Wt (1998) e [3HE L Balifb )
A6 % §52 5 345-358 e 54

-3 R G e D dsd 1 & BORHE

gt gEEmEr R 23 iy
(2f+ 199846 A 1 A ; AT 1998 4 8 A 21 A)

3 =1

ERREHE X B R R ITZEM B 2 BEEOHINEKE S HELTHD, 0k BIER
— i DELRIE, S R T LB 2EERES, BERE T TOEERE, %BHNRHEL,
EELEE ETEDOH o025 ICEHbN S, i, EEHOINIIEYLFED D L TREHE
B s SR EMcERs N, ZOERCLEREOHEMRIIEBNR @3 5 5
5235025,

AL T, FRCBEABITAT 2 T % H v CRER ERE O Bl &4 L SO Dn» T
BT L, 29, BYRRED S & THFIES ® Banach ZE EicfE% L 2ERZE L AT L
R, FORBEMEEREET 2, Lagrange BRIIFHIROA v Fy 7 RESLORE L L
TEEINDD, BEMEGEHET TEROESL, ZEETEVRD, LATERMEOSD> S
RE2BEFOMBUBIE 2SI L 2T, —F, MErHEEEC U Tid Slater OFHFIEED b
ETHBOMESEN T2 2 eI HIohTws, FEREIC BT 2 FHHEEIZRLIID 1 >
Ty 7 ARG FOREZEETCERLEN S8, Slater ODEFD b & TR F ORESHEEMSE
HE2HERITRBOESE—BT22 5T, ZRIZIVINEEORES BRI 3. &
BT HBSIHEIZ DN T b EET 3,

F—7— F [ mREE, MEHE, REtS&M, Lagrange R, IO, @O,

1. @G U»®IC
BEFTEMER —RICRDO L S eSS,

m}n Ax)

subj. to  G(x)<0

2T, XEHEERM, VYEEFREEZEMEL, /: X>R G XY 75, HEFE—HKN
HEAEDDLILWXIVEEEINS, T bbb YZBIAMBECIH L TyeCDEE y=20 &E
BIDZILDTES, ZOLITERINIIEFIZEE - FOIFE - #HBELHT- T VLY
ZE¥EFTHS. EFErEETL2#2EF#EL- VS, X, Y BI VYB3 EF2ED S L
BOMELHLIEBEEEE S, HlziE, X=R"Y=R": L, YEBUBEF#2ZDHE1RRE
ELbOBBEOHBHETHY, 72 X=R™ Y % n KUK THOZEMLL, YiZBIF
LIEF# A L IEEETI S 25N E Lz d 0, WEIERD OFIEFEEHE (semidefinite
programming) ThH 5, BRED L ZHHEEEEEEVZIE,GBLDRXT 74 ThHs%5
AEESTOVLEETHY, —ROBE IR IEEETE L IEN TV 5,) & 5 IERRIT
KHERTNWEIZD L) BHAEbLERFN I FEBICEET S, £ I5T, BREEORHN
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RIEEOEENT2-0CR X, Y IR/ VAR EC IV HEAT2LERD 5, BRXT
DBREWCIEBED / NVAZEMTH 200, EAR/ VAREBIVBHEVEECEE>EW
S, ERRTOBEIRZD Ty, MECGU TERRS B EAHEEDRITRIEER SR
Uy,

B TERED FEIL LB EFE (semi-infinite programming) ThH 5, FEBEL VLI L X, Y D
I bWTNL—FABERRITTHABERRTOFE LT EEZLZO0PEBRTREH S, &
HEXPERRXTCTY BERRTOBEE2EERT 5 2 L85%50, ABTH ZOBEEEIVES.
DTS, XBERRITTYBERRTEWIBEE, P EHHEHOESETY S E/M
BhrieRond ko, BEHBEORTORTLHELHOLERERED, FEICB T 2 3ER
SHEZ Uz TERRXITZEM I B 2 ERBEOHWEZG > K#HbThY, 2L > &
— DA LRIE, S X T A8 T 2 EREES, BFRE T COBELERE, % HNRHEIL,
BEEAER ETZ20b o0 30F b S, £z, ERHNNITBEL2LHEDD & TRHAL
BEESORNCEMIcER S N, FREBHERNE T EERES S R BARELIE L A
BE5, ZOEWKRT, FERGEOERIBENEELIN T EELEX b w5, ¥
HFREHENIC DWW TEEL < 1 Hettich (1979), Krabs (1979), Hettich and Zencke (1982), Fiacco
and Kortanek (1983), Glashoff and Gustafson (1983), Anderson and Philpott (1985), Ander-
son and Nash (1987), Polak (1987), Hettich and Kortanek (1993), Polak (1997), Shimizu et
al. (1997), Goberna and Lopez (1998) 7z & Z&EBa iz,

