‘_"éa/idijai
(2.15) . -
Ba;= glﬂjdijbjy Bb;=4;b;
sk
B A, AD
(216) C“ ar*rarbibs ” = " ar*arbi-+bs || \AZD, A,
IR
| A AD| A 0O I D
(2.17) RC‘”AZD' s _“ 0 A ” DI ”
L= oDHKE {a b}, {} OFOERTIIEY Q LT3,
Qu Qi
. = , 6 =
18) 0 }Qm o lasl=lclQ
g
A, O
-1 - . foverd
esm ot reon|t ©

THHID, MADTIIAE LB &
'[ D

=1.
D [‘

(2.20)

51
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feosT|I—DD' |=1 5T, (O)AB=0 EHIh 5,
Zielinski (1985) (% {¢} ® Gramian & {ab} © Gramian B3—F T2 EE T 53, Th
WIEL L 7oV, 7e¥7e® {a b} @ Gramian i3
Sllevl=Q Al 1che=Q@Q
ThoT, ThNITREDHDIT Q VERTHD L XIZRS,
ELEHEEZDLEDT (CH)=(0) ZTXHL I L5kl

A O L A AD
(2.21) Q" 0 /A Q ——“AZD, A,
b e
Ay O | As D
(2.22) @ 0 —A, Q@ _H—AzD' A,
NS RV APy )
A O 1 A AD
am | o]t 42|
O O L1 O 0
(2.24) %o 1.9 —}AZD' As
BB, Thhb _
QuAi=A:10,, Q21=0
Q22A2:A2 sz, lez O
. A O . b
NHET, QIx o0 A L commutative 725 Z 2310, (2.24) 5 D=0 »HEHRIN D,
2
T (2.2) B
(2.25) tr(EA-+7B )" =E™r(A)"+ 5™tr(B)™

s S
=enNarbamEr, m=1,2, ..

THBH, m=4 L LT é=p=1, E=—p=1DBEE%&E 25 &
(2.26) tr(A*B*)=tr(AB - BA)=0.
Yo TAB=0 %1%,

3. (C)==(0) @ Matusita, Lancaster MiFBA & Ogasawara and Takahashi ?EFRH

Matusita (1949) 23l - 701k (C)==(0) DHET, SHHEDORKI 2, 2n 2 EhLh
& n&ml &

(3.1) |I—EA—nB|=[I—¢€A|-|I—2B], VEé 7
e (0)AB=0 %E%5 &35, A D non-zero eigenvalues % ay, ..., ar & LT, BEAFTF
PTAxERAMLLT
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aL

B Bt
B: BZ

(3.2) A*=P AP= ar , B*=P'BP= ”

g, (3.1) ik

I—E&A.—nBh — 1Bz :1(1"561/i)'|[“778|

(3.3) — B35 I—7B% B

LB, WRAD & OFEEmKDOEE LB LT
(3.4) | {—72B%|=|1—7B|.
X -, B ® non-zero eigenvalues & Bi, ® non-zero eigenvalues (I3 5% 55

trB33 =trB?

—, B B#: — 10 O
(35) B =g o B“_u O B
B*:B—T'f—ggz
rEL &, (3.5) b
(3.6) trBY Bf +trBY Bh+trBHBF =0
(3.7) trgflgl =0
(3.8) Bi=0.
LT
A*B*=P ABP= 0, ie. AB=0
BB,
Lancaster (1954) (34 (C) o BN E % & -, cumulants ¢
(3.9) (€O xm(982)= xm(E0:+302), Y€, 7, m=1,2, ...

LEHB TR, THITETED (2.25) LE UTH %, Lancaster i3 Aitken (1950) DIFBR%E L
T E o T B A, HOIFBHTE L Matusita (1949) OFEBFD LD TH B, REFH LT
Lizit, Lancaster (3 Ogawa (1949) it refer LT\ 52, Aun. Inst. Statist. Math. DR U
issue -« Ogawa D EATIZH T\ % Matusita (1949) i refer LCTu 7o\, & ik unfair & 5
bz b, birixic Aitken (1950) @ (C)—(0) OHFHARERAEZBD LD TH S,
Hogg and Craig (1978) &R E /&1 k. »C, Lancaster 23 BANCIE LW EEB A 5 % 7o & W
SWHROVTEET A LITHFET .