AR TR OFERG S ERHERIE N U T, BB F ik 2 Fv T % OBtk &
EXEIZ oW TEET S, 27, HIBEROA > Ty 7 AT A—F BT 2ESMB LU
ATy 7 AEEDANRT MERRELT, 1 7T v 7 AR L TEGE B S % 288
ZRINOERRE L CHWBEEE2BHEEE T 5. COBBZERIC BT 2IEF - (it 2 &
SRIZFEB LU~/ NVATEEL TH SN I ERFTEMEDOREESRHE &£ L TKarush-
Kuhn-Tucker (KKT) &ft%2# <, Z 2T Lagrange #H3A > 7T v 7 AESE LOERLEHFE
DXIFH| Borel #lE LTEEEIND Y, KKT &2 HI B BEOERIZ, EEETEVLE
D, HIEREOE» SRR OAEREL I LE2RT, Lzd-> TEBROHKIEED b
ET, ZD L 5% GEE Haar I L SN 2) BB OFEMREEINE 2 LI, —H,
rhET BRI U T Slater OFIFTEED b & THEBNMESRILT 2 Z 8L LAISNTW
5, PEBEHEICB T EIOIEIRZRRB YA > T v 7 AEE LOBR RS D X IEH] Borel I
BEoZEBETERbLEINS, £ 25T, Bk KKT B L AN B0 R IE, KKT &4%
Wl T REDES L XHREDOBESS -T2 L IBEBEZIVHRIBEU DL, Zhk
DEH ORI DO RES X Slater DERAEDO D L THTHEHE 2SS L 8E s 3, BE
2, MRS A BB A DR 5 W TTD FRIEOBEERD 2 Iz DWT, R
B L THIONTWAEME (#)21F Mangasarian (1969), Mangasarian and Ponstein
(1965), Bazaraa et al. (1993), Hiriart-Urruty and Lemaréchal (1993) %) % MR H
WHERT 5.

2. MEoERL

UTTRXRO & s LR EMELF 2 5.

mrinf(x)

subj. to gz, )<0 for all wER

ZZTxER,f:R">R, ¥7: 2 %2 /%2 }7% Hausdorff Zf{j& L, g: R"XQ2->R &5 5.

(2.1
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LB BLV g OMEB L UHMAURER2UT O X 5 RET 5.
RELl [fRBMNTHY, giZTRTO eI L s ELTNTH 5.

BE2. fiX R" ETHOREETHD, gidTRTOzER" KL w B L TEEEH»D R”
XQ ETx i CBL THEBMATIEETH 5.

QDT RTOEFGREB L >R 2BELEHC—FK/ VAR EBETS LI VESNS
Banach % C(Q) t£bd. fEHE G:R"->C(Q) »

(2.2) Gx)w)2 ¢(z, ») on 2
LEETDHE, E 2.1 &

min f(x)
subj. to G(x)<0

EETS, ELCQR)BIBEFIITRTOIEA(HDWITEE) LR 28TE LS
N30T %, EAZRGHZOERF#ICEAL TrNTHs 2 &, :7-[E (2.3) OFSHEEHN
R TCHTH B Z L IcEEIN- WL,

(2.3)

3. W M M

Slater OHIFIIEED b & TIMEHERE (2.3) 0 U THEIMEBEIT 5 2 ik L {45h
Tw» 3% (Luenberger (1969)) 25, ZOFFIEERZVWEDBES g #HE->TROLSCKHEEN B,

1R5E 3 (Slater OHIFPHERE).

glx, w)<0 for all wER

2l 3T xER" BEHET 5.

Lagrange B#t L: R" X M(Q)~ R %
(3.1) Lz, D)2 f(z)+<A, G(x)>

EEERT R, TZTMQ)I1ZCQ)OBNEMEERDLTLDOET S, BEIHIZ 2 LOBERE
75D EIER] Borel BIEDZEME LTHHEEh, <+, > T Radon B 2> T

A, y>= [} v(w)dA

TE5zon% M(Q) & C(Q) DIFRT 2Fb 3 (Yosida (1980)). D& % ERGE (2.3) i
X3 % Lagrange ZWHfEIIRD X 3 x5z 603,

max m}n L(x, A)
subj. to A=0
72720 M(2) B 3IERIZ C(Q) DIEF#EOI#ET, bbb

A=20 &= N, y>=0 for all y =0

(3.2)
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WEIVEDOSNDZ LD ET S,
IO EBIILITO L S iciRon s,

EIE 4 GRUXME). HEL1IBLIUIBEDILDET S, FHE(2.3) B *eR” TR/IMER
L2 51E, BONEE (3.2) WRA*EMQ)DBEEL, ZOEXDTHED LD,
f(x*)=m1in Lz, A%)

(3.3) A*, G(x*)>=0
r*Earg mzin L(x, 1*)

SEBH. 44W&., #1213 Luenberger (1969) ¢ Section 8.6, Theorem 1 #£ME, [J

Lagrange BA$id x WAL T Th 50056, RE2D XS f BL Fg DMATTHENE 2 IRE
FhiE, Lagrange 988 min, L(x, A) OBEESZEED AN U TV Llx, A)=0 TRLIWZF
moFons., (COWMAPTEERIBFEE2 DL L TRIES NS, AHOWBERERS 28KBDZ
L)) Thb LI (3.2) 13RD Wolfe OB IRE (Wolfe (1961), Mangasarian (1969) )
LEMTH S,

max Lz, A)
subj. to % L(xz, A)=0, A=0

(3.4)

LoL, UTICET 2 X5 2B 20, ZOZE#IZ X Y ITEO Lagrange B (3.2)
DBEEOMMERE LN B0, DOEZ DX > RBERTERT 2 2 L 3—RICIEANTE
Uy,

2T, EERMHEORKRIESEERAL LT, 2RXBIUBBOBEEE2E25. £TXK
DR 2 RETEFEEF 2 L 5.

(3.5) m}n %xTQx+ b’z
subj. to Ax<c

72720, 0<QeER™™ beR", AEB(R", C(Q) BLXU ceCR) L, Eniz Ax<c {7
IER"PEET L LTS FEBETIE—BI ASB(X, V) Itk Y ABXH» 5 Y ~DEE ik
TERZRTHDIERRDLTHIDET D), 2 THIHEHE Ax<LciZ

adw)r<cw) for all wER

PHOEREKREEDLT (20L& (Ax)w)=aw)z TH3).
B%:3

f(x)é%xTQx—i- b'x, Gx)2Azx—c
EBITIE,
L(x, A):%xTQx—F bTx+<A, Ax—c>

- —%xTQx—QL >+ 27(Qr+b+A*A)
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&b, 1270 A*RADIOHERETHS, 22T
Ve L{x, ))=Qx+b+A*A
TH %5 5RO Dorn OBGE (Dorn (1960a, 1960b)) %452,
rEiAn %xTQJH-(A, >
subj. to Qzr+b+A*A=0, A=0

(3.6)

(max % min KEXHZ 12 DFENEDb->TWw32) BB Lix, A)—x2™V: L(z, A) 12
BoTwb AN Wolfe BREBR 2 Z L cEEINL L, (TRIQNEED L &, Thbb Y HE
BRI 2 RETERIEICN LTI, S8

min - (A*A+6)7Q"(A* A+ ) +<A, &>
subj. to A=0

EEV, ZOBAY WL CERBEOR 2* 1Z—F

T*=—Q(A*A*+b)
THEzoNn3,
REBHDEERHEZ LS.
min b%x
(3.7 x
subj. to Ax<c

ZZTbL A ci3fIFE (3.5) LFEKTHZ, ZDFEIX, POIHHE 3.6) KBVWT QQ=0%:H
<&,

mindA, ¢>
(3.8) 4
subj. to b+A*A=0, A=0
»ELN5,
4. BiEMRG

3 EI TR MBNEHEIC N T 2 KRB ZREIC DO WTHE LS, 2 OFCIdEEIRETHE
1238 % Lagrange |#BOME 2 TS 12D FARIRREVICOWTEET 2,
9, ROMBER T (2.2) XCEBSNLMEAZGCOMBTEER IOV TRRT W 3,