Bzt LTk < 2, Johnson and Kotz (1970) 1% Craig O EBIZ D Tl-_T\ 553, HAE
ADEBRE 2 ERL 50T, 1980 FEHZ O 2T HAADRI fair i refer L T
HETLCELWEER LD, REEHELTWLzL,

Ogasawara and Takahashi (1951)
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log| I—£A | = 3} log (1 £a:)
== 2 Bar=— 25 wam),
sho L&,
K=I—¢EA
ETh R
K'=T+EA+E A+ A+
Ll ExAVA, (C) oK (31) &
(3.10) |I—2BK™'|=|1—2B], VE, 7.
WL DB & - T

(3.11) S Tu(BK =2 u(B"), V& .
WD §%° DB LB LT

(3.12) tr(B*A®)+tr(BA’B)+tr(BA)*=0.
ZZtT

tr(BA*B)=tr(B*A?*)=tr((BA)BA)=0.
LT
(3.13) tr(AB+BA)?*+2tr(A%*B*)=0

b AB=0 2%, Z ofjEi: Mathai and Provost (1992) 1@ & B8 X T %5 2%, (3.1)
DOHADRE % & T '

i r(EA+7B)" 31 -L{emtre(A™) + 77 tr(B™)

1
(314) m=1 m m=1 M

ELT, & ORBERIRETRE (313) 2852 L RERL THL,

Kawada (1950) 1 x~N(0,1) ® & ¥

=x"Ax, 0.=x'Bx

DEICHILE S & X DEDIEE Gt

(3.15) Fij=cov(6i, 63)=0, 2<i+7<4 (K)
b (O) ZFEEH LA, BIb

(3.16) (K)=(0)==0,, 0: 3EML==F;=0, i t+;>2==(K)
TH5D,

Fii=2tr(AB)=0
Fi,=8tr(AB*)+4tr(AB) « trB=0, F1=8tr(A*B)+4tr(AB)trA=0
F22=32tr(A’B?)+16tr(ABAB)+16tr(AB*)trA+16tr(A*B)trB
+8tr(AB) - trA - trB+8tr’(AB)=0

e HRER
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(3.17) 2tr(A’B*)+tr(ABAB)=0.

AB=L &< &
, , 1 23 ,

(3.18) trLL +trL*+trL L:Z_(l?j‘l' lijlji‘i’l‘;z'i):z‘ {(Zij+ o ljz‘) + vy Zji}:().

LT
l;=0, - Vi, 7 ie. L=AB=0

MEwR IS, bicRic X S

(3.19) (K) & (0) &afREmy e equivalent.

IoT, 2,3EETW U5 &M
(C), (C*), (C*), (0), (K) 34851z equivalent

Lb ki,

4. Non-Central Case N(g, ) ®¥& Z(NC)=—=(0)=—=(NC) M3il"A
x~N(gp, I) OFED 6=x"Ax, 0.=x'Bx, (A, B 3X#TH)) OMIIHELetx

| I1—-2€A1-|1—29B]|

WD B

=explp {(I—2€4) ' +(I—27B)™"
—(I—26A—29B) ' —I}p]l, V& 7 (NC)

LB, ThBTRTD & 7 OWTHIL2BICIIHANER Tl b2 L2 B
WRERTHALDT, E=7=0L L TELX1LCKEDT
| I—28A—29B | =|1—-28A|-|1-29B|, VEé n (C)
D', Thob
AB=0 (0)
B,

Carpenter (1950), Ogasawara and Takahashi (1951) % non-central case % » T\ 5 73,
COMmAERRE 2 T Tad 7z, Laha (1956) X Z oS % Lemma oL ATFR TS
% e by 7z, Johnson and Kotz (1970) < Searle (1971) DIFEBIt =478 b ¢H 5 (Driscoll
and Gundberg (1986) &&).

Mathai and Provost (1992) ©it Chapter 5. Chi-squaredness and Independence, Section
5.1 ® p. 190 T4 < §FBA 7 Lic Laha @ Lemma % 2shsF T %,

“In the proofs of various theorems to follow, we need a property which will be stated as

a lemma, see also Laha (1956) and Driscoll and Gundberg (1986).
LEMMA 5.1.1. Let

1(11, tz)/ﬁbz(tl, tz):eXD{(}Ss(h, fz)/¢4(f1, tz)}

Jor all veal t, and t, where ¢;, i =1, 2,3, 4 are real polynomials of 4 and t,. Then ¢,/p:
and ¢3/¢s are constants.”
XTCERT, o Lemma # KBHRICMLEET5 p. 200 13KD L 5L/ T 5, .
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“CRrAIG’s THEOREM (1943). Let X~ Ny(p, X), 2>0, A=A  and B=B'. Then X' AX,
X' BX are independently distributed iff AXB= 0 or equivalently BXA= 0, where O
denotes the null matrix. »

Craig’s theorem can be stated without any loss of generality as follows: Let X~ N,(0,
I), A=A" and B=B’ then X’AX and X'BX are independently distributed iff AB= 0 or
equivalently BA=0.”