WBVEIRS. RE2BHVINDET 5. fEAE G: R*- C(RQ) 133k Fréchet A HHETH
D, 20 xER" BT 28l G'(x)=B(R", C(2)) %

(4.1) (G(x)sw)=gx, w)s on L (VseR")
THEzon3%,

RERA. %3G Gateaux A TIEETH D, 2D 2 2B 3 sSR" AR~ Gateaux £44>
8G(x; s)E C(R) 8
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(4.2) 8G(x; s w)=g=x, w)s on R
TEz26NBZEERT. WEaERWKIHLT
| G(x+ as)— G(x)
I a

=g, *)s

c(

=mgx} g(x+as, a;)—y(x, w)

=m3x|gz(x + B(a, w)as, w)s— gz, w)s|

— gz, w)s

<max|gz+ Ba, w)as, ©)—g:x, )l-lsl

WBERIZT 3. 72720 0<Be, w)<1 ThH3, g: DEHGHEE Qa7 i LD, a»0DL
x FROATIZ 0 WET 3, LizssoT

8G(x; s)=lj{{)1 Glat aa:z) —Glx) =gz, *)s

Thbt (4.2) #5823, Giteaux 5> 0G(x; s) IZEAS I s B L TRELDER, T4bb
8G(x; - )EB(R", C(Q)) TH 5.

RIiZ -1 Dk & B(R", C(Q)) DIBAIHETIG(x% )»0G(x; - ) kB Z L BT, EED s
ER"IZHMLT

16G(2*; 5)— 8G(; s)leoy=max|ge(*, @)s — g:(z, w)s]

<max|gz", w)— gz, w)|-|s]

VEILT B 5,

[6G(z¥; +)— 0G(x; -)Ilsmn,c(m)=”sstulg 16G(x*, s)—8G(z, $)lca
<maxllgz*, ©) — 9z, o)
2B, I THY ¢ OFEEE QD a7 MELD, 2Fox D E & G(2F, )~ 0G(x; +)
ERZI b3, FEFRAZGII LIS THE Fréchet MO TEETH D, 2 B 2 E(E
G (x) X 6G(x; ) Ww—8+ 5. [J
HE G(x) DIGHERZ % VG(x)eBM(Q), R™) TkbT I L icd %, Thbb
(4.3) 7 G(x) A= [) Veglz, )dA (VA€ M(Q))

EF3, ZXTEBLU gL THABREERE> TwE I ECERSIATL, Z05
EFNFN o RITITRZ MBI UFINZ b VIZk B,
FIRE (2.1) wxtd % Karush-Kuhn-Tucker (KKT) &EEZRDO LSR5,

EE6 (KKT %&#&). RE1-3BRVIZDET 3, BHE 2.1) Br*eR" BV TR/IMER
L3 DOLBEHIEMER, o BHERT

U L(z*, A*)=0 f(z*)+7 G(x*)A*=0

“.4) A* G =0.  A*>0

Thbb
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A+ [[Pega®, w)dat=0

(4.5) Lg(x*, w)dA*=0
A*>0  (A* i TEAI% Borel HIEE)

Wil NEMQ) BHFEET LI LTH 3,

BERR. IRE1BLU2LD, FBD 2, TER WL T
G(2)=G(x)+G(x)x—x)

B YLD, IREI LD G(Z)<0 2723 T OFEEMREI N2 5, £BD 2ERXHB
WT Cottle DHIFIEENHKILT 5. #HUC (4.4) 2T A* BELET S (B121E Luenberger
(1969) @ Section 9.4, Theorem 1 2#£M). (4.3) ROEWE2HVNIE, EbIZ 4.5 »E
shd, +AMRMEIVBESH (Z0L 2IRE 3 ITHE). O

KKT & 2i7: 3R/ N EM(Q) 3—RTE—BETid B, UTHERIT 5.

BT RE2HPEVIDELL, 2*ER"BFHAMTH L T35, 20L& KKT &4.4)
2T RBOES R, BEETRINELT, B nlOR»52 552/ OUELE T,

OB E L > TEERME 2 HEH L 72D121E, Carathéodory DEHEH B WITFDH
PHBETH LY, ZHhHIZROD LS BRS51 5 (Mangasarian (1969), Rockafellar (1970)).
#BhEFR 8 (Carathéodory). X% R" D ES LT 3.
Ir<cone X(é UAco X=Uco /1X>
A20 Az0
TRbbrBXOROHFEAMEHEETHZLE, 2 BXDER nfHOHROIEREHESELT
=3k,  TEX, A0, i=12..n
LET 3,
EETORMA. KKT &M (4.4) $hbb (4.5) 2T A1*€eMQ)BEET L LT3,
9D o BT 28T LD,
(4.6) 2x")={ 0e | g(x*, 0)=0}
TEBEBINIEMLZEOERRI QUEBOTHALEB>Ta Y7 v THY, Z2ORMES
ANQ(x*)={0wER]| g(z*, w)<0}

BHREETH S, (4.5 OHFHEERMERZ, A* DFAFELLEH I, Q\2(*) LT A*=0THh 2
EERBNTS, ZOEE (4.5 OEEZER

(4.7) )+ [ Pegla®, 0)dAt=0
LB, TR
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(4.8) —V f(x*)Econe{ V: g(x*, 0) | 0= 2(x*) }

LEMTHL, IASPEMTHL I LREMmIPOSTHEEHEOZ ETHBH, I I TR
Bz (72 UBEEEHERMIC) SFHEL T8 L.

R"DEWHAEES L XEUTO LD CEERT 5.

s={ [ Feola*, 0)dA| 420, A€ M(@) |
X={l:g(z* 0)| 0= 2(z*)}

BES iz SIZMETSD X, #icSDcone X TH B, SCcone X THBZ EHBRZE D, 0+sE

S&Ed5E, dAF0R5H5 A=20 XKL T

Q(x*)

s= [ Urg(x* w)dA

)

L5, wE

soés/'[?w)a’/l&co X

THLERET S, VogDESEEE Q) Da v 7 VMEXDXE R B I 5207 v &
ETHEDS, coX bERAVRI ML > THESTHD, ZOLE, MESOBBEDS
BEEE LD

(4.9) a’s>a
a’'r<a forallxEco X
ZlcT a€ER"BL UV aER BFET 5. #U
aVeglx*, w)<a  for all wE 2(z*),
L7485 T
a’s= QmaTVI g(x*, w)dA/L:(I‘)d/lsa

PEZD, 2hiz (4.9 KFETE., Lo TwEco X, Ld>TsEcone X 2155, AL
kY, S=cone X, ¥ FDERLELT 4.7 & (4.8) OZffirRIhl,
ZITHBIEES LY, 2 o'€R(x%),i=12,....k (2P LE<n) THLT

—rf(z*)= Zlkl/im g(x*, )

L% MER" OFESMRIEE NS, ZHICHIST 2E A 3HS»I (4.5) E#2L, L
fedio CEROHMEBRIE TH 2, [

FEO6BLUVTIDRORPELZEOSNS,

9. BKEIIMVELLDEL, BE 2.1) Fr*eRCBVWTIRMEZ LS ET S, 20D
& KKT &fF (4.4) 27 TRBOEERECEL nlOR» 525652/ OAE S,

% 7z[FEREZ, John (1948) WL &k > TEZX SN ROGHLHERZIELLT 5.

#10 (KKT &), KE 1-3088 0235, M@ (2.1) B rreER" KBV TR/MEZR
LB DRERFEMZ, o* HBEFEHET
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k
Ff(x*)+ PWHZ g(x*, 0)=0
Mrg(x*, w)=0, A¥=0, i=1,2,...k, k<n

(4.10)

BT MERBIV WER, =12  k BNEETHILTHS,
& 25 THERGHE O FARIHEE & KEREE R ROGEIC LY BRICEUD L.

MEVEE 1L RE1-3PHY I, MEQR.DIE 2*ER" TR/AMER L2V DET S, ZD
& & KKT &4 (4.4) 2l 3 REOESIINHEE (3.2) OBESII—HKT 5.