Craig (1943), G (1944) 2’ FHE LU 7= D134 © central case TH - T, FFHDE S non-
central case 1 Ogawa (1950) 238 CIFB Li=b D THh 5 (Reid and Driscoll (1988) £fR).
=201 Driscoll and Gundberg (1986) i refer LT\ 525, FORBLZ X AT LWL X
5T, TORBEIEDbRRERL R,

Reid and Driscoll (1988) % Ogawa (1950) % &&#E L T < Au7z#S, non-central o Jhi7 4
#% cumulants  H\CRb L, BEGRMEELET T, RAHRTIIORA <7 r A 5BE BT

{7’1"‘7r+s}: {arar }U{BiBs)

HEE, ThhrbLAB=0%HL TW5 &L A3FEETHS (Reid and Driscoll (1988),
Section 3.1).
S #%1z Driscoll and Gundberg (1986) ® p. 66 ZZE¢ F7:5 3 17 H 7> 5 Subsection 2.1 D& h
EZDOFTE#T Ogawa (1949) @ pp. 95-96 BT 5 D¢, EEDIIEHLHET 5,
“Hotelling’s proof contains not a falsity, but a subtle gap.”
TIRES.
Hotelling ©FEBA &\~ 5 D1k Ogawa (1949) DB H AV &, BULRELEHR P TA %5
=L (APNE
,_|D O F G
PAP =10 0"’ G’ ou
Z'=(z12a)= (21" %0) P’
O=x"Ax=a1zi+ -+ arz?
6.=x'Bx=2z PBP z=06;+67

—

Gr=2z"Mz, 07 =2 Mz
F G O O
M= o 0" M= HN

6, & 0:=61+ 607 THWWHYOEFEE., 61 & 07 LT LN EICHENLIEND, 6, & §,—07 =05
BHICHIITH % & LT, Hotelling 1354

1—2$a1—277fu—277{12—'--—2?7f1r —2ngu . —2ngis
—29fu ..1“25637_277fr7 —27gn vt —27grs
—2ngn - —2ng1r 1 0
—27gs1 —2n8sr 0 1

=11(-26a) - |I-20M:], V&7
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N
| I—29M, | =1,
X - T My ® eigenvalue 12 3XCO0, - TtrMiM:=0, i.e Mi=0, X ->T
PAP’ - PBP' =0, AB=0
ELTWw5,

ERGAO KGRI E 6.=x"Ax, 0:=x"Bx DB & REFTFNOER M AB
=0 1% equivalent /=D 7225, Hotelling 13BEIZE » Tl oL D8, % @ equivalence %
HHLELS EL TR EEEINDIHEYLED L, HIEHBROGENLELVWHEDELTVS
rIo5Tchs.

“ZSODHERERX, Y, ZVRIoTC, X &Y RERMY, XX & Z b HIHen, X
CY-Z B REWHNTHD,”

Z ORI EYH % (Kolmogoroff (1933), Section 5. Unabhingigkeit, pp. 8-11 i
iz p. 10 o IEE 3 o Bernstein O #FI5R). '

Hotelling ®EFRE T 0, & 0 AN 7 EEEbLTI O & 0, DI HELEXET L CHE
¥ Matusita DFFHTH - 7.

) f2
Efc= 2 v b HEVEHEAEEREROV 7 ) — KT 5.
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A History of the Development of Craig-Sakamoto’s Theorem
Viewed from Japanese Standpoint

Junjiro Ogawa

(Professor Emeritus of Statistics of the University of Calgary, Canada)

A fair description of the development of Craig-Sakamoto’s theorem is presented
giving due credits to Japanese authors who have been neglected by Western authors of
papers and textbooks.

The author wants to put the record of the history in the right perspective and expel the
still persistent misconceptions around the Craig-Sakamoto theorem.

Key words: Cumulants, independence, moment-generating function, normal variates, quadratic
forms.