BERA. A* o8 KKT & (4.4) 2335, (REIBLU 2L, EREDxER" ITX
LT

Fx)= Ax*)+F(x*(x—x*%)
G(x)=G(x*)+ G (x*)(x—x*)

DBEDILD, ZDEE, N*=20 & FAx*)+7Gx*)A*=0 XV, {EFED xER" KL T

Lz, A*)=f(x)+<A*, G(x)>
2 flx*)+<A*, Ge* N+ T f(x*)+ 7 G(x*)A*) (x— x2*)
=L(z*, A*)

2H/5. —7, G*)<0 & A Gx*N=0LY, FED A=01xfL T

Lix*, N)=7(x*)+<A4, G(z*»>
<f(x*)
=fx*)+<A*, G(x*)>=L(x*, A*)

DD LD, Lieddo T (o, A%) 8 iisfH
Lz, A*)=L{x*, A*)>L(z*, A1)  for alxER™and A=0
L, IhiD
mIin Lz, A*)=L{(x*, A*)> L(x*, A)Zm}n Lz, A) for all A=0

2155, i A* EICARIE (3.2) OETH B,
WiiZ, IRE1-3Dd LT, B.3)NDOBBOAREEEMED, L(x*, A*)=0 tEMTH2 I L»
5, EE4IVES», [

%9 ERBEH 11 LV ESCXROMENF SN2,

EHE12. RELI-3VEDED, MEQCDR L*ER"TR/MERE2bDETE, ZDLE
BOSFIRE (3.2) OEFIECEZ nflOS» o2 2E82FR OHAKE 2,

5. 1 W Xt
BNHEL BT ZOR N BPESNI LT 5, ZOL &, FRBEOER DS Lagrange B
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B Lx, A" 2B/MTB I L IEEAC L > THRIEEZINRTWS, L UMD I Rwn, 7
b b, Lagrange & min; L(x, A*) DL T L b ERIEORETH 2 L iZBS kW,

EE13. FHELIBIV28EIIOET S, £/ A 2TRE (3.2) oL, x* %%
53 % Lagrange BSEOEE T2 (Tbb (2% A*) % Wolfe OIHREIE (3.4) OfEL T 2),
ZOEE * B G0k ANX Ga*)N=0% b, o BEBEQ.DOETH 3,

RERH. FEHO6 LDHHO L, WEOHESREIBAETHS I LZEE. [
UTFOHFINERIZEHE 13 DRBENT 2 +0&E252 5,

ER14. KRE1BIU2BRIIIDET S, £/ A* 2BMM9E (3.2) oL L, * 22Xt
i3 % Lagrange FIEDE L T2 (Thbb (2%, A*) 2 Wolfe DBUSRIE (3.4) DL T 3).
ZDEE L(-, AN B x* OirETHEMZ S, i3 G(x*)<0 B X 0 <A, G(x*)>=0 &7
L, Lo Tx*3FEME (2.1) OETH 5.

BERA. L(-, A*) © x* OB B 258 ™ & ©, Lagrange 98 min, L(x, A*) D&
*I—BCEES, T0LE M) kT

U(A)émzin Lix, A)

EEZEXIN BB v 25 A* BT Fréchet BT RIEETH B 2 & BT,
R SG X M(Q)-28" %

X(A)=arg min Lz, )={zER"| v(A)=L(x, 1)}

EEETDE. Z0LE X(AN)={z*}Th3. 2 TXVENEESEHRE LT A KBV THER
(THEE) THh2 22T, RE1ICXY, Lagrange AL ZEECEEI N AL
TxRELTMTHS, 2/, RE2W LY LIiZEFKETH 5, Lagrange HEIZHRRITTZEMIC
B2 EHFIEETH 555, Hogan (1973) @ Corollary 9.1 iI2 X v, X3 A* OiyrfE TIEZE
DO RN N TH BT DDLBEFHEMER X(A*) BEELDa VNI b THBILET
HBH, X(A)={z*} THES INIZb B IARIT 5. A* DEFBIZB T 5 XD—kEa >
7 M, Lagrange FIESEGINTHD 2 L, T LOEFHICLY, BEHXIZ A 2BWT
HEG»rOHESR (TRhbbEE) L4k 25 (Hogan (1973) @ Corollary 8.1 2 £H).
2T, EBED AEM(Q) LT

(D)< L(x*, A)=f(x*)+<A, G(x*))

LR B,
v(A*)=L(z*, A*)=f(x*)+{A*, G(z*)>
THEDS,
(5.1) ()= v(A*)<A— A%, G(x*)>

2182, fih, FED AEMD) & zeX(N) LT,
(A%< Lz, A1*)=f(x)+<A*, G(z))
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BIU
v(A)=L(x, N)=f(x)+<A, G(z)>

Lixdh, Zhib

(5.2) v(A)— v(A*) —<A— A*, G(x*)> = <A—A*, G(x)— G(z*)

> —[|A—A*IG(x)— G(z*)|
2H5, FER G.1) BXU 5.2) XY, £BDO A+A* £ x€X(A) LT
0> U(/l)— U(/l])/l— <§11;“A*, G(.Z'*)> > _“G(x)_ G(.I'*)"

BRI TE, XB A ZCBWIHESRTHE D, AN bEF{ACMQ) 2>k

& TaREREHL T eX(AY) D xé>a* L2 3 55 {2 CR" BEET 5. Lichio
T, GOHEFGMHIZLD

i |2 = oA <A =A%, Ga*P] _

[4 7]
BEDILE, ZhED v A I2BWT Fréchet IS TRETH D, ZOHfEL
(5.3) V(A*)S=<S, G(z*)>= f oz, 0)dS  (VSeM®))

THEzohB I LB b,
A* IERE (3.2) OREETH 505, KKT FE (H] 2 1F Luenberger (1969) @ Section 9.4,
Theorem 1 &) 12k b

V(A—M=0, M(A*)=0, M<0

B TR ME M(Q)* EEET 5 (M(Q)* i3 M(Q) DBNZEMEEEKT 2 DL T3), F
nbb

V(AHA*=0,  v(A%)<0
MEHIID, (5.3) REFET D &,

[oz*, @)dA*=0,  o(z* @)<0 for all uEQ

b B\ LA

A, G =0,  G(z*)=<0
»%5, O

f D55, 5 VLEREE A* DEROEDI bwniInidrd o L T g(-, o) 233N %E 51,
LG, A% 38N TH B, 72 2* OIET L+, A*) 58N % 3 00RO+ &EL LT,
L(+, A%) % z* C 2 EEGEMA ATRE T~ v 2175 P2 L(x*, A*) HBSIER] (Lizd3> TEE) TH
2B TFONDD, TR BIXUA*DITRTOE & LT g(-, ) BB x*2BWT
2 EEEIRSITTBE T, & 512 P (2*) DT hd D Dieg(zx*, o) BIERITH 2 & S TR 320,

FRECH L THFE TRV D 2 WIHERE 2R S R0~ 7 5 6 ERIEO R % HIT
THILR—MITIETER WY, FEAS T w2 KEHE GRITR < Thw, ko Tk
HZbEL) KO TRROMERILT 5.
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FE15. 0<QER™ pER" AEB(R*" C(Q)) B LUV cECQ) LT 2, %7 (2% A% %
Dorn OFEE(3.6) DIEE L, ¥ 2ZDERGFIICHE L EH T2, 20L& X i3 E
& (3.5) OEE52 %,

SERA. [9%E (3.6) wxid % Lagrange B £ R*"XM(Q)X R"X M(2)*-> R %
.deL&A@é%wqmﬁ%Agﬁ—E“Qm+b+AﬁD+<MM®

LERT B LM, A F MR M(Q) DRI T7 2RbTHDET S, 2Dk X,
KKT E®# (Luenberger (1969) @ Section 9.4, Theorem 1) 2 & b

VI[('r*v A*y E*) M*)ZQ‘T*—— QS*:O
(5.4) Lo(x*, A%, &, M*)=c* —(AE*)* + M*=0
(M*, A*>=0, M*<0

TR E BIUM BEETS., 22Tt (AN RFNFREREEBICL ST
M**=C(Q)* cHEDAENlzc L AS* 2EWRT2b0D T3, (5.4) OF2RNZEH M*
B3

(M*, D>=LA, Ag*~¢> (VA€ M(82))

WEoTAE*—c bLA—HRTELZEERLTWE, ZOEE 5.4) OBREBD2RIZFNFN
N AFF—>=0B LU A& *<c L Eb¥ 3 (C(Q) DIEF#IZ—1E/ VAD b L TIIFAES
ThHdHIEREESNLV)., (2% A*) OFONIEICN T 288 E 5.4 0B 1RLD QF*
+b+A*N*=0 L N*2008BoNn3, UEDISA* X EF BV TERME (3.5) i3
KKT &%/ 3. EREOMMEL D, & ol nirtAs s, O

. Dorn OXHHEDO R DL D 12 Wolfe DX EE = W2 BE, TEHOBRIIOLE
olebDEind I “(x*, A*) % Wolfe DB FAEDMEE L, & 22 OFERFIHCHIE L 723
Br+d, COLE s+ EBEMBORETEZ 37,

6. b Y I

KRETE, #IBESE g DA v F v 7 R85 X —% o BT 28GR R REL T, HMEEE
ME% X=R" Y=C(Q) TERMbLL7: LT, #OREMEEL L UIHE BT 2 HE»H
Hl7z, g BBRRTRZ MAEBEBOBED 202 g b 0 L TRSICER BHBE~D
HRIIEZTH 5, BERIE % Az KKT &858 John (1948) W L W RERICE SN T
W3 H, KB CHERETNFEEZHAOCCEHR 6 2RBATAILCIVFEELS, ZhickD,
EET7TWH? &5 KKT &A% 3EBHEOEESFEDOFHIFEECEKEL VL E NS
ZEMWRENT, BBRZEMY BLUZOMHEORT AR, ZofiicbnwsnasEzons, #
BEe K (199]1) TH Y=LAQ) DB DOVTEEL, #=a— b VB L LELHEE SR
ELTWw3, iz, Ito (1996) TRRFHCEEEEFERES V=L.(2) £ LTERLL, F
IO SR & 2 BB DWW TEEL TWS, %8, A3 Liu et al. (1998) ¥ X ¥ Ito
etal. (1998) B W THMBMETEREORERE 2R T 2B CLBC k- E 2 L
72bDTHE, Iho6DFEFRITOTROERNICERE 6 DM (4.5) 2EECHEL TLTY
ALWRE>TEY, ZOBIGERRIET 20 EH 7 OBEPAwLONRD,
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Optimality and Duality of Semi-infinite Programming

Satoshi Ito
(The Institute of Statistical Mathematics)

Semi-infinite programming——optimization in finite-dimensional spaces with infinitely
many constraints——arises in various fields of engineering such as general approximation,
resource allocation in decentralized systems, decision making under competition, multi-
objective optimization, and filter design in signal processing. Since an infinite-dimensional
constraint can be transformed into a single constraint with an optimal-value function under
some conditions, semi-infinite programming can be regarded as a simple case of hierarchical
optimization. In this sense, the theory of semi-infinite programming gives a fundamental
background of general hierarchical mathematical programming.

In this paper, we formulate convex semi-infinite programming problems in a functional
analytic setting and explore the primal-dual structure underlying these problems by inves-
tigating their global duality and local differential properties. With assumptions that the
constraint function is continuous with respect to its index parameter and that the index set
is compact Hausdorff, we redefine the constraint function as an operator whose range is the
Banach space consisting of continuous functions defined on the index set and equipped with
the uniform norm. The order in the range space is given by a cone consisting of all
nonnegative functions on the index set. A Karush-Kuhn-Tucker (KKT) type condition is
given as an optimality condition for such a cone-constrained nonlinear programming prob-
lem, where the Lagrange multiplier is defined as a regular Borel measure on the index set.
It is then shown that the set of multipliers satisfying the KKT type condition necessarily
includes a measure with finite support unless it is empty. Hence any constraint qualification
ensures the existence of such a discrete measure usually called the Haar measure. This
observation justifies a classical result that can be traced back to Fritz John’s 1948 paper.

On the other hand, it is well known that strong duality holds for convex programming
under Slater’s constraint qualification. The corresponding dual problem for semi-infinite
programming is then formulated in the space of finite signed regular Borel measures on the
index set. The local KKT theory and the global duality theory are naturally related
through the fact that the set of multipliers satisfying the KKT condition coincides with the
set of solutions to the dual problem, which leads to an immediate consequence that the set
of dual solutions always includes a measure with finite support under the Slater condition.
Emphasis is also given to converse duality, i.e., how to retrieve primal information from dual
information, especially for semi-infinite (not necessarily strictly) convex quadratic program-
ming (hence including linear programming).

This paper is a compilation of basic mathematical properties of semi-infinite program-
ming prepared for development of several numerical algorithms in joint works with Profes-
sor K. L. Teo and Dr. Y. Liu of Curtin University of Technology, Perth, Western Australia.
The work of the author was partially supported by the Ministry of Education, Science,
Sports and Culture under Grant-in-Aid #08740166 and #09740166 for Encouragement of
Young Scientists and by the Institute of Statistical Mathematics under its cooperative
research program 97-ISM « CRP-B3.

Key words : Semi-infinite programming, convex programming, optimality condition, Karush-Kuhn-Tucker
condition, Lagrange multiplier, duality, converse duality, semi-infinite quadratic programming, semi-
infinite linear programming.



